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PREFACE 


think! Mathematics is a series of textbooks specially designed to provide students 
valuable learning experiences by engaging their minds and hearts as they learn 
mathematics. 


The features of this textbook series reflect the important shifts towards the 
development of 21" century competencies and a greater appreciation of mathematics, 
as articulated in the Singapore mathematics curriculum and other international 
curricula. Every chapter begins with a Chapter Opener and an Introductory Problem 
to motivate the development of the key concepts in the topic. The Chapter Opener 
gives a coherent overview of the big ideas that will frame the study of the topic, 
while the Introductory Problem positions problem solving at the heart of learning 
mathematics. Two key considerations guide the development of every chapter 

~ seeing mathematics as a tool and as a discipline. Opportunities to engage in 
Investigation, Class Discussion, Thinking Time, Journal Writing and Performance 
Tasks are woven throughout the textbook to enhance students’ learning experiences. 
Stories, songs, videos and puzzles serve to arouse interest and pique curiosity. 
Real-life examples serve to influence students to appreciate the beauty and usefulness 
of mathematics in their surroundings. 


Underpinning the writing of this textbook series is the belief that all students 

can learn and appreciate mathematics. Worked Examples are carefully selected, 
questions in the Reflection section prompt students to reflect on their learning, and 
problems are of varying difficulty levels to ensure a high baseline of mastery, and to 
stretch students with special interest in mathematics. The use of ICT helps students 
to visualise and manipulate mathematical objects with ease, hence promoting 
interactivity. 


We hope you will enjoy the subject as we embark on this exciting journey together 
to develop important mathematical dispositions that will certainly see you through 
beyond the examinations, to appreciate mathematics as an important tool in life, and 
as a discipline of the mind. 
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KEY FEATURES 


aad ee 
Chapter Opener eee 
gives students an overview of Se 
the topic. It includes rationales eens . 
=== Learning Outcomes 
for earning the chapter to arouse Soe. help students to be aware 
students’ interest and big ideas that = 
zt Ss of what they are about 
connect the concepts within the — ‘said i0 <i iI 
chapter or with other chapters. ——— thet 
= i progress. 
= 


Introductory Problem 
provides students with a more specific P a 
motivation to learn the topic, using a ee relevant prerequisites 
problem that helps develop a concept, at the beginning of the chapter 
or an application problem that students orat eee eee so 
will revisit after they have gained that see ae Fey tare 
necessary knowledge from the chapter. Ee sabe It on their 


Recap 
ad 


Worked Example 


shows students how to present their working clearly when solving - Ee 
related problems. In more challenging worked examples, Pélya’s 

Problem Solving Model is used to help students learn how to 
address a problem. 


Practise Now 


consists of questions that help students achieve mastery 
of procedural skills, Puzzles are sometimes used for 


consolidation to make practice motivating and fun. 


Similar and Further Questions 
follow after Practise Now to help teachers select 
appropriate questions for students’ self-practice. 


KEY FEATURE 
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Exercise 

questions are classified into < 
three levels of difficulty - Basic, 

Intermediate and Advanced. 

Questions at the Basic level are usually 

short-answer items to test basic concepts oe — 

and skills, The Intermediate level contains | smumeseyfhiatinces 

more structured questions, while the Vee teen (- 
Advanced level involves applications and aan 

higher order thinking skills. 


Open-ended Problems 
are mathematics problems 
with more than one correct 
answer. Solving such 
problems expose students 
to real-world problems. 


Performance Task ——s 
consists of mini-projects designed to 

develop research and presentation skills of 
students, through writing a report and/or 
giving an oral presentation. 


Introductory Problem Revisited 
revisits an application-based Introductory Problem 
later in the chapter. This is absent if the Introductory 


Problem leads directly to the ofa Looking Back 
vito th cerelopmrat sneer complements the Chapter Opener and helps 


students internalise the big ideas that they have 
learnt in the chapter. 


Summary 
compounds the key concepts taught in the 
chapter in a succinct manner. Questions 

are included to help students reflect on their 
learning. 
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Guided investigation provides students the relevant /earnivig experiences to explore and discover important mathematical concepts. 
It usually takes the Concrete-Pictorial-Abstract (C-P-A) approach to help students construct their knowledge meaningfully. The 
connections between concrete experiences (manipulative or examples), different pictorial representations and symbolic representations are 
explicitly made. Some investigations may also involve the use of Information and Communication Technology (ICT). 


Pt oe | 


Questions are provided to engage students in discussion, with the teacher acting as the facilitator. Class discussions provide students the 
relevant learning experiences to think and reason mathematically, enhance their oral communication skills, and learn new concepts and skills. 


e 


Key questions are included at appropriate junctures to provide students the relevant learning experiences to think critically on their own 
before sharing their thoughts with their classmates. Mathematical fallacies are sometimes included to check and test students’ understanding. 


—_——————— 


Journal writing provides opportunities for students to reflect on their learning and to communicate mathematically in writing. It can also be 
used as a formative assessment for the teacher to provide feedback for their students. 


Se 


Students are usually required to reflect on what they have learnt at the end of each section so as to orifor and regulate their own learning. 
The reflection questions provided can be generic prompts or specific to the topics in the section or chapter, to check if students have 
understood the key ideas. 


MARGINAL NOTES 


i ‘This contains important 


This provides additional details 
of the big idea mentioned in the information that students 
main text, } should know. 


| ‘This includes information 


that | This guides students to think 
may be of interest to students. } 


about different methods used to 
solve a problem. 


This guides students to search This contains puzzles, 

the Internet for valuable fascinating facts and interesting 
information or interesting online stories about mathematics as 
games for their independent and enrichment for students. 
self-directed learning. 


‘This guides students on how to 
approach a problem in Worked 
Examples or Practise Now. 
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CHAPTER Lif 


Primes, Highest Common Factor and 
Lowest Common Multiple 


Sensitive data that are transferred over 
the Internet, such as credit card numbers 
and passwords, have to be encrypted. 


In 1978, Ronald Rivest, Adi Shamir and 
Leonard Adleman publicly described 
the RSA algorithm, which is the basis for 
public key cryptography. RSA provides a 
method to ensure the secure encryption 
of data that even the most advanced 
computers will take years to crack. It 
makes use of a complicated theorem 
involving a type of numbers called 
prime numbers. 


Prime numbers can be said to be the 
building blocks of all whole numbers 
greater than 1. Every whole number 
greater than 1 is either a prime or 

a unique product of primes! This 

has various applications in both 
mathematics and the real world. In this 
chapter, we are going to explore how 
whole numbers can be broken down 
into its building blocks. 


Learning Outcomes 


What will we learn in this chapter? 

« What prime and composite numbers are 

+ How to find the square root of a perfect square and the cube root of a 
perfect cube 

+ Why highest common factor (HCF) and lowest common multiple (LCM) 


have useful applications in real life 


oxeoss > 


——— 
Albert has a vanguard sheet with a length of 64 cm and a breadth of 48 cm. He wants to cut it into squares that are as 
big as possible, without any leftover vanguard sheet. ¢ 


(i) What is the length of each square? 
(ii) How many squares can he cut altogether? 


In this chapter, we are going to learn about prime numbers, the highest common factor (HCF) and the lowest 
common multiple (LCM), which can help us solve these kinds of problems. 


Prime numbers 


A. Whole numbers and factors (Recap) 


Let us recap on what we know about whole numbers and factors. What are the missing numbers below? 


Examples of whole numbers are 0, 1,2, 4, _, 6, --. 
Even numbers are whole numbers that are divisible by 2, e.g.0,2,4, 8, , 12, 14, .... 
Odd numbers are whole numbers that are not divisible by 2, e.g. 1,3,5, ,9, 11, , 15, 17, .... 
Can you find the factors of 18? 
18=1x18 

=2x 

= x6 
‘Therefore, the factors of 18 are 1,2, ,6, and 18. 


Is 18 divisible by each of its factors? 


B. Classifying whole numbers 


Whole numbers can be divided (or classified) into two groups: even numbers and odd numbers. 


Another way to classify whole numbers is to group them by the number of factors they have. 
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Classifying whole numbers (4 


1. Find the factors of the numbers in Table 1.1. 
Number Working Factors Number Working Factors 
1 lis divisible byl only 1 11 < 
2=1x2 1,2 12 
13 
4=1x4=2x2 1,2,4 14 
15 
16 
17 
18 18=1x18=2x9=3x6 1,2,3,6,9,18 
19 
10 20 
Table 1.1 
2. Classify the numbers in Table 1.1 into 3 groups. 


CaOrnInanaunrnn 


Group A contains a number with exactly | factor: 
Group B contains numbers with exactly 2 different factors: 
Group C contains numbers with more than 2 different factors: 


3. Is 0 divisible by 1, 2, 3, 4, etc.? How many factors does 0 have? 


C. Prime numbers and composite numbers 


In the above Investigation, the number in Group A does not have a name. 
The numbers in Group B are known as prime numbers (or primes). 
The numbers in Group C are called composite numbers. 


Composite numbers are composed (or made up) of the product of at least two primes, e.g. 6 = 2 x 3 and 
18=2x3x3. 


+ A prime number is a whole number that has exactly 2 different factors, 1 and itself. 
+ A composite number is a whole number that has more than 2 different factors. 


+ Oand 1 are neither prime nor composite. 


1. Explain why 0 and 1 are neither prime nor composite. 
2. Yasir says that if a whole number is not prime, then it must be composite. 


Do you agree? Explain your answer. 
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In Table 1.1 in the Investigation on page 3, we identified prime numbers by finding all the factors of the numb: 


ve out prime numbers less than or equal to 100 is called the Sieve of Eratosthenes. 


An easier way to sie’ 


Sieve of Eratosthenes 


1. We will sieve out the prime numbers in Fig. 1.1 by circling those which are prime and crossing out those which 


om» | 


are not. Follow the instructions below. 
(a) Cross out 1. 


(b) Circle 2. 
Cross out all the other multiples of 2 (because they are not primes: why?). 


(c) The next number that is not crossed out, i.e. 3, is a prime. Circle 3. 
Cross out all the other multiples of 3. 
(d) The next number that is not crossed out, i.e, 5, is a prime. Circle 5. 
Cross out all the other multiples of 5. 
(e) Continue doing this until all the numbers have either been circled or crossed out. 


1 2 3 4 5 6 7 8 9 10 
8 12 13 14 15 16 17 18 19 20 


81 82 83 84 85 86 87 88 89 90 (a) Twin primes are prime 
91 92 93 94 95 96 97 98 99 100 mene eet 
such as 5 and 7. List two 
Fig. 1.1 other pairs of twin primes. 
(b) Cousin primes are prime 
7 , numbers that differ by 4, 
2. Answer the following questions: sicias7 andi tio 
(a) What is the smallest prime number? other pairs of cousin primes. 
(b) What is the largest prime number less than or equal to 100? (c) There are prime 
(c) How many prime numbers are less than or equal to 100? pace a te 
(a eerey ead ana _ ee such as 2011 and 2017. List 
Ty mber a prime number? Explain. two other such pairs. 


(e) Is every even number a composite number? Explain. 
(f) Fora prime number greater than 5, what can the last digit be? Explain. 


Product of prime numbers 


Can the product of two prime numbers be 
(a) an odd number? (b) an even number? (c) aprime number? 


Explain your reasoning or give a counterexample. 


— 
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D. Trial division € 
To test whether a number is prime or composite, we have to learn a new concept called square root. 

For example, 5 x 5 = 25. We say that the square of 5, or 5 squared, is 25. 

If we do the reverse, we get 25 =5. We say that the square root of 25 is 5. 


What is the value of V9 and of V16 ? ~ 
What about 47 ? Its value will not be a whole number. Why? 


key: Did you get 6.9\(torl'dip.)t 6.9 (to 1 dp.) means the answer 


6.9 is correct t decimal 
To find out whether a number is prime or composite, we check if it is divisible by all ace mec ae 


the prime numbers less than or equal to its square root. Why? 
This method is called trial division. 


Worked Example 1 shows how we can test whether a number is prime or composite. 


Use a calculator to evaluate V47 by pressing the 


Test for prime number 


la Explain whether each of the following numbers is prime or composite. 
xample 
y (a) 387 (b) 997 
*Solutior fF 
A number is i 
(a) Since 387 is divisible by 3, then 387 is a composite number. 2 it GaPEEI. yay pike 
(b) /997 = 31.6 (to 1 d.p.), so the largest prime number less eerie 
can be very 
than or equal to 997 is 31. helpful to check whether a 
; ; via’ ‘ big number is divisible by 3: 
Since 997 is not divisible by any of the prime numbers ‘A number is divisible by 3 if 
2,3,5,7, 11, 13, 17, 19, 23, 29 and 31, then 997 isa and only ifthe eum of the 
prime number. digits of the number is 
divisible by 3.) 
Sse 2 (b) A number is prime if it is 
Are 534 and 1607 prime or composite? not divisible by all the 
prime numbers less than or 
equal to the square root of 
the number. 
te » 
6 dots can be arranged in a rectangular array in two different ways (see Fig. 1.2). eccocce 4 $ $ 
1. Arrange each of the following numbers of dots in a rectangular array in as many 
different ways as possible. How many different ways are there for each number of dots? 1-by-6 2-by-3 
(i) 4 dots (ii) 8 dots (iii) 12 dots (iv) 5 dots Fig. 1.2 


(v) 7 dots (vi) 1 dot 
2. Other than by guess and check, is there a faster method to do Question 1? 
3. What do you notice about the numbers of dots that have only one arrangement? Why is this so? 
4, What do you notice about the numbers of dots that have more than one arrangement? Why is this so? 
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Problem involving prime number 


Lalay If p and q are whole numbers such that p x q = 13, find the value of p + q. Explain your answer. 
xample 
y) “Solution 
Since 13 is a prime number, then 1 and 13 are its only It does not matter whether p 
two factors. (or q) is 1 or 13 because we only 
“ptq=1+13=14 want to find the value of p + q. 


1. Ifpand q are whole numbers such that p x q = 31, find the 7 

Similar and value of p + q. Explain your answer. bein pe nae if 

Further Questions 2. Ifnis a whole number such that n x (n + 28) is a prime another pair of prime numbers 

en ue number, find the prime number. Explain your answer. with reversed digits. 

juestions 
5cm 
E. Index notation 
= Area 
Sem | _ 25 cm? 


We have learnt that cm’ is the unit for area and cm’ is the unit for volume. 


‘The area of a square with length 5 cm, as shown in Fig. 1.3, is 5 cm x 5 cm = 25 cm’. 
5 x 5 can also be written as 5*, which is read as ‘5 squared’. 
The volume of a cube with length 5 cm, as shown in Fig. 1.4, is 5 cm x 5 cm x Sem = 125 cm’. 
5 x 5x 5 =5°, which is read as ‘5 cubed’. 

Volume 


2 
What about 5 x 5 x 5 x 5? =125cm? 


We can write 5 x 5 x 5 x 5 as 5‘, which is read as ‘5 to the power of 4’, where 5 is 
called the base and 4 is called the index (plural: indices). 


5‘ is called the index notation of 5 x 5 x 5 x 5. 
Write 3 x 3x 3x3 x 3x 3x3 x3 in index notation: 


How is the index notation useful? 


‘The index notation is a 
For camplei instead of waiting that the speed of light is about 300 000 000 m/s, e She mer 
we can write this more concisely as 3 x 10° m/s. “multiplying by itself” in a concise 
manner. This ensures that we do 
* . . not have to write a whole string 
F. Prime factorisation of numbers and multiplication 
— signs, or so many zeros. 
Consider a composite number, e.g. 18. 
It can be expressed as a product of prime factors as shown: (rere 
18 =2x3x3 ‘The Fundamental Theorem of 
=2x3 Arithmetic states that ‘every 
i whole number greater than 1 
‘The process of expressing 18 as a product of its prime factors is called the payable i poet 
prime factorisation of 18. product of its prime factors’, 
- a ; : where there is only one product 
Do not confuse the prime factorisation of 18 with finding the factors of 18: (the order of the prime factors 
does not matter). 
18=1x 18=2x9=3x6, In other words, prime numbers, 
Notice that the factors of 18 are 1, 2, 3, 6, 9 and 18, which are not necessarily ee } 
prime factors. 


Common Multiple 
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Finding prime factorisation of number 


Find the prime factorisation of 60, leaving your answer in index notation. 


“Solution 
Method I: ps, 
2 x 230, 
a” afin 
ve eee ey 
a ae ie 
2.60 =2x2x3x5 
=2x3x5 
Method 2: 


Divide 60 by the smallest prime factor and continue the process 
until we obtain 1. 


start with smallest ——» 2 60 
prime factor 2 | 30*— divide 60 by 
3 15 2 to get 30 
a 
| 1 +— divide until 
we obtain | 


“60 =2x2x3x5 
=2x3x5 


«= In practice, use a calculator 
divide 60 by 2 to obtain 30, 
and write: 


+ Then, divide 15 by 3 to obtain 
5, and write: 

60=2x2x3xK5 

+ Finally, check that 
2x 2x 3x5 is equal to 60, 


Practise Now 3 


Worked 
Example 


4 


1. Find the prime factorisation of 126, leaving your answer in index notation. 


. Express 792 as a product of its prime factors. 
3. (i) Express 2021 as a product of its prime factors. 


(ii) Given that a and b are whole numbers such that a is less than b and a x b = 2021, 


write down all the possible pairs (a, b). 


Problem involving prime factorisation 


Vasi uses 231 one-centimetre cubes to make a cuboid. Each side of the cuboid is longer than 


1 cm. Find the dimensions of the cuboid. 


“Solution 
231 =3 x7 x 11, where 3, 7 and 11 are prime numbers. 


Ifthe length of any side of the 
Since each side of the cuboid is longer than 1 cm, cuboid can be 1 cm, then there 
then the dimensions of the cuboid are 3 cm by 7.cm by 11 cm, _ is more than one possibility: 

231=3x7x 11 
=1x3x77 
1. Imran uses 195 one-centimetre cubes to make a cuboid. =1x7%33 
Similar and Each side of the cuboid is longer than 1 cm. =1xlx21 
Further Questions Find the dimensions of the cuboid. BASEXDS 
Exercise 1A Sa nae 5 <. there will be more then one 
CauasteneTer te 2. Joyce uses 324 one-centimetre cubes to make a cuboid. answer. 
— it The perimeter of the top of the cuboid is 18 cm. 
Each side of the cuboid is longer than 2 cm. Find the 
height of the cuboid. 
e 
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1. How are a number's prime factors different from its factors? 
2. What are some methods to find the prime factorisation of a number? 
3. What have I learnt in this section that I am still unclear of? 


Exercise 


Determine whether each of the following is a prime @ Find all the prime numbers in each of the following 


or a composite number. 
(a) 87 (b) 67 
() 73 (d) 91 


If p and q are whole numbers such that p x q = 37, 
find the value of p + q. Explain your answer. 


If n is a whole number such that n x (n + 42) isa 
prime number, find the prime number. Explain 
your answer. 


Find the prime factorisation of each of the 
following numbers, leaving your answer in index 
notation. 
(a) 72 
(c) 187 


(b) 756 
(d) 630 


(i) Express 2026 as a product of its prime factors. 


(ii) Given that a and b are whole numbers such 
that a is less than b and a x b = 2026, write 
down all the possible pairs (a, b). 


Cheryl uses 273 one-centimetre cubes to make 
a cuboid. Each side of the cuboid is longer than 
1 cm. Find the dimensions of the cuboid. 


decades. 

(a) 2011-2020 (b) 2021-2030 

Ifa and b are whole numbers such that a x b = 2027, 
find the value of a + b. Explain your answer. 


Find the prime factorisation of each of the following 
numbers, leaving your answer in index notation. 

(a) 8624 (b) 6804 

(c) 26 163 (d) 196000 


10. Given that x and y are whole numbers such that x is 


less than y and x x y = 2022, write down all the 
possible pairs (x, y). 


Ali wants to use 210 one-centimetre cubes to make 
a cuboid such that each of its sides is longer than 

1 cm. There are 6 possible cuboids that he can 
make. Find the dimensions of any 3 of them. 


David uses 504 one-centimetre cubes to make 

a cuboid. The perimeter of the top of the cuboid is 
20 cm. Each side of the cuboid is longer than 2 cm. 
Find a possible height of the cuboid. 


oo 
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Square roots and cube roots 


A. Squares and square roots <é 
In Section 1.1E, we learnt that 5? = 5 x 5 = 25; we say that the square of 5, or ‘The superscript * represents the| 
5 squared, is 25. The reverse is V25 = 5; we say that the square root of 25 is 5. eruare pea numahes Wallets 
. ; ene symbol J~ represents the square 
Copy and complete the following: Toctoranumben J 
+ Since 0? = 0 x 0=0, then VO = J0x0 =0. 


+ Since ? =1x1=/)),thenyi =Vixd = : 
; ‘The diagram below represents 


* Since 2? = x= then V4 =/«1 | =. the inverse relationship between 
‘square’ and ‘square root’: 
* Since 3? = (0) x (5) = (9, then Jip =V3x3 - GN. S=5x5=25 
squared 


0, 1, 4 and 9 are squares of whole numbers, and they are called perfect squares 
(or square numbers). What are the next three consecutive perfect squares? 


5 25 
All perfect squares can be written as n°, where the square root n is a whole number. 
Worked Example 5 shows how we can find the square root of a perfect square using square root 
prime factorisation. V25 = /5x5=5 
= a - 5 xs ‘This diagram is useful for 
Finding square root using prime factorisation illustrating an inverse 
Worked edi Tana aati ite relationship. J 
Example Find ¥324 using prime factorisation, 
“Solution 
2_| 324 Method 1: 
2 162 324 =2x2xK3x3xK3x3 — 
HJ 81 =(2x3x3)x(2x3x3) PoE amuriberte bea perk 
3_| 27 =(2x3x3} square, the index of each prime 
5 2 2 V324 =2x3x3 CEE Na 
1 =18 
Method 2: 
324=2x2x3x3x3x3 
=2?x3! 
2 V3 = VP x3" 
=2x3 
=18 


1. Find ¥784 using prime factorisation. 
BP ‘The square of the sum of the 


2. Given that the prime factorisation of 7056 is 2 x 3* x 7*, digits of a two-digit n {5 


find ¥7056 without using a calculator. is equal to the number obtained 
3. Use prime factors to explain why 6 x 24 is a perfect square. whee its digits are reversed. 
x 
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B. Cubes and cube roots 


5° =5x5 x5 = 125; we say that the cube of 5, or 5 cubed, is 125. 
If we do the reverse, we get Y125 = 5; we say that the cube root of 125 is 5. 
What is the value of 27 and of {64 ? 


Copy and complete the following: 
+ Since 0? =0x 0 x 0=0, then YO = YOx0x0 =0. 
+ Since = 1x 1x 1=/))), then YT = Yixixl = 


.then YB = if x % = 
« Since 3° = x x = , then q = Y3x3x3 = 


0, 1, 8 and 27 are cubes of whole numbers, and they are called perfect cubes 
(or cube numbers). What are the next three consecutive perfect cubes? 


« Since 2'= x 


% 


All perfect cubes can be written as n’, where the cube root n is a whole number. 


Worked Example 6 shows how we can find the cube root of a perfect cube using 
prime factorisation. 


Finding cube root using prime factorisation 
Worked 


Example Find ¥216 using prime factorisation. 


6 *Solution 


‘The superscript * represents 
the cube of a number and the 


symbol /— represents the cube 
| ‘The diagram below represents 


the inverse relationship between 


root of a number. 


‘cube’ and ‘cube root’. 
S=5x5x5=125 


cube root 


125 


Y125 =y5x5x5=5 
‘This diagram is useful for 


illustrating an inverse 
relationship. 


2 | 216 Method 1: — 
2 108 216=2x2x2x3x3x3 For a number to be a perfect 
1 - cube, the index of each prime 
2 54 pane Ox3)x 2x3) factor must be a multiple of 3. 
3 | 27 =(2%3) Why? 
3 | 9 . Y216 =2x3 
3 | 3 =§ 
1 
Method 2: 
216=2x2x2x3x3x3 
SPX 
2. 216 = ¥2°x3* 
=2x3 
=6 
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1, Find 3/2744 using prime factorisation. The sa of tis Caled oF te 


2. Given that the prime factorisation of 9261 is 3° x 7°, find digits of a two-digit number, y, 
is equal to three times of itself. 
Exercise 9261 without using a calculator. Find y. 
4 3. (i) kisanon-zero whole number. Given that 15 x 135 x k 
is a perfect cube, write down the smallest value of k. é 


(ii) p and q are both prime numbers. Find the values of 


Similar and 
Further ¢ 


pand qso that ISx135%2 is a perfect cube. 


C. Mental estimation of square roots and cube roots 


What are the values of V50 and ¥63? 

Since 50 = 2 x 5* is not a perfect square (why?), V50 is not a whole number. 

Similarly, since 63 = 3? x 7 is not a perfect cube (why?), 63 is not a whole number. 

So we cannot use the prime factorisation method to find ¥50 and 763. 

In Worked Example 7, we will learn how to estimate the values of numbers such as ¥50 and ¥63 mentally. 


Estimating square root and cube root 


Worked f ‘i i 
Example Without using a calculator, estimate the value of 
j (a) V50, (b) 63. 
“Solution 
(a) V50~=V49 =7 (b) 463 = 64 =4 (a) Find the perfect square 
closest to 50, which is 49. 
cane 
actise Now Without using a calculator, estimate the value of VW =7, but because 
reed V3, V3. 50 = 1/49 50.150 =7. 
(a) () (b) Find the perfect cube closest 
to 63, which is 64. 


D. Using calculator to evaluate squares, square roots, cubes and cube roots 


‘The following function keys on a calculator are used to find the square, square root, cube and cube root of a number. 


o square key 
o cube key 


Some calculators also have the cube root key: 


square root key 


For others, the cube root function can be found by pressing: 


When the evaluation involves a fraction, we can use the fraction key: Be. 
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Using calculator to evaluate square, square root, cube and cube root 
Worked = & 24 J (4 
Example : Use a calculator to evaluate pln Ea) ; leaving your answer correct to 4 decimal places. 
7-163 
"Solution 
Method 1: 
Sequence of calculator keys: < 


GHGeece0cenenkn 
eal = 0.2096 (to 4 d.p.) 


Method 2: 
Sequence of calculator keys: 


BOSGG800 0088506 


2 
50 
ine = 0.2096 (to 4 d.p.) 


Practise Now 8 1. Use a calculator to evaluate each of the following, leaving your answer correct to 
Similar and 4 decimal places where necessary. 


Further Questions 3xV20 
2 i 
a (a) 23°+V2025-7 © Sooo 


Que 


2. The area of a square poster is 987 cm’. Find the perimeter of the poster, leaving your 
answer correct to 1 decimal place. 

3. Nadia has 2020 one-centimetre cubes. She makes the largest cube possible using some of 
the 2020 cubes. How many cubes does she have left over? 


1. In Worked Example 5, what is something new that I have learnt about perfect squares? 
2. In Worked Example 6, what is something new that I have learnt about perfect cubes? 
3. What have I learnt in this section that I am still unclear of? 
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Exercise Se] 


Find each of the following using prime 


factorisation. 
(a) J1764 (b) /576 
() 2916 (d) J3136 


Given the prime factorisation of each of the 
following numbers, find its square root without 
using a calculator, 

(a) 9801 =3'x 11? 

(b) 35721 =3°x 7? 

(c) 24336 =2'x 3*x 13? 

(d) 518 400 = 2° x 3''x 5? 


Find each of the following using prime 


factorisation. 
(a) 3375 (b) 1728 
(©) 5832 (d) 3000 


Given the prime factorisation of each of the 
following numbers, find its cube root without using 
a calculator. 

(a) 21952=2°x 73 

(b) 46 656 = 2° x 3° 

(c) 287496 = 2>x 3? x 11° 

(d) 1728000 =2°x 3x5} 


Without using a calculator, estimate the value of 
each of the following. 


@ Find the smallest non-zero whole number which 


can be multiplied by 112 to give a square number. 


Find the smallest non-zero whole number which c 
be multiplied by 162 to give a cube number. 


A textbook is opened at random. Without using a 
calculator, find the pages the textbook is opened to, 
given that the product of the facing numbers is 420. 
Hint: 400 is a perfect square. 


The area of a square photo frame is 250 cm?. Find 
the perimeter of the photo frame, leaving your 
answer correct to 1 decimal place. 


The volume of a box in the shape of a cube is 
2197 cm’. Find the area of one side of the box. 


Raju has 2020 one-centimetre square tiles. 

He makes the largest square possible using some 
of the 2020 square tiles. How many square tiles 
does he have left over? 


® Use prime factors to explain why 6 x 54 is a perfect 


square. 


@ (i) kis a non-zero whole number. Given that 


6 x 54 x kis a perfect cube, write down the 
smallest value of k. 
(ii) p and q are both prime numbers. Find the 


(a) 66 (b) 30 Pp. 
(.) ¥28 (a) 4730 values of p and q so that Sot is a perfect 
cube. 
6 Use a calculator to evaluate each of the following, 
leaving your answer correct to 4 decimal places 
where necessary. re 
=. = ) 55545" 
(a) 7°-V361+ ( PJD 
(© ¥#+¥4913 
P 
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Highest common factor and (4 
lowest common multiple 


A. Highest common factor (HCF) < 
In Section 1.1A, we learnt how to find the factors of a number. What are the factors of 18 and 30? 
18=1x18 30=1x30 
=2x9 =2x15 
=3x6, =3x10 
=5x6. 


Factors of 18: 9, 18 
Factors of 30: 5, 10, 15, 30 


From the list above, we see that 1, 2, 3 and 6 are the common factors of 18 and 30. 


Of all the common factors of 18 and 30, the highest is 6. coer 

We say that the highest common factor (HCF) of 18 and 30 is 6. ‘The lowest common factor of 18 
" 5 x and 30 is 1. In fact, the lowest 

‘This method of finding the HCF of two or more non-zero whole numbers is called the ‘common factor of any two or 

listing method. more non-zero whole numbers 

What is the HCF of 504 and 588? eae 


‘The listing method to find the HCF of numbers like 504 and 588 is tedious because it involves many factors and 
common factors. 


We will now learn more efficient methods to find the HCF of two numbers. 


Finding HCF of two numbers 
Find the highest common factor of 18 and 30. 


Worked 
Example 


9 "Solution 
Method 1: Prime factorisation 


common prime factors common prime factor 


or = 18=2)x|3 
30 x13 |x 5 common factor is 3, 


ie. choose 3 with the 
HCE of 18 and 30 = 2 x 3 2 x 34—— smaller index 

=6 
Method 2: Ladder method 


common 18, 30 <— divide 18 and 30 by 2 to get 9 and 15 


prime factors 9, 15 «divide 9 and 15 by 3 to get 3 and 5 


3, 5 << stop dividing when there are 


no common prime factors 
HCF of 18 and 30 = 2x 3 : I - 


=6 
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1. Find the highest common factor of 56 and 84 using 


both methods. 
2. Using the prime factorisation method, find the largest 2. The largest whole number 
i that is a factor of both 112 
whole number that is a factor of both 112 and 140. Reavade de neaerTaS 
3. The numbers 504 and 588, written as the products of their and 140. 


prime factors, are 504 = 2° x 3? x 7 and 588 = 2? x 3 x 7. 
Hence, explain why 84 is the greatest whole number that 
will divide both 504 and 588 exactly. 


B. Lowest common multiple (LCM) 


In primary school, we have learnt how to find multiples, e.g. 


Multiples of 4: 4, 8, 16, 20, 28, 32, 40, ... 
Multiples of 6: 6, 18, 30, 42, .. 


From the list, we see that 12, 24, 36, ... are the common multiples of 4 and 6. 


How many common multiples of 4 and 6 are there? 


What is the highest common multiple of 4 and 6? = 
Of all the common multiples of 4 and 6, the lowest is 12, i.e. the lowest common ‘The highest common multiple 


; of any two or more non-zero 
multiple (LCM) of 4 and 6 is 12. aint 
‘This method of finding the LCM of two non-zero whole numbers is called the undefined. 

listing method. 


What is the LCM of 504 and 540? 
It can be very tedious to list the multiples of numbers like 504 and 540 to find the LCM. 
We will now learn more efficient methods to find the LCM of two numbers. 


Finding LCM 


‘The product of 4 and 6, i.e. 24, is a common multiple of 4 and 6. However, using the listing method, we found that 
the LCM of 4 and 6 is 12 and not 24, Why is this so? 
Since the LCM of 4 and 6 is a multiple of 4 and a multiple of 6, we get: 


4xh=6xk 
2x2x«h=2xBxk 
2x2xh=2xkxB 


Both sides of the equation contain a prime factor 2 (highlighted in green). 
We can see that for both sides of the equation to be equal, h =[3 (highlighted in purple) and k = 2 (highlighted in blue). 
+. LCM of 4and 6 =2 x2 x. 
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From the above explanation, we derive the prime factorisation method of finding the LCM of 4 and 6 as 
shown below: < 


common prime factor: choose the common factor (i.e. 2) 


take only one with the higher index (why?) 


4 x2 or 
6 x| x3 6 kh 

LCM of 4and6=2 x2 x3 2x3 
=12 


‘The ladder method for finding the LCM of 4 and 6 is as follows: 


common prime —>| 6 <— divide 4 and 6 by 2 to get 2 and 3 


factor + stop dividing when there are 
no common prime factors 


LCM of 4and6=2x2x3 
smiley ooen P 
~ remaining factors 


Finding LCM of two numbers 
Worked Find the lowest common multiple of 30 and 36. 
Example 


"Solution 
1 O Method |: Prime factorisation 


choose each of the common prime factors 
(i.e. 2 and 3) with the higher index and 


common prime factors the remaining factor (i.e. 5) 


30 x| x5 
36 = 2)x 2 53|x 3 or 


LCM of 30 and 36 =2x2x3x3x5 


= 180 
Method 2: Ladder method 
—— <4 30,  36-¢— divide 30 and 36 by 2 to get 15 and 18 
prime 
: ti - 15,  18-*— divide 15 and 18 by 3 to get 5 and 6 
factors —b 


(5, __6}+~ stop dividing when there are 
no common prime factors 
LCM of 30 and 36 = 2x 3x 5x6 
eH - 
=180 = remaining factors 
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Example 


Practise Now 11 


Worked 
Example 


Similar and 


Further Questions 
Exercise 1¢ 
Question 7 


Practise Now 10 ds 


The numbers 120 and 126, written as the products of their prime factors, 


are 120 = 2? x 3 x 5 and 126 = 2 x 3* x 7. Hence, find the smallest non-zero whole 


number that is divisible by both 120 and 126. 


Finding factors of number 


“Solution 
6=2x3 
277= 3 
LCM of 6 and 27 = 2 x 3° 
=54 
54=1x54 
=2x27 
=3x18 
=6x9 


-. the number is 54 and its factors are 1, 2, 3, 6, 9, 18, 27 and 54. 


1. A number has exactly 8 factors, two of which are 27 and 45. 


List all the factors of the number. 


List all the factors of the number. 


Finding number given another number and their LCM 
Find the smallest value of n such that the LCM of n and 6 is 24. 


“Solution 


LCM = 24=2x2x2x3 LCM = 24=2 x2x2x3 


on=2x2x2=8 


A number has exactly 8 factors, two of which are 4 and 20. 


common prime factor: 


Find the lowest common multiple of 24 and 90 using both methods. L E 


fh 


A number has exactly 8 factors, two of which are 6 and 27. List all the factors of the number. 


List the factors of the LCM of 
6 and 27 to see if there are 8 
factors. Since there are 8 factors, 
then the number is the LCM of 
6 and 27. 

If there are less than 8 factors, 
try multiplying the LCM by 

a prime number to see if the 
result has exactly 8 factors (see 
Practise Now 11 Question 2). 
Sometimes, it is possible to 
obtain more than one answer 
(see Exercise 1C Question 17), 


‘This is a reverse question, so use 
the prime factorisation method 
backwards. 

‘There is at most one common 
prime factor between n and 6. 
The first factor 2 for n will be 
common with the factor 2 for 6. 
We do not use factor # since we 
want ri to be the smallest. 

‘The other two factors (2 and 2) 
must be the factors of n. 


Find the smallest value of n such that the LCM of n and 15 is 45. 
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Finding numbers given their HCF and LCM 

The highest common factor of two numbers is 56. (4 
The lowest common multiple of these two numbers is 2520. 

1 3 Both numbers are greater than 56. Find the two numbers, 


Worked 
Example 


“Solution ¢ 
We will use Pélya’s Problem Solving Model to guide us in solving this problem. 


Stage |: Understand the problem 

This is a reverse question because the two numbers are not given but their HCF and LCM 
are given. 

Both numbers are also given to be greater than their HCF, so neither of them can be equal to 
the HCF (= 56). 


Stage 2: Think ofa plan 

Since the HCF is a factor of each of the two numbers, then both numbers must contain the 
HCF as a factor as shown: 

Let the two numbers be a and b. 


HCF= 56 = 27 X)7) 
LCM = 2520 = 2°17 x (3? x5) 


Since the LCM contains three more factors (i.e. 3, 3 and 5), we have to distribute these 

factors into a and b such that: 

+ the HCF is still 2° x 7 (i.e. we cannot ‘give’ one 3 to a and the other 3 to b, or else the HCF 
will become 2? x 7 x 3); 

+ both a and bare greater than the HCF (i.e. we cannot ‘give’ all the remaining factors to 
only a or b; since we ‘give’ 3? to one of them, we have to give 5 to the other number). 


Stage 3: Carry out the plan 

HCF = 56 = 2? x7 

LCM = 2520 = 2? x 37x 5x7 =(2?x7)x3?x5 
Let the two numbers be a and b. 


HCF = It does not matter whether we 
LCM = 2520 = 2°17) x (3? x ‘give’ 3? to aor to b, 


-. the two numbers are 2° x 7 x 3* = 504 and 2° x 7 x 5 = 280. 
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Stage 4: Look back 
How can we check that the answer is correct? (4 
Method 1: Find the HCF and LCM of 280 and 504. 
Method 2: Use the fact that the product of the two numbers 
aand b, is equal to the product of their HCF and a 
LCM, i.e. ax b= HCF x LCM (why?). ‘The product of 3 numbers may 
Check: 280 x 504 = 141 120 not be equal to HCF x LCM. - 
HCF x LCM = 56 x 2520 = 141 120 


1. The highest common factor of two numbers is 245. 
The lowest common multiple of these two numbers is 4410. 
Both numbers are greater than their highest common factor. 
Find the two numbers. 
2. The numbers 240 and 252, written as the products of their prime factors, 
are 240 = 2' x 3 x 5 and 252 = 2? x 3? x 7. Find 
(i) _ the smallest non-zero whole number n for which 240n is a multiple of 252, 


(ii) the smallest non-zero whole number m for which em is a factor of 252. 
m 


C. Real-life applications of HCF and LCM 


We have learnt how prime numbers can help us find the HCF and LCM of two numbers. In this section, we will 
solve some real-life problems involving HCF and LCM. 


Worked 
Example 


14 


Real-life problem involving LCM 

The lights on two lightships flash at regular intervals. The first light flashes every 18 seconds 
and the second every 40 seconds. The two lights flash together at 10.00 p.m. At what time 
will they next flash together? 


“Solution 

18=2x3* The LCM of the two timings is 

40=2x5 the interval at which the lights 
flash together. 

-. LCM of 18 and 40 = 2° x 3?x 5 


= 360 


360 seconds = 6 minutes 
~. the two lights will next flash together at 10.06 p.m. 


1. Two bells toll at regular intervals of 15 minutes and 36 minutes respectively. If they toll 


and 


Questions 


Exercise 1¢ 


together at 2.00 p.m., what time will they next toll together? 
2. Li Ting has two pieces of rope measuring 140 cm and 168 cm. She wishes to cut the 
two pieces of rope equally into smaller pieces without any leftover rope. 
(i) What is the greatest possible length of each of the smaller pieces of rope? 
(ii) How many smaller pieces of rope can she cut altogether? 
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Introduct 
Problem 


ry 


Revisited 


Now that you have learnt about HCF and LCM, solve the Introductory Problem and discuss your solution with 
your classmates. 


~~ 


HCF and LCM are? 


the solution? 


Exercise 


Find the highest common factor of each of 
the following sets of numbers. 


(a) 12 and 30 (b) 13 and 91 
(c) 126 and 240 (d) 180 and 450 
(e) lland31 (f) 64and81 


Find the largest whole number that is a factor of 
both 156 and 168. 


Find the lowest common multiple of each of the 
following sets of numbers. 
(a) 45 and 60 

(c) 54and 240 

(e) 27 and 32 


(b) 42 and 462 
(d) lland19 
(f) 78 and 352 


Explain why 1040 is the smallest non-zero whole 
number that is divisible by both 80 and 104. 


A number has exactly 8 factors, two of which are 
10 and 125. List all the factors of the number. 


A number has exactly 12 factors, two of which are 
40 and 100. List all the factors of the number. 


Find the smallest value of k such that the LCM of 
kand 6 is 60, 
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. What do I already know about common factors and common multiples that could help me understand what 


. When faced with a real-life problem involving HCF or LCM, how do I tell whether to use HCF or LCM to find 


The numbers 792 and 990, written as the products 
of their prime factors, are 792 = 2° x 3? x 11 and 
990 = 2 x 3? x 5 x 11. Hence, explain why 198 is 
the greatest whole number that will divide both 792 
and 990 exactly. 


The numbers 176 and 342, written as the products 
of their prime factors, are 176 = 2‘ x 11 and 

342 = 2 x 3° x 19. Hence, find the smallest non-zero 
whole number that is divisible by both 176 and 342. 


A number has exactly 8 factors, two of which are 
4 and 26. List all the factors of the number. 


The highest common factor of two numbers is 175. 
The lowest common multiple of these two numbers 
is 12 600. 

Both numbers are greater than their highest 
common factor. 

Find the two numbers. 


2 (i) Express 1050 as the product of its prime 


factors. 

Find two numbers, both greater than 40, that 
have a highest common factor of 21 and a 
lowest common multiple of 1050. 


(ii) 


n 


PLP ee eo 


PU 
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Shaha needs to pack 171 pens and 63 pencils Find two numbers that each have exactly 16 factor: 
equally into identical gift bags. Find two of which are 8 and 12. 
(i) _ the largest number of gift bags that can be 
packed, The numbers 528 and 540, written as the products 
(ii) the number of each item in a gift bag. of their prime factors, are 528 = 2* x 3 x 11 and 
540 = 2? x 3° x 5. Hence, find 
acs Sweets are sold in packs of 120 while mini (i) _ the smallest non-zero whole number h for 
chocolate bars are sold in packs of 18. which 528h is a multiple of 540, 
Sara bought the same number of sweets as mini (ii) the smallest whole number k for which 528 is 
chocolate bars. a factor of 540. k 
Find the least number of packs of sweets that she 
could have bought. ® The numbers 630 and 1248, written as the products 
of their prime factors, are 630 = 2 x 3? x 5 x 7 and 
15. Two race cars, Car X and Car Y, are at the starting 1248 = 2° x 3 x 13. Find 
point of a 2-km track at the same time. Car X (i) the smallest non-zero whole number n for 
and Car Y make one lap every 60 s and every 80s which 630n is a multiple of 1248, 
respectively. (ii) the smallest whole number m for which ee 
(i) How long, in seconds, will it take for both cars is a factor of 630. m 


to be back at the starting point at the same time? 
(ii) How long, in minutes, will it take for the faster (20) ‘A class has between 30 to 40 students. Each boy in 


canto be 5 laps ahead ofithe slower cath the class brings 15 chocolate bars for a class party. 
yi ; nN F The chocolate bars are shared equally among the 
16. Ken wishes to cut the biggest possible squares 20 girls of the class and their form teacher. There 
from a rectangular sheet of paper without any sree Gare: 
leftover paper. The sheet of paper has a length of () How many students are there in the class? 
65 cm and a breadth of 50 cm. (ii) How many chocolate bars does their form 
(i) What is the length of each square? acatberrecelpe? 


(ii) How many squares can he cut altogether? 


In this chapter, we learnt about prime numbers, the building blocks of whole numbers greater than 1. We also learnt 

that whole numbers greater than 1 can be classified into two categories: prime numbers and composite numbers. 

Here are a few important lessons you must remember as we move forward: 

1. Definitions in mathematics are important because they allow us to specify the properties of mathematical 
objects, such as prime numbers. We must learn to understand and apply them as we examine new mathematical 
objects. 


2. Index notations help us write the prime factorisation of 
because they help us represent mathematical objects and their operations or relationships in a more con 


a number more concisely. Notations are important 
cise and 


> 


precise manner. 
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We can use the prime factorisation of two numbers to find their highest common factor (HCF) and 
lowest common multiple (LCM). There are many useful applications of primes, HCF and LCM, both in 
mathematics and in the real world. 


(Oa 
ad 


A prime number is a whole number that has exactly 2 different factors, | and itself. 
Examples of prime numbers are 2 and 7. 
+ Give two other examples. 
(a) A composite number is a whole number that has more than 2 different factors. 
Examples of composite numbers are 6 and 15. 
+ Give two other examples. 
(b) The process of expressing a composite number as a product of its prime factors is known as 
prime factorisation, e.g. 18 = 2 x 3 x 3 (or 2 x 3’). 
+ Give another example of prime factorisation. 
Whole numbers can be classified into three groups as shown below. 
Fill in the blanks. 
Whole numbers (0, 1, 2, 3, 4, ...) 


—————————————  —— 


Neither prime nor Prime numbers Composite numbers 
composite has exactly 2 different factors has more than 2 different factors 
(and) (2,3, 5,7, 11, «-+)- (4, 6, 8, 9, 10, ...). 


A perfect square (or square number) is a whole number whose square root is also a whole number. 
An example of a perfect square is 25 because 25 = 5*, or (25 =5. 
+ Give two other examples of perfect squares and find their square roots. 
A perfect cube (or cube number) is a whole number whose cube root is also a whole number. 
An example of a perfect cube is 125 because 125 = 5°, or i205 =5. 
+ Give two other examples of perfect cubes and find their cube roots. 


The highest common factor (HCF) of two numbers is the largest factor that is common to all the numbers, 
e.g. the HCF of 18 and 30 is 6. 

+ Give another example. 
The lowest common multiple (LCM) of two numbers is the smallest multiple that is common to all the 
numbers, e.g. the LCM of 18 and 56 is 504. 

+ Give another example. 
Think of a real-life problem that you can use the HCF or the LCM to help you solve. 


ii 
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Ancient Egyptians had a developed fraction system dated 4000 years ago. Unlike the common fractions that we 
use aes the = ia Egyptians used symbols to write unit fractions, where the numerator is 1. Other fractions 


(except 2 ana Fi ) were written as a sum of unit uaa with each unit fraction appearing only once in the 


pies For example, can be expressed as cory meas wk: 
is 1 1 
ble t > =~ +=~ += are both Ito3? 
Are you able verify that + Sands +t ht dare equal to-=? 


Besides addition, we will learn how to perform other basic operations on proper fractions, improper fractions 
and mixed numbers in this chapter. 


Learning Outcomes 

What will we learn in this chapter? 

+ What equivalent fractions are and how to compare them 
+ What mixed numbers and improper fractions are 


+ How to perform basic operations involving fractions and mixed numbers 


OxEeRe > 


ecipe for chocolate chip cookies 
A baker wishes to make chocolate chip cookies based (for 12 cookies) 


on the recipe in Fig. 2.1. 

If he had 2 cups of white sugar left in his kitchen, 

determine 

(a) the number of cookies he can make, and 1 3 

(b) the amount of each of the other ingredients he + cup brown sugar + cups flour 
needs. 


. + cup butter . F teaspoon vanilla extract 


. 4 cup white sugar . 4 teaspoon baking soda 


+ 55 g chocolate chips 


Fig. 2.1 
Discuss with your classmates your method for part (a). What are some ways of solving the same question? 


In this chapter, we will learn how to solve such problems involving operations on fractions and mixed numbers. 


Fractions, improper fractions and mixed numbers 


A. Equivalent fractions 


In primary school, we have learnt proper fractions, which are less than 1, such as 


18 69 
246 12 
i 
2 
2 
4 
2 
6 
2. 
12 
Equivalent fractions have the 
same value, eg. 2 and 3. 
Which two fractions have the same value? and To perform some operations, 
——— we have to convert a fraction 
‘These two fractions are equivalent. from one form to another 
equivalent form, e.g. 
2a hee ere Wa 
5° 10° 10° 10° 10 


Equivalent fractions are useful when we want to express a fraction in its simplest form 
or to compare fractions, 
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moos 


Worked 
Example 


Expressing a fraction in its simplest form 


Express a in its simplest form. 


“Solution 
+3 


Practise Now 1 


Worked 
Example 


2 


Identify the fractions which are in the simplest form and simplify those that are not. 
4 5 6 8 13 20 


9 10 23 200 


3 
4 6 7 9 


Comparing fractions with different denominators 
Compare the following pairs of fractions by filling the blanks with ‘>’, ‘<’ or ‘=’. 


5 9 5 z 
@) 6 12 ) 9 12 
rm _ Notations, such as >, < and =, 
Solution help to present the relationships 
(a) From Fig. 2.2, between numbers concisely and. 
precisely. } 


5-10 Lom ofthe denominators of 2 and- is 12 
6 1 6 12 
XA 
x2 
10) 8 sais 5. 
2126 12 
x4 x3 
a | a | 
(b) 3 =2 az 3 z LCM of the denominators of 2 and is 36 
| ws 
x4 x3 
22 57 
36.36°°9~«12 
Fractions OxF¢ RD 
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A 


1. Compare the following pairs of fractions by filling the blanks with ‘>’, ‘<’ or ‘=’. - < 
Similar and 3, 7 
(b) = fom 
Exercise 4 10 
Questions 2) 3 
() 5 8 ¢ 
some and to their equivalent forms that have the same 


Pe. 


3. 
ro 
denominator. Hence arrange the fractions in order, starting with the smallest. 


B. Mixed numbers and improper fractions 


A mixed number consists of a whole number and a proper fraction. 


For example, 
I In some countries, the term 
1 ES “mixed fractions’ is used to 
6 describe ‘mixed numbers’ 


may be represented as a mixed mumber 14, 


It can also be expressed as an improper fraction, in which the numerator is greater than the denominator. 
6 
i ue 
6 6 


Mixed numbers and improper fractions can also be simplified using what we have learnt in Section 2.1A. 


Expressing mixed number as improper fraction 


Worked 4 
Example —4 Express 20 as an improper fraction in its simplest form. 
"Solution 
Method 1: 
42,4 
2 122 12 12 
28 
12 
=Z reduce to the simplest form 
3 Always express your answer in. 


the simplest form (or lowest 
terms), eg. and not 28, 
3 12 
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wIN wile M wile 
+ el 
wo luo 
+ 
wl 
\ 
* 


you prefer? Why? 


' ' 
Perera oo) 


How does Method 2 differ from. 


Method 1? Which method do 


Worked 
Example 


4 


Express each of the following as an improper fraction in its simplest form. 


2 8 
(a) 4 (b) 56 


Expressing improper fraction as mixed number 


Express-2 as a mixed number in its simplest form. 


“Solution 


simplify the improper fraction 
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Express each of the following as a mixed number in its simplest form. 


27 30 
(a) i (b) 7 


Fractions 
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Comparing mixed number and improper fraction 


Worked Z ; Fo aes 130 eG 
Eads Compare the following pairs of numbers using ‘>’, ‘<’ or ‘=’. 
1 5 8 16 13 7 
1 j= -@a = ee 
@a5 2 ® 5a; © 7a, 
"Solution 
(a) Since the whole numbers in u and 13 are the same, we compare the proper fractions 
x6 
a) 
1_6 5 
I"n ry < 
XA 
x6 


eke 
2° 12 
(b) Method 1: Method 2: 
ue ths & 28 3,2 
cm aa 3°33 3 
8 9 a6. 8 2 
3° 15° 5 15 =a 
\s \sA 
x5 x3 16 23454541 
S36 SSB 
8 _ 16 1 
<=, thu=<—, =3l 
Singers [57g Sg +5 
q 2 1 
(©) Method 1: Since 2 < 3, thus2> < 35° 
13 3 
le 8 <16 
> 3 35 
x2 
Ce Method 2: 
= = and x2 
5 10° 10 cr 
\ 1326 97 27 
x2 5 10 10 10 
6-7 S27 Va 
ae ieee, 
Since 10 10° thus a6 pee 
.B te 
tg 449° since26 < 22 | thust3 < 27, 
10 10 5 10 
ideo! 
5 "10 
Compare the following pairs of numbers using ‘>; “<’ or ‘=. 
is 2 12 37 14 26 3 
25 @B2— gp ey OES 
) 25 25 ) 5005 © 7M; 


e 
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1. How did what I have learnt about lowest common multiple help me in finding equivalent fractions? 
2. What have I learnt in this section that I am still unclear of? 


Adding and subtracting fractions 
and mixed numbers 


In primary school, we learnt to add and subtract fractions. 


i: - 


- 
5 


4 and have the same denominator, They are like fractions. 


To add like fractions, we add the numerators. 
Similarly, to subtract like fractions, we subtract the numerators. 


mma! O: 


4 3 


5 5 


To add or subtract unlike fractions, which have different denominators such a3 andy a , we need to first express 
them in the same denominator. Worked Example 6 shows this. 


Adding and subtracting fractions 


Worteed Without using a calculator, evaluate 
Example i.3 241 
6 (a) Da (b) so 
Write each answer in its simplest form, where necessary. 


f 
A 


23° GT) - ii] > 
i 

ag come 

4 ‘While it is not wrong to leave 


your numerical answers 
in improper fractions, it is 


generally neater to leave them 
in mixed numbers, 


r 
Fractions OXFORD CHAPTER? 9g A 
G 
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Blo 


Worked 
Example 


% 204 168 
3° 6 2° 6 

Mam 1) > LIT) 
4.3 1 
6 6 6 


1. Evaluate each of the following without using a calculator. Write each answer in its 
simplest form, where necessary. 


26 1,5 
@ 373 © 3*5 
3.5 7, 
OG @o*6 


2. Evaluate each of the following without using a calculator, Write each answer in its 
simplest form, where necessary. 


5 4 | 3 
(a) aT (b) ar 
ae | 15_5 
(o) ar (d) 4.9 


Adding and subtracting mixed numbers 
Evaluate each of the following without using a calculator. Write each answer as a mixed 
number in its simplest form, where necessary. 


341 Lal 
@) 15 +25 (b) cor ld 
7 3 142 
22-42 a) 2b 12 
© 25-0 E35 


"Solution 


30 


more 


3 a 
"8 3 
(3.9 5d nrg 3ihl 
8 8 
a34 
8 
= 36 reduce to the simplest form 
CHAPTER? OQ XFOR Fractions 


(b) 2i+ 32 22 432 


LE Be a” aon 
7 % 3 
oe Fy 
10 70 ~ ho 
gZ _;3.1,253 
1010 10 
ffs 
10 
= 2 reduce to the simplest form 
@ 24-12 LCM of the denominators of 1 and 2 is 15 
5 3 5 3 
=22 - 110 
i515 
yo 


1. Evaluate each of the following without using a calculator. Write each answer in its 
a simplest form, where necessary. 


2,,8 3.49 

(a) aos ts (b) at? 
cl 3,5 
pany Cand 

© 46°55 @ +3 


2. Evaluate each of the following without using a calculator. Write each answer in its 
simplest form, where necessary. 


(a) 23-24 (b) 53422 
519 142 
) on (@) 22-12 


3. Sara apentyy th preparing the pins for a dish. She then boiled some eggs fort h, 


before puny the dish in the oven for 2 h. Find the total time Sara took in iio 


® 
Fractions OXFORD CHAPTER? 31: 
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1. Given a pair of fractions, mixed numbers or improper fractions, how do I know if they are equivalent? 
2. How did what I learnt about finding lowest common multiple help me in adding and subtracting unlike fractions 


and mixed numbers with different denominators? 


Advanced 


Exercise 


Do not use a calculator for this exercise. 


Express each fraction in its simplest form. 


9 10 
@ a (b) 75 
36 56 
Cie (4) 4 


Compare the following pairs of fractions by filling 
the blanks with ‘>; “<’ or ‘=" 


Zi ii 3 5 
@) 5 ©) 76 
2g 5 13 gee 10 
o>7e; @ 3a 


Convert each mixed number to an improper 
fraction in its simplest form. 


2 3 
(a) 123 (b) or 

4A 72 
© 55 (@) 9% 


Convert each improper fraction to a mixed number. 
Write each answer in its simplest form. 


35 a 
(a) 5 (b) 4 

50 30 
(o) 6 (d) 7 


Compare the following pairs of numbers using 


>) ‘<’ or ‘=. 


4 1 2 9 

1— 1> = = 
(a) 2 3 (b) 1B i 

12 6 70 17 
‘c) 2— da (d) — = 
© 54 27 @ 12 2 


i. ge i9 Ll gp 77 
© 7 ey © (as 
1 gp 12 4 woe 105 
at eae h) 74 nO3, 
(g) iF q (h) 7 1 


Find the value of each of the following. Write each 
answer as a mixed number in its simplest form 
where necessary. 


@ 343 ) 4 
ehe wh 
@ #-3 thy) 3-2 


Find the value of each of the following. Write each 
answer as a mixed number in its simplest form 
where necessary. 


(a) 13428 (b) 1248 
) 28 4st (a) 52 425 
(e) ie #32 ( 143 
@ B+i2 ya 


. 
¢ 32) “SHAFTER? (gxEoRD 
: 
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Exercise 


Find the value of each of the following. Write each 
answer as a mixed number in its simplest form 
where necessary. 


(a) 102-34 (b) 22-4 
© 217 (a) 28 = 25 
(e) 103 ~ 63 ( Ba 
ere «84 


Convert the following list of fractions into their 

equivalent forms with the same denominator. 

Hence arrange them in ascending order. 
442. 1.5. 


10. For the following list of numbers, 


(i) convert each number to an improper fraction 
in its simplest form where necessary, 
(ii) arrange the numbers in ascending order. 
24,0282, 92918 
5.1510 3 25 


a Find the value of each of the following. Write each 


answer as a mixed number in its simplest form 
where necessary. 


oie w bt 

O) Bt 5 (a) 2Fait+18 
(e) 52 448 432 7) 434242 
(i) 3343-18 ) 102 a2 414 


os Bernard had 1 kg of sugar. He used 4 kg of sugar t 


bake cookies, 2 kg of sugar to bake some cakes and) 


the remaining sugar to bake muffins. How much 
sugar did he use to bake the muffins? 


Be. Ken drank z 1 of water. If Nadia drank I more 


water than Ken, how many litres of water did Ken 
and Nadia drink altogether? 


a David cycles ie km from his house to the library. 


He then cycles from the library to Raju’s house. 
If the distance between the library and Raju’s 


house is 25 km more than the distance between 


David's house and the library, what is the total 
distance that David cycles? 


@ Joyce buys 3 small bottles of orange juice and 2 large 


bottles of apple juice. The volume of apple juice in 


a large bottle is iS I more than the volume of 
orange juice in each small bottle. If each small bottle 
contains 4 lof orange juice, what is the total 


volume of drinks that Joyce buys altogether? 


@ Shaha divided some cakes equally into 6 boxes. 


She gave away 5 boxes and kept 1 box for herself. 
She ate 1+ cakes in the box. IfShaha is lft with 


it cakes, how many cakes did she pack into the 


6 boxes altogether? 
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Multiplying fractions and mixed numbers 


A. Multiplying fractions and mixed numbers by integers 


In primary school, we learnt that products such as 2 x 6 means 2 groups of 6, which gives a value of 12. 


2 groups of 6 gives 12 


How do we find the product of a fraction or a mixed number and an integer, eg? of 20, or 2 of 3? 


Multiplying fraction and mixed number by integer 
Without using a calculator, evaluate 


3 =a 2 
(a) 5 0f 20, (b) SxaG (c) 15% 3. 


Worked 
Example 


8 


"Solution 
(a) Method 1: 
S units = 20 
lunit =20+5 
=4 
3units=3x4 
=12 


i 


Method 2: 


3 
=x20 
5 


_ 3x20 
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(b) Method 1: , as 
5x2 22%3 5 groups of 55 G 
10 (10 : m 
a3 &:; &:; 


10 
5 
ni: 
10 . ¢ 
Z eg 
: = 
Hewes What is the value of 2 x 5? 
5x5 = 3 In primary school, we learnt 
w,, 2 that changing the order of 
“2 factors does not change the 
“2 product, e.g. 2x 3=3 x 2. This 
is the same when multiplying 
fractions. 


Without using a calculator, find the value of the following. 


Similar and Write each answer in its simplest form. Th etoed > eens munbes 
eee ©) 2 0f28 “Jraction frst for multiplication, 
Questions d) 
1 
—x8l 
(b) v3 
vi 
36 x 2— 
(c) 5 
oe CHAPTER2 a 
actions SuEonE ; ; ' 
OXEORD 35 3 


B. Multiplying two fractions or mixed numbers 


Multiplying two fractions 


Part 1: 
1. (a) Folda piece of paper into 4 equal parts. Shade one part. 


4 of the paper is shaded as shown in Fig. 2.4(a). 


(b) 


Fold the paper again into vertically, 


Outline of the shaded part as shown in Fig. 2.4(b). SS ===] 


The outlined portion shows of. 4 of the paper, 


What is the fraction of the paper that is outlined? 


2 
( Fig, 2.4(b) 


From part (b), we have oft al x BY 
2042 4 


= 1 


2x 


2. (a) The rectangle in Fig. 2.5 is divided into 2 equal parts. Shade 1 part. 7 
What is the fraction of the paper that is shaded? ' 


On Fig. 2.5, draw horizontal lines to divide the shaded portion into 
4 equal parts. 


(b) 


Outline + of the shaded part. What is the fraction of the paper that Fig 


is outlined? 


i 


c = x= 
( 2 


From part (b), we have: of. 4 
aA 
x2 


3. (a) Use the rectangle in Fig. 2.6 to determine the value of. 3 x -. 
chee 


=x-= 
A 2 
(b) Based on Questions 1(c) and 2(c), suggest how? x 3 can be evaluated Fig. 2.6 


without the aid of a figure. 


Try out what you have suggested. Does the suggested method give the same 
product as Question 3(a)? 
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We have seen that changing the order of two integers in a multiplication does not change the value of thei ct, 
ie. 2 x 3=3 x 2. From the Investigation on page 36, we see that this is the same when multiplying two fractions. C4 


To multiply two fractions, we multiply the numerators and the denominators separately. 


Worked 
Example 


Multiplying two fractions or mixed numbers 


Find the value of each of the following products. Write each answer in its simplest form. < 
: Zig a 3 
x= Paice 1=— x2=— 
() 5 12 ®) 5 4 ©) 15 * 11 
"Solution 
(a) Method 1: 
15 1X5 
5 12 5x12 
a 
60 
=} reduce to the simplest form 
Method 2: 
opr t. In part (a), how are the two 
18 12 12 methods similar to each other? 
Which method do you prefer? 
2,7 1% Why? 
Sa 5x2 _l 
wil 
10 
x p 
(c) iz x 23 =% XB i convert to improper fractions 
10 
3 
= a leave answer as a mixed number 
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Find the value of each of the following products without using a calculator. Write each answer 
in its simplest form. 


1.2 1.3 

@3%5 ©) 3%43 
435 7 10 

© 35* 12 @) 195%? 
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Problem involving multiplication of fractions 
Worked 5 1 
Example 7 of the audience at a musical are females and of the males are boys. 


1 (0) (i) What fraction of the audience are boys? 
(ii) If there are 150 boys, how many people are there at the musical? 


“Solution 
(i) Fraction of the audience who are males 
5 
sas 
3 
8 
Fraction of the audience who are boys 


(ii) 3 of the number of people in the audience = 150 


.. number of people in the audience = 150 x 8 
= 1200 
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Cheryl baked some muffins. 2 of the muffins were chocolate and the rest were vanilla. 


She sold} of the vanilla muffins and kept the rest. 


(i) What fraction of the total number of muffins did Cheryl sell? 
(ii) If Cheryl sold 138 muffins, how many chocolate muffins did she bake? 


Dividing fractions and mixed numbers 


A. Dividing fractions and mixed numbers by integers 


Let us now learn to divide a fraction by an integer by looking —* 
at an example. What do we get when we divide} by 2? +2 
From Fig. 2.7, we see that this is the same as finding > off 
1 Da sicko 
tetaret yd 4 7 ai Tear 
a 88 Fig. 2.7 


That is, dividing by an integer is equivalent to multiplying by = 
its reciprocal. The reciprocal of2is 3. 
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Example 


Dividing fraction and mixed number by integer in 
poe Find the value of each of the following. Write each answer in its simplest form. < 


(a) 2+2 ) 2+2 (© 62+3 


“Solution 
(a) Method 1: es < 
a 


Method 2: 2 
Pan) er) 3 
ae ha 
pe 
12 3 
=i 
3 
cliente EE , eo 
Tega'4 52 59) 
e's a |) |) 
<< 7M 
4° 8 
Method 2: 
pabed 
7 In Method 1 of part (b), why do 
=f 7,14 
8 wemnvents tore? } 
ML 


simplest form. 
(a) 4 +3 ) yen 


eas (a) vs 
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B. Dividing by fractions and mixed numbers 


In Section 2.4A, we have learnt that dividing by an integer is the same as 
multiplying by its reciprocal. 
This also applies when dividing by a fraction. For example, when we divide 
apie into t-pieces as shown in Fig. 2.8, we get 4 pieces altogether, i.e. 
tet eixa 
4 
=4 
What happens when we divide 3 of the pie into HpPiecest As shown in 
Fig. 2.9, we get 3 pieces. 


Dividing by fraction and mixed number 


vores Evaluate each of the following without using a calculator. 
xample 
2 4.6 
4+2 b) 428 
12 @) 3 ) o 
Bs 2 2 
Clete d) 22+12= 
(c) 53 (d) rear 
"Solution 
2 3 ‘ ; F 
(a) 443 =4x= dividing by a fraction is equivalent to multiplying by its reciprocal 
=2x3 
=6 
@@ 6664 
(b) 4.8 3", dividing by a fraction is equivalent to multiplying by its reciprocal 
2A 
=£x5> 
a 3 
-2 
27 
(9 2+2=8x3 
S83 oF? 
4 
35 
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convert to improper fractions G 


dividing by a fraction is equivalent to multiplying 
by its reciprocal 


Similar and el 721 
Further Qu @ oF; ©) 3732 
Exe 12,7 9.15 
: 327 ay 
(c) ats (d) a 16 

7,6 oo 

ling Ot a4eit 

(©) 259 * 25 Sorts 


2. Li Ting and her brother were training for a competition. Li Ting ran 3 km while her 
brother ran an km more than her. If one lap of the running trackis km long, determine 


(i) _ the number of laps Li Ting’s brother ran, 
(ii) the number of laps Li Ting and her brother ran altogether. 


Introduct ry 
Problem 
Revisited 


1. How did what I know about finding common factors allow me to simplify multiplication and division involving 
fractions and mixed numbers? 
2. What have I learnt in this section or chapter that I am still unclear of? 


P 
Fractions OXFORD CHAPTER? 41: 
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Exercise 


Do not use a calculator for this exercise. 


@ — the following. e Li Ting, Waseem, Yasir “7 Nadia shared a gift for 


their friend. Li Ting paid? 1 of the cost of the gift. 


(@) {of 96 (b) 2 0f63 
(c) 2 x42 (d) 21x 24 Waseem paid 4 of the cost of the gift. If Yasir paid 3 7 
(e) Jl ( 3 yi of the remaining cost of the gift and Nadia paid $16, 
10 12 
(s) 2 5 (h) 15.4 how much did the gift cost? 
(g) =x = x— 
oT 22°°9 
(i) 22 x = (j) 2 x 7.) 3 of the spectators at a football match are male. 
(k) z x i4 () 1s x 22 3 of the males are boys and é of the females are 
5 girls. If there are 56 more boys than girls, how many 
J Evaluate the following. 16 spectators are there at the football match altogether? 
1 
(a) —+3 (b) —+8 
2 21 
() 245 (a) 525 210 A figure is made up of two rectangles ABCD and 
o 3 oe 18 PQRS. : of ABCD overlaps with 2 of PQRS. If the 
= 45 +28 
) 5 ® 11 area of PQRS is 13 cm”, find the area of the figure. 
Cams 8 , 32 
ve 3422 A B 
®) 4 10 (h) 15; 25 
fy dead 7.4 Q 
(ji) —+= @) 1=+= 
4 2 9 3 
2 2 23 
954 24+1= ie 
w 9 : @ io —25 


fe) Sara spent a total of 8 hours volunteering last aia Ss R 
Given that her visit to a care home made ups 4 of 
(33) Albert spent = i and 2 = of his oo on transport and 


the total time on volunteering, find the ani of 


time she spent visiting the care home. food — He saved 2 of the remainder and 


donated the rest equally among 4 charities. What is 


4 Ata concert, + of the audience are adults and2 of Albert's salary if each charity receives PKR 1400? 


the children are girls. 
(i) What fraction of the audience are girls? (10) Joyce has 10 / of lemonade and 12 glasses. She keeps 
(ii) If there are 90 girls, how many boys are there 


2 of the lemonade and pours the remaining into 
: nn 
anthiceudiences glasses. If she pours exactly + 1 of lemonade into 


@ Cheryl cut = kg of butter into 12 slices of equal mass. each glass, how many more glasses does she need? 


She then used a4 slices of butter to bake cupcakes. 


What is the total mass of butter Cheryl used for the 
cupcakes? 


Sh 4z oem encore 


ete eee 


Exercise 


@ After spending + of his pocket money on food and of the remaining amount on a pen, Imran had PKR 240 


left. How much pocket money did Imran have at first? 


In this chapter, we learnt about a type of number called fractions. Fractions are commonly used to express quantities 
that are not whole numbers, allowing for more precise and flexible representations in various contexts. They are 
also useful in the division of quantities: for instance, if 4 bags of rice are distributed equally to 7 people, we can say 


each person receives + of the rice. 


Besides mathematics, understanding fractions is crucial in other fields like science and engineering. They are also 
widely used in our everyday life, such as measurements, calculations and comparisons. It is thus essential to develop 
a solid grasp of concepts in fractions to build a strong foundation in mathematics and problem solving. In this 
chapter, we built upon what we have learnt in the previous chapter, such as finding the lowest common multiple 
and the highest common factor of two numbers. We have also extended what we know about adding, subtracting, 
multiplying and dividing whole numbers to operations involving fractions. How do we apply what we have learnt 
about fractions to other numbers, such as decimals? 
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=a 
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| Summary ~y G 


1. Equivalent fractions are fractions that have the same value, e.g. dand = > ana3. 


8 12 4 
simplifying a fraction comparing two or more performing operations . 
fractions of different such as addition and 


denominators (unlike fractions) subtraction 


Divide both the Find the LCM of the denominators and express the 
numerator and fractions in their equivalent forms, with the same 
denominator by denominator (like fractions). 


their common factor. 


2. Mixed numbers and improper fractions are greater than 1. They can be converted from one form to the other. 
‘They can be simplified and expressed in equivalent forms using the same techniques for proper fractions. 
Example: 

3-— 4 4-3. 
pipers We 
Manaar 


4 
i 
4 
Bees. 
33. 


=2 
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3, Adding and subtracting fractions and mixed numbers: 
(a) When adding or subtracting like fractions, add or subtract the numerators. 


(b) When adding or subtracting unlike fractions, convert the fractions to like fractions first. 
Examples: < 
347210 
8 8 8 

si 
8 
eel 
4 
bee eae 
GA 1212 
suas 
12 
(c) When adding mixed numbers, separately add 


« the whole numbers, and 

« the fractions, 

before adding the fraction to the whole number to obtain the result. 
Examples; 


(d) When subtracting mixed numbers, separately subtract 
« the whole numbers, and 
+ the fractions, 
before adding the fraction to the whole number to obtain the result. 
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4. Multiplying and dividing fractions and mixed numbers: 


(a) To multiply a fraction by an integer, we divide the integer by the denominator of the fraction and multiply 
the result by its numerator, or vice versa, 


Example: (- 
4 


Example: 
By asa 
8 4 8x4 
kes 
32 


(c) Dividing by an integer or a fraction is equivalent to multiplying by the reciprocal of the integer or the 
fraction. 


(d) When a multiplication or division involves a mixed number, express it as an improper fraction first. 
Example: 
Pt ig reel 
15 TS) 9 
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Decimals 


‘The British pound sterling underwent decimalisation on 15 February 
1971, known as the Decimal Day. Prior to this, each British pound 
sterling was subdivided into 20 shillings, with each shilling being 
equivalent in value to 12 pence. With decimalisation the pound retained 
its value, but the penny was revalued such that 1 pound was subdivided 
into 100 pence. That is, 1 penny = 0.01 pound. 

Today, most countries use decimal currencies, with one basic currency 
unit (e.g. the dollar) that is commonly divided into 100 subunits (e.g. 
cents). The term ‘decimal’ comes from the Latin word ‘decem’, meaning 
ten. Besides money, we use decimals every day in situations dealing with 
length, volume, etc. 


Can you think of other real-life examples involving the use of decimals? 


Learning Outcomes 

What will we learn in this chapter? 

+ What terminating and recurring decimals are 

« How to express a fraction as a decimal, and vice versa 
+ How to perform operations on decimals 


+ What metric conversions are 


OxeoRe > 


Introduct 
Problem 


1, Convert each of the following fractions to a decimal, leaving your answer to 4 decimal places if the answer is 
not exact. For part (e), leave your answer to 10 decimal places. 


1 eS 1 ib 1 < 
(a) 2 (b) ry (©) 3 (d) 6 (e) 7 


2. Convert each of the following decimals to a fraction, leaving your answer in its simplest form. 
(a) 03 (b) 0.4 (c) 0.25 (d) 0.167 (e) 0.625 


In this chapter, we are going to learn more about the relationship between fractions and decimals, and to perform 
basic operations involving decimals. 


Decimals and fractions 


A. Fractions and terminating decimals 


In our everyday life, we encounter decimals, such as 


‘The digit 0 is in the ones place. it ‘The digit 7 is in the tenths place. 
decimal point igit 3 i 


‘The digit 3 is in the hundredths place. 
In fractional form, 


73. 

100 

Rs 0.73 is thus 73 hundredths. This is written ae. 
‘This fraction is in its simplest form. 


0.73 = 


Check the place value of the last _f 
digit of the decimal. Here, the last 
digit is in the hundredths place. 


In decimals with three digits after the decimal point, such as 0.356, the digit 6 occupies the thousandths place. 
‘That is, the value of the digit 6 is 6 thousandths. 


To express 0.356 as a fraction, 


_ 356 _ 
0.356 

* 1000 — 1. 
Step 1: ft fi Step 2: Step 3: 
Check the place value of the last Ue 356 is read as 356 thousandths. || Reduce 356 to its simplest 
digit of the decimal. Here, the last This is written as 22. 1000 
digit is in the thousandths place, 1000" form by dividing both 

: "numerator and denominator 
by the common factor 4. | 
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We may also express fractions as decimals. What if the denominator of the fraction is not 10, 100 or 10001 


There are two ways in which a fraction such ast ore can be converted to their decimal representations. 


Converting fractions to decimals 


deals Express each of the following fractions as a decimal. 
Example 1 5 
us 'b) 12 
@ > (b) 3 
"Solution 


(a) We convert the denominator to 10 to find the number of tenths. 


(b) In 3, the digit in the ones place is 1. We determine the digits after the decimal point 


by looking at 3, 
Method 1: Converting the denominator to 1000 
5 _ 5x 125 
8 8x 125 
= 025 
~ 1000 
= 0.625 


= 


= 1.625 


Method 2: Using long division 


Step 1: — Step 2: 
Since 5 is less than 8, the first Hf 625 Place a decimal point and a zero 


digit of the quotient is 0. 8) 5.000 after 5 to get 5.0. Add a decimal 
-48 point after 0 in the quotient. 
+ 20<__, 
+ 8 = 6 remainder 2. - 16 Step 4: 
6 is written in the quotient 40 ‘The remainder 2 is less than 8. 
while 48 is written below 5.0. = 40 Adda zero after 5.0 to get 5.00 and 


0 bring it down. Repeat steps 3 and 4 
until the remainder = 0. 
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1. Express each of the following as a fraction or a mixed number in its simplest form. 
Similar and (a) 0.05 (b) 0.13 
Further Questio (c) 2.04 (d) 7.354 


2. Express each of the following as a decimal. 


@ 2 ) 2 o 2 
1 KS 
(d) 155 (e) oo 


3. Compare the following pairs of numbers using ‘>; ‘=’ or ‘<. 
(a) 0.076 0.0706 (b) 4.050 4.05 


() 2392330 © (a). 90.37 223 
1000 8 


Introduct ry 
Problem 


Revisited 


Now that you have learnt how to express a fraction as a decimal and vice versa, solve the Introductory Problem. 
When expressing the fractions in Question 1(c) to (e) as decimals, are you able to use Method | as shown in 
Worked Example 1(b)? What is the difference between the decimals obtained in Question 1(c) to (e), and those 
obtained in Question 1(a) and (b)? 


B. Fractions and recurring decimals 


In Worked Example 1 of Section 3.1A, 0.5 and 0.625 each have a fixed number of 
digits after the decimal point. Such decimals are called terminating decimals because J oso. 


the digits end (or terminate). For recurring decimals such as 
and 3.142 857 142 857 
use a dot or dots 


Which decimals in the Introductory Problem are terminating? 


to represent which digit or digits 
On the other hand, for fractions such as} and 4, their equivalent decimals are repeat in a precise Hie pitti 
0.3333... and 0.1666... manner. } 
‘These decimals, which contain digits that repeat indefinitely, are called recurring (or 
repeating) decimals. 
When writing recurring decimals, we place a dot above the repeating digit, i.e. i Sometimes, a bar (called a 
Ie ga555. hand vinculum) is used in place of a 
Ber ene eh ea dot, eg. =03. | 
4 = 0.1666... = 
6 
For recurring decimals that occur in a pattern, a dot is placed over the first and last —_— 
digits of the recurring set of numbers. In the bar notation, a single bar 
is placed over all the repeating 
4 < 0.142 857 142 857... = 0.142 857 Ce a 
7 bit saerer 7 ORS. 
se et 2 


159. OTR oor = 
; 


ican eles §—1. Express the following recurring decimals using dot notation. 


(a) 4.4444... (b) 15.310 310 310... 
(c) 20.164 646 4... 


2. Write the following decimals to 6 decimal places. 
(a) 0.47 (b) 0.023 
(c) 1.203 


‘The method of finding an equivalent fraction with a denominator of 10, 100, 1000, ... , as shown in Worked Exampl&y 
cannot be applied to convert fractions such as 5 to a decimal. Why? 


Instead, we will use long division to determine the equivalent decimals for these fractions. 


Converting fraction to recurring decimal 
Worked 


Example 


Convert? toa recurring decimal. 
In the working, we stopped the 


2 “Solution 
0.666 division after obtaining three 
3) 2.000 repeating digits. 


=e ef However, the long division can 
20 be truncated when we see that 
the remainder is a repeat of the 
-18 divisor: 
20 0.6 
=k 3) 2-9 We start with the 
2 = 2 
: 2 Once we obtain 2 
2206 — "as the remainder, 
3 we know that the 
digit 6 will repeat 
Write each of the following fraction as a recurring decimal. 
ar and 2 5 
Further Questions (a) 9 (b) 6 
Exercise 3A 1 3 
Questions 6(a}-(d) () — (d) = 
ll tA 


1a)-(d), 
14 ) 


Converting recurring decimal to fraction 


1. Express 0.4 asa fraction using the following steps. Let x = 0.4. =a 
(a) Multiply x by 10: 10x, which means ‘x multiplied 
wan by 10’, is an algebraic expression. 
10x = 4.4 When x represents a number, 
(b) Subtract x from 10x: 10x means that the number is 
é multiplied by 10, We will learn 
10x — x= —04 more about algebraic expressions 
(c) The left-hand side of the equation in part (b) is 9x. Thus, 9x = BSE 
x= = Or Ps 
sae oxrone OED ay : 


2. Copy and complete Table 3.1. 


(a) 


(b) 


Table 3.1 


3. Explain why the following steps are carried out in Questions 1 and 2. 
(i) The recurring decimal x is multiplied by 10. 
(ii) The recurring decimal x is subtracted from the recurring decimal 10x. 
4. (i) Explain why the steps in Question 1 cannot be used to convert 0.27 toa fraction. 
(ii) Suggest the steps to convert 0.27 toa fraction. 
(iii) Using the steps in part (ii), show that 0.27= oe 


From the above Investigation, we see that an important step in converting a recurring | Powers of ten are numbers that 
are obtained by multiplying 10 by 


decimal to a fraction is to eliminate the recurring digits after the decimal point. 
‘The power of ten that is multiplied to the decimal is selected with this aim, This is 
demonstrated in Worked Examples 3 and 4. 


Worked 
Example 
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Converting recurring decimal to fraction 
Write 0.225 as a fraction in its simplest form. 


“Solution 
Let x = 0.325 
«. 1000x — x = 225.225 - 0,225 
999x = 225 
a 225 
999 
25 
lll 


reduce to the simplest form 


Write each of the following recurring decimals as a fraction in 
its simplest form. 

(a) 07 

(b) 0.36 

(©) 0.05 

(d) 0.167 


OXFOR 


itself. The square of 10 (10° = 100) 
and the cube of 10 (10° = 1000) 
are examples of powers of ten. 


Can you give another example of 
a power of ten? 


When a recurring decimal 
contains only recurring digits 
after the decimal point, the 
power of ten is selected based 
on the number of digits in each 
recurring set of numbers. 

In Worked Example 3, the 
recurring set in x contains tliyee 
digits. Hence, we multiply x by 
10’, i.e. 10° x x = 1000x, so that 
1000x and x contain the same 
recurring sequence of digits, 
and 1000x - x eliminates the 
recurring digits. 


Converting recurring decimal with some non-recurring digits to fraction 
Write each of the following decimals as a fraction in its simplest form. 


Worked 


Example (a) 073 
4 (b) 0.731 
(©) 0.731 
*Solution { 
(a) Letx=0.73 
lox =7.3 
100x = 73.3 
100x - 10x = 73.3-7.3 
90x = 66 
= 66 
90 
= reduce to the simplest form 


Similar and 


Further Questions 


(b) Let x=0.731 
10x =7.31 
1000x = 731.31 
1000x ~ 10x = 731.31- 7.31 


990x = 724 
724 
gut 
990 
= 362 reduce to the simplest form 
495 
(o) Let x= 0.731 
100x = 73.1 
1000x = 731.1 
1000x — 100x = 731.1- 73.1 
900x = 658 
eee 
900 
o2e reduce to the simplest form 
450 


Does it matter if the value of 


1000x is evaluated instead of 


100x in part (a)? Why or why 
not? J 


Write each of the following recurring decimals as a fraction in its simplest form. 


(a) 0.83 
(b) 0.136 
(©) 0.416 
(a) 0.630 
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Converting recurring decimal greater than 1 to fraction 


Worked 
Example 


Express 1.75 as a mixed number. 


5 "Solution 
Method 1: 


0.75 =140.75 


90 
= §8 
90 
=34 reduce to the simplest form 
45 
175 =154 
Method 2: 
Let x = 1.75 
10x = 17.5 
100x = 175.5 
100x — 10x = 175.5-17.5 
90x = 158 
158 
x=— 
90 


= 188 

90 5 

a Which method do you prefer? 
=15 Why? 


Write each of the following recurring decimals as a fraction in its simplest form. 


(a) 3.2484 


Identifying fractions with equivalent terminating decimals 


S25 3) 87° 12" 15-750 


1. Convert each of the fractions above to a decimal. Which fractions have equivalent decimals that are terminating? 

2. Express the denominator of each fraction above as a product of its prime factors. 

3. How do the denominators of fractions with equivalent terminating decimals differ from those with equivalent 
recurring decimals? 

4. Discuss how you can identify a fraction with an equivalent decimal that is terminating. 


‘Sq SNE oxcone 


POU 


1. How did what I learnt about fractions in Chapter 2 help me in expressing fractions as decimal representations 


and vice versa? 


2. When converting a recurring decimal to a fraction, how do I identify the power of 10 that should be multiplied < 
to eliminate the recurring digits? 


Exercise 


Do not use a calculator for this exercise. 


@ Express each of the following as a fraction or a 
mixed number. Leave your answers in its simplest 


form. 

(a) 0.5 
(c) 0.36 
(e) 2.04 
(g) 7.355 


(b) 0.47 
(d) 0.05 
(f) 0.785 
(h) 1.040 


® Express each of the following as a decimal. 


@ 2 o) > 
© £ @ 3 
@ 35 53 
 * (hy 52 


@ Compare each pair of numbers using ‘>’, ‘=’ or ‘<’, 


(co) Express the following recurring decimals using dot 


(a) 1.15 1.14 
(c) 2.05 2.050 
(e) 3.1 3.099 
nT 
= 25 
® = 
notation, 
(a) 0.2222... 
(c) 0.1777... 


(b) 1.15 12 


(d) 0.21 0.31 
3 
63) 6= 
() iG 
95 


(h) 11.8705 - 


(b) 0.123 123 123... 
(d) 0.234 242 424... 


Write the following decimals to 6 decimal places. 
(a) 0.12 (b) 0.71 
(©) 0.353 (d) 0.332 24 


Express each of the following fraction as a recurring 
decimal. 


7 ct 
(a) 9 (b) 18 

u 3 
© 15 (a) 12 


Express each of the following decimals as a fraction 
in its simplest form. 


(a) 05 (b) 06 

() 0.87 (a) 0.121 
(e) 0.12 () 0.07 
(g) 0.774 (h) 0.774 


Write each of the following decimals as a mixed 
number. Leave the answer in its simplest form. 
(a) 16 (b) 2.07 

() 3.415 (d) 1.57 


Express the following recurring decimals using dot 
notation. 

(a) 1.017 317 3173... 
(c) 20.022 323 23... 


(b) 4.4444... 
(d) 7.147 57575... 
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Exercise 


Write the following decimals to 9 decimal places. 


(a) 0.0103 (b) 12.1113 decimal. 
Hint: Perform long division until recurring digits 


Write each of the following fraction as a recurring. 


© 10.003 (d) 3.0333 
/ are observed. 
a Express each of the following fractions as a (a) te (b) ei 

recurring decimal. 17 19 

(a) a (b) x Express each of the following recurring decimals as 
/ 4 1 a fraction in its simplest form. 
j—O-; @ 5 (a) 0.384615 (b) 0.428 571 

(©) 0.1897 (d) 0.1897 


2 Express each of the following decimals as a fraction 


| in its simplest form. Express each of the following decimals as an 


| (a) 0.12 (b) 0.72 improper fraction in its simplest form. 
(c) 0.162 (d) 0.0792 (a) 1.1087 (b) 2.2446 
(e) 0.15 () 0.003 
(g) 0.003 (h) 0.163 © Find the exact value of 3-25. 


Express each of the following decimals as an 
improper fraction in its simplest form. 

(a) 1.07 (b) 2.115 

(c) 2.507 


Operations involving decimals 


A. Adding and subtracting decimals 


In primary school, we have learnt how to add and subtract decimals with the same number of decimal places by 


aligning the decimal points. 
Let us now learn how to perform these operations on decimals with different numbers of decimal places. 


align decimal point 
th «—— insert a zero in the hundredths 
bee place asa place holder 
9.38 


Decimals 
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1, Find the sum of each pair of numbers. 


Similar and (a) 2.63 and 8.5 
Further Questions (b) 5.7 and 6.24 


Exercise 3B 


Questions ‘la)=(f), (c) 28.09 and 3.654 
2(a)-(f) (d) 14.15 and 21.96 


2. Find the difference between each pair of numbers. 
(a) 8.63 and 6,59 
(b) 7 and 5.4 
(c) 38.9 and 3.65 
(d) 30 and 5.84 


B. Multiplying decimals 


We have learnt how to multiply fractions in Chapter 2. Let us apply what we have learnt to multiply decimals. 


Multiplying decimal with whole number 


ee Without the use of a calculator, find each of the following products. 
© (a) 2.63 (b) 3.36% 12 
“Solution 


1 
(a) 2 . 6—1 decimal place (1 d.p.) 


x 3 
7 . 8-<—final answer has 1 dp 
22.6% 3=7.8 
1 
(b) 3.3 6<— 2 decimal places (2 d.p.) 
x 12 When a multiplication involves 
th a only one decimal, the final 
672 answer has the same number of 
a 60 decimal places as this decimal. 
Why is this so? 
4 0.3 2<—final answer has 2 dp ‘Hint: See Method | of Worked 
1. 3.36 x 12 = 40.32 eee: a) 


Without the use of a calculator, find each of the following products. 
vilar and (a) 15x7 
Further Questions (b) 32 «0.17 


Exercise 3B 


Creme  (c) 15.48 x 40 
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Multiplying two decimals 
Without using a calculator, evaluate 12.34 x 5.6. 


7 “Solution 


Method 1: 


Worked 
Example 


1234 56 
12.34 x 5.6= TO xa5 
_ 123456 
~~ 1000 
_ 69 104 
~ 1000 
= 69.104 
Method 2: 
1 2.3 4<— 2 decimal places (2 dp.) (a Wathen owe nines 
x 5.6 «— | decimal place (1 d.p.) the decimal point at 3 d.p. in the 
7404 final answer? 
Hint: See Method 1. 
+6170 
69.10 


because 2 d.p. + 1 dp. 


fer? 
12.34 x 5.6 = 69.104 


Without using a calculator, find the value of each of the following. 
i 7 (a) 13,56 x 2.4 (b) 137.8 x 0.351 


4 
a place the decimal eee ‘Wiieh method do you pre 


C. Dividing decimals 


In Chapter 2, we have learnt that dividing a number by a whole number or a fraction is equivalent to multiplying the 
number by the reciprocal of the whole number or the fraction. Let us apply this to divisions involving decimals. 


Dividing decimal by whole number 

Without the use of a calculator, find the value of each of the following, 
(a) 2.9+5 (b) 9.36 +24 

"Solution 

(a) Method I: 


Worked 
Example 
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Method 2: ia , | A % 
f-. ~ align decima point 
O58 
5) 2.9 
-0 
29 
-25 
3s reel 
x sk ee method do you prefer? 
D e _ 
6 2.9+5=0.58 
(b) 9.36 +24 — 1 
fF, align decimal point 
0°39 
24) 9.36 
-0 
S'S) 
-72 
216 
-2 16 
—___ 2 
©. 9.36 + 24 = 0.39 
Without the use of a calculator, evaluate the following. 
Similar and (a) 0.15 +3 
Further Questions 
Exercise 3B ie eal 
Qu (a)-(d), (oc) 3.12412 
16 
Dividing two decimals 
Without using a calculator, find the value of 0,72 + 0.3. 
Example 
*Solution 
bo Method 1: 
0.72+03 = 3 
100 10 
24 1 
=z, 
00 3", 
=24 
10 
=24 
D us CHAPTER 3 ; 
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: Method 2(b): 
“0.72 _ 02 a 
0.72 +0.3= 272 0.72+0.3= In Method 2(a), why can we 


03 03 O22, 10st 
_ 0.72.10 _72 bien AES Re 
“03 “10 ~ OF change the value of 9222 
_72 In Method 2(b), why do we 
5 f—align the decimal points ghtdhe decimal point this (- 
2"4 manner? 
37.2 Hint; See Method 2(a). 
fo, 
12 
“AB 
0 
10.72403=24 


Practise Now 9 Without using a calculator, evaluate the following. 
(a) 0.92 +04 (b) 1.845 + 0.15 


Importance of place value 


Search the Internet for “25 divided by 5 = 14 video”. There are three ridiculous “proofs” (of division, multiplication 
and addition) that show that 25 divided by 5 is 14. 
Discuss what is wrong with the three “proofs”. 


Conversion of units of measurement 


for length, mass and volume 


In our everyday life, we encounter some units of measurement for length (e.g. centimetre, metre, kilometre), mass 
(e.g. gram, kilogram) and volume (e.g. millilitre, litre). 
In this section, we will learn how to convert between some of these units of measurement for length, mass and 


volume. 


A. Multiplying and dividing decimals by powers of ten 


In primary school, we have learnt that the decimal point shifts when we multiply and divide numbers by 10, 100 and 
1000. Why does the decimal point shift? 


Pp 
Decimals 
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Division by 


Similar and 


Exercise 3B 
Questions 


1 
0.1 x 10=—x 10 
10 


=1 


0.01 x 10 = x10 


0.001 x 10 = x10 


+ When a decimal is multiplied 
by 10, the decimal point shifts 

place to the right. 

1 


att 
0.1+10=—5 x27 


+ When a decimal is divided 
by 10, the decimal point shifts 
place to the left. 


0.001 x 100 


shifts 


0.001 + 100 


+ When a decimal is divided 
by 100, the decimal point 


shifts 


Table 3.2 


0.1x 100 =+ x 100 
10 


0.01 x 100 = 


x 100 


x 100 


places to the right 


places to the left. 


Multiplying and dividing decimals by 10, 100 and 1000 


0.01 x 1000 = 


0.001 x 1000 = 


alt 
0.1 x 1000 == x 1000 


x 1000 


x 1000 


by 1000, the decimal point 
shifts places to the right. 


+ When a decimal is divided 
by 1000, the decimal point 
shifts places to the 


(a) 0.7x 10 

(b) 0.063 x 100 
(c) 3.61 x 1000 
(d) 32.9 x 1000 


1. Without using a calculator, evaluate the following. 


2. Without using a calculator, evaluate the following. 


(a) 0.9+10 

(b) 137+ 100 
(c) 143.1 + 1000 
(d) 2.7 + 1000 
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B. Converting units of measurement for length 


Four units of measurement for length in the metric system are millimetres (mm), centimetres (cm), metres (m) and 


kilometres (km). 


=10 * 100 1000 


«10 x 100 = 1000 


Converting unit of measurement for length 


eer Express each of the following in the stated unit. 
(a) 0.83 m in centimetres (b) 60 800 cm in kilometres 
“Solution 


(a) lm=100cm 
0.83 m = 0.83 x 100 
= 83cm 


(b) 100cm=1m 
60 800 cm = 60 800 + 100 
= 608m 
1000 m= 1 km 
608 m = 608 = 1000 
= 0.608 km 


Convert the following lengths to the stated units. 


(a) 3.608 km in metres 

(b) 7.055 km in centimetres 
Question (c) 1385 m in kilometres 
(d) 485 mm in metres 


Exercise 3B 


C. Converting units of measurement for mass 


We have learnt that the gram (g) and the kilogram (kg) are units of measurement for 
mass. Another such unit is the metric tonne (tonne). 


+ 1000 + 1000 


I ‘The metric tonne (or simply, 


tonne) is different from the ton. 
A ton is an imperial unit of mass 


that is equivalent to 1016.047 kg, 
whereas the tonne is a metric 


unit of mass equivalent to 
1000 kg. | 
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Worked 
Example 


11 


Converting unit of measurement for mass 
Express the following in the stated units. 

(a) 3.25 tonnes in kilograms 

(b) 9653 gin tonnes 


“Solution 
(a) 1 tonne = 1000 kg 
3.25 tonnes = 3.25 x 1000 
= 3250 kg 


(b) 1000 g =1kg 
9653 g = 9653 = 1000 
= 9.653 kg 
1000 kg = 1 tonne 
9.653 kg = 9.653 + 1000 
= 0.009 653 tonnes 


v a 
pos. 


(less common) way of expressin 
the same mass as the tonne, 
ive. 1 megagram = 1 tonne = 
1000 kilograms = 1000 000, 


G 
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Express each of the following in the stated unit. 
(a) 0.0575 tonnes to kilograms 

(b) 3.04 tonnes in grams 

(c) 6975 kg to tonnes 

(d) 77 542 g to tonnes 


D. Converting units of measurement for volume 


Acommon metric unit of volume is the litre (J). It is related to the millilitre (ml) as shown. 


+ 1000 


x 1000 


Another unit of measurement for volume is the cubic metre (m*), which will be discussed in Book 2. 


Worked 
Example 


12 


Converting unit of measurement for volume 
Express the following in the stated units. 

(a) 1200 ml in litres 

(b) 3.09 litres in millilitres 


“Solution 
(a) 1000 ml=11 
1200 ml = 1200 + 1000 
=121 
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(b) 1/=1000ml 


3.09 1 = 3.09 x 1000 4 
= 3090 ml 
Express each of the following in the stated unit. 
Similar and (a) 0.951 to millilitres (- 
— (b) 5423.05 | to millilitres 
Questions 10(a)-(d) (c) 2765 ml to litres 


(d) 89.02 ml to litres 


1. How did what I learnt about multiplying and dividing fractions and mixed numbers in Chapter 2 help me in 
multiplying and dividing decimals? 

2. How did what I learnt about multiplying and dividing decimals by powers of ten help me in converting units of 
measurement in the metric system? 


Exercise 


Do not use a calculator for this exercise. 


i Evaluate each of the following. B Evaluate each of the following. 
(a) 2.54+0.2 (b) 0.72 +13 (a) 0.81+3 (b) 3.426+4 
(c) 0.064 + 1.53 (d) 2.12 + 0.97 () 0.266 +8 (d) 6.984 + 32 
/ (e) 8.28+3.9 (f) 0.064 + 1.54 
Find the value of each of the following. 
Evaluate each of the following. (a) 0.81 + 0.3 (b) 1.32+0.12 
anss—80 (7808 (c)_ 3.426 + 0.06 (d) 4.35415 
Ue ee Ae) pe? Find the value of each of the following. 
(Oreures aes (a) 0.63 x 10 (b) 40.125 x 100 
(c) 0.0251 x 1000 (d) 13.6+10 
| Evaluate each of the following. (e) 530.5 +100 (£) 26.68 + 1000 
(a) 14.72x8 (b) 0.049 x9 
(c) 21 x 3.652 (d) 0.045 x4 


4 Evaluate each of the following. 
(a) 14.72 1.2 (b) 130.4 x 0.15 
(c) 0.27 x 0.08 (d) 0.25 x 1.963 


IAA AAAA AAA 
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Exercise 


@ Express each of the following lengths in the stated 


unit. 

(a) 0.123 km in metres 

(b) 83 min centimetres 

(c) 0.1556 cm in millimetres 
(d) 1037 cm in metres 

(e) 503 m in kilometres 

(f) 2.5 mm in centimetres 


8 Express each of the following masses in the stated 


unit. 

(a) 6.23 tonnes in kilograms 
(b) 0.066 kg in grams 

(c) 0.0256 tonnes in kilograms 
(d) 365g in kilograms 

(e) 89 234 kg in tonnes 

(f) 2.056 kg in tonnes 


Express each of the following in the stated unit. 
(a) 2.546 Jin millilitres (b) 45 /in millilitres 
(c) 8926 ml in litres (d) 3.02 ml in litres 


Bernard wants to deposit the coins he saved 
in his bank account. The number of coins in each 
denomination is shown in the table. 


Denomination | $0.05 | $0.10 | $0.20 | $0.50 
Number of 
coins 


300 


x0 | 60 | 100 


How much money will Bernard deposit? 


Express each of the following in the stated unit. 
(a) 6.15 m in metres and centimetres 

(b) 6km 55 m in kilometres 

(c) 54.44 m in millimetres 

(d) 462.23 cm in kilometres 

(e) 89cm6mm in metres 

(f) 9.123 kg in kilograms and grams 

(g) 10 kg 365 g in kilograms 

(h) 42kg 3g in grams 


1B. Ribbon A is 3,24 m longer than Ribbon B. If 


Ribbon A is 513.1 cm long, what is the total length 
of the two ribbons? 


At a supermarket, broccoli and carrots are sold at 
PKR 42 per 100 g and PKR 20 per 100 g 
respectively. How much will 1.1 kg of broccoli and 
870 g of carrots cost? 


A glass contains 0.15 / of water more than a cup. 
‘The total amount of water in the glass and the cup 
is 0.842 |, How much water is there in the cup? 
Express your answer in ml. 


@ A pen and a pencil cost $5.75 altogether. 98 pens 


and 8 pencils cost a total of $156.70. How much do 
20 pens and 40 pencils cost? 


Cheryl has some coins in denominations of $0.10, 
$0.20 and $0.50. She has 80 $0.20 coins and 40 $0.50 
coins. If the total amount of money Cheryl has is 
$143.80, how many $0.10 coins does she have? 


In this chapter, we saw that fractions and decimals are different ways of representing some numbers that lie 
betwee Soom whole numbers. We have learnt to express fractions as equivalent terminating decimals 
(e o> teos and = = 0,625) and vice versa. Besides eae decimals, Seep can also be recurring, as we have 


seen oe we ae certain fractions in decimals (e. oe = =0.333.. and = = 0.833...). Because of this, recurring 


decimals can also be expressed as fractions. 
‘The equivalence of fractions and decimals means we can understand how decimals are added, subtracted, multiplied 


and divided using fractions. 
In fact, numbers that can be expressed as a fraction of two integers, including recurring decimals, are known as 
rational numbers. What about non-recurring, non-terminating decimals? 


oe ee eee ee ee) 
ae 


1, Termina' 


ting decimals 


(a) A terminating decimal is a decimal in which the digits after the decimal point terminate at some value. 


(b) 


A terminating decimal can be expressed as a fraction with a power of ten as the denominator, and vice versa. 


Example: 
—— 
10 2 


2. Recurring decimals 
(a) A recurring decimal contains digits that repeat indefinitely. Recurring decimals can be written with a dot 


(b) 


(or a bar) above the repeating digit(s). 

Examples: 

0.333... = 0.3 

0.451 451 451... = 0.451 

0.123 232 322... = 0.123 

+ Give two examples of a recurring decimal and express each of them using dot notation. 


Long division is used to convert a fraction to a recurring decimal. 
Example: 


+ Write down two other fractions that can be expressed as recurring decimals. 
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(c) When converting a recurring decimal to a fraction, 
(i) multiply the decimal by a power of 10, repeating with another power of 10 where 
necessary; 
(ii) subtract the results obtained in the step above to eliminate the recurring digits; and 
(iii) divide the result from the second step by the difference between the powers of 10. 
Example: 
(i) Let x be 0.32. 
100x = 32.33 
(ii) 100x - x = 32.32 - 0.32 
99x = 32 
(iii) x22 
3. Addition and subtraction of decimals 
When adding or subtracting decimals, we align the decimal points. 


Example: align decimal point 


inserta ) in the hundredths 


uf 

2%6 0<— 
= eae aat 
9.3.8 


place as a place holder 


4, Multiplication of decimals 
(a) When multiplying decimals by an integer, the final answer will have the same number of decimal places as 


the original decimal. 
Eeample: 3°. 3 62 decimal places (2d:p) 
x 12 
G7 Zz 
cae Sl ek 
4 0.3 2<—final answer has 2 dp. 


«. 3.36 x 12 = 40.32 
(b) When multiplying two decimals, the number of decimal places in the final answer will be the sum of the 
number of decimal places of the two original decimals. 


Example: 
1 2.3 4<—2decimal places (2d.p.) 
x 5 . 6 +— 1 decimal place (1 d.p.) 
7404 
1603 700 
69.104 


«12.34 x 5.6 = 69.104 
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(a) When dividing decimals by an integer, the decimal point in the quotient must align with the decimal point 


5. Division of decimals 


of the dividend. 
Example: 


“.2.9+5=0.58 


(b) When dividing two decimals, first multiply both dividend and divisor by the same power of ten such that 
the divisor becomes a whole number. Then perform the same step as outlined in point 5(a) above. 


Example: 
os OD. 

0.72+0.3 = 03 
= 0:72.10 
~ 0371 
22 

3 
7. 0.72+03=2.4 


align decimal point 


-— align the decimal points 


2%4 


3)7.2 


-6 

1~2, 

-1 2 
0 


6. Multiplying and dividing decimals by 10, 100 or 1000 


(a) When multiplying or dividing decimals by 10, 100 or 1000, the decimal point shifts to the right or left 


respectively. 
Examples: 


ite 100=1 


(b 


Examples: 
0.83 m = 0.83 x 100 
= 83cm 
1200 ml = 1200 + 1000 
=121 


1.0 + 1000 = 0.001 


The multiplication and division of decimals by 10, 100 or 1000 are applied when converting units in the 
metric system, such as the units of mass (g, kg, tonne), length (mm, cm, m, km) and volume (ml and /). 
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CHAPTER 


Integers, Rational Numbers and Real Numbers 


The coldest continent on Earth is Antarctica, 
where temperatures range from 10 °C in summer 
to -80 °C (read negative 80 degrees Celsius) in 
winter. “-80 °C’ represents 80 °C below 0 °C. 


Altitude refers to the height of an object using 
sea level as a reference. Mount Everest, the 
highest mountain on Earth, has an altitude of 
8848 m above sea level. The Dead Sea has an 
altitude of -430 m (read negative 430 metres). 
‘This signifies that the shores of the Dead Sea are 
430 m below sea level. 


Are there other real-life examples of negative 
numbers that you can think of? 


In this chapter, we will learn how to perform 
operations (e.g. add or subtract) on negative 
numbers, and discover other types of numbers 
called rational numbers and real numbers. 


Learning Outcomes 

What will we learn in this chapter? 

+ What negative, rational and real numbers are 

+ How to order these numbers and perform operations on them 


+ Why these numbers have useful applications in real-world contexts 


OXFORD > 


Introduct ry 
Problem 


In the Chapter Opener, we learnt that Mount Everest is the highest mountain on Earth and its altitude (or height) is 
8848 m above sea level. However, it is not the tallest mountain, 


Mauna Kea, a volcanic mountain on the island of Hawaii, has an altitude of 4207 m above sea level, and appears 
shorter than Mount Everest. 


However, the height of a mountain is measured from its base. Part of Mauna Kea is submerged underwater, and 
hence its total height from the ocean floor is more than what appears above sea level. 


4207 m 


— ocean floor 
As the ocean floor is not level, we can only estimate that the altitude of the ocean floor is over -5793 m. 
(i) Find the minimum height of Mauna Kea. 

(ii) Which is taller? Mount Everest or Mauna Kea? 


In this chapter, we will learn how to solve such problems involving operations on negative numbers, rational 
numbers and real numbers. 


Negative numbers 


We have learnt about whole numbers, decimals and fractions, e.g. 0, 7, 1.6 and i. omer 
2 ‘Negative’ is different from 


These numbers are greater than or equal to 0. Numbers that are ‘minus’; ‘negative’ refers to 


the state of the number, while 
greater than 0 are called positive numbers. 


‘minus’ refers to the operation 
of subtraction. 
Negative numbers are numbers that are less than 0, such as -80, -1.4, - 2 


As we have seen in the Chapter Opener and the Introductory Problem, we do 


encounter negative numbers in the real world, e.g. -80 °C and -5793 m. The negative number, -80, is read as 
negative 80. 


When measuring temperature, 0 °C is the reference temperature. Temperatures above 0 °C are positive while 
temperatures below 0 °C are negative. A temperature of -80 °C means that the temperature is 80 °C below 0 °C. 
What is the reference level when measuring altitudes? 
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Uses of negative numbers in real-world contexts 


Brainstorm a few more examples of negative numbers in the real world. 
For each example, explain the meaning of the negative number, e.g. -80 °C means 80 °C below 0 °C. 


A number is made up of an absolute value with a positive or negative sign in front. sign 

‘The negative number -80 has an absolute value of 80 and a negative sign in front. ¥s0 

We usually write a positive number such as ‘+80’ as ‘80’ without the positive sign. 4 
What is the absolute value of the positive number 80? absolute value 
A. Integers 


In primary school, we have learnt about whole numbers: 0, 1, 2, 3, ... 
What about numbers such as —1, —2, -3, -4, ...? 
‘Together, these numbers are called integers. 


3,-2-1,0,1.2,3.. 


negative integers _ positive integers 


Practise Now 1A 1. From the given numbers, 


1 3 5 
-5, 2020, 0, 72 1.666, -3.8, ra -17, 6, acy 


list the numbers that are 
(i) _ positive integers, (ii) negative integers, 
(iii) positive numbers, (iv) negative numbers. 


2. (a) The coldest temperature ever recorded in Korea was 43.6 °C below 0 °C in the 

winter of 1933 at Junggangjin. Represent this temperature using a negative number. 

(b) The lowest known point on Earth is the Challenger Deep in the Mariana Trench in 
the western Pacific Ocean. It is 10 994 m below sea level. Represent this altitude 
using a negative number, 

(c) A company suffers a loss or a deficit of $10 000 in the year 2023. Represent this loss 
using a negative number. 

(d) If 45° represents a clockwise rotation of 45°, represent an anticlockwise rotation of 
81° using a negative number. 


B. Number line 


Ordering of Numbers 


Fig. 4.1 shows a thermometer. CB 
1. (a) Whatare the temperatures indicated by each of the points A, B and C? bie 
(b) Which point shows the highest temperature? . 
(c) Which point shows the lowest temperature? 


Fig. 4.1 > 


e 
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‘The markings on a thermometer enable us to read and compare temperatures. 
Similarly, we can represent numbers on a diagram called a number line (see Fig. 4.2). 
‘The markings are equally spaced and the number 0 is the reference. The arrow pointing 
right indicates the direction in which numbers increase. 


negative numbers _ positive numbers 
+-- > 


=5 -4 -3 -2-1 0 1 
Fig, 4.2 


2.3 4 5 


2. Copy and complete the following: 
(a) The numbers on the right of 0 are positive numbers. 
(b) The numbers on the left of 0 are 


(c) A number that is on the right of another number is more than (or greater than) 
that number. 


numbers. 


For example, 5 is on the right of 2, so 5 is than (or than) 2. 
(d) A number which is on the left of another number is less than (or smaller than) 

that number. 

For example, 2 is on the left of 5, so 2 is than (or than) 5. 


‘We have encountered the symbol >, which represents ‘more t/a (or greater than’), and 
the symbol <, which represents ‘less than’ (or ‘smaller than’). 


‘The symbol > represents ‘more than or equal to’, and the symbol = represents ‘less 
than or equal to’. 


3. Look at the number line in Fig. 4.2 and answer each of the following questions. 
Use ‘>’ or ‘<’ to represent the relationship between the two numbers in each 
question and explain your answer. 

(a) Is -—3 more or less than 2? 
(b) Is -3 more or less than —5? 


Diagrams 
‘The number line is used to 
represent numbers and allows 


us to visualise how they are 
related to each other. 


| In some countries, the number 


line is drawn with an arrow at 
each end to indicate that the 
line goes on indefinitely in 
both directions. 


You can also draw a number 
line vertically. } 


Notations 

Notations, such as >, <, > 
and <, help to represent the 
relationships between numbers 
concisely and precisely. 


: 
Similar anc (a) -3 
(c) 4 


-5 
-4 


(b) -7 
(d) -6 


-2 
-100 


An example is given. 


Fill in each box with ‘>’ or ‘<. The first one has been done for you. 


2. Use a dot to represent each of the following numbers on the number line below. 


1 3 
5, 4, 0, > 1.666, -3.8, a 
1.666 
4 
ttt 
SD=2£-32-1 0123 45 


Hence, arrange the numbers in ascending order, i.e. from the smallest to the greatest. 
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1. What do I already know about negative numbers in the real world that could help me to order positive and 
negative numbers on a number line? 
2. What have I learnt in this section that I am still unclear of? < 


Exercise 


@® -0.3, t .0, 3 4.33, -12, 10 001, “4 ,-2026, 4 ® Using a number line, arrange each of the following 
in ascending order. 


From the given numbers, list the numbers that are 
(a) 230, -13, 23, -3, 30 


(i) _ positive integers, (ii) negative integers, 


(iii) positive numbers, (iv) negative numbers. (b) -0.5, 150, 15, -10, =i 
@ (a) Absolute zero, defined as 0 Kelvin, is the 6 (a) If6 m represents 6 m above sea level, what does 

theoretical lowest possible temperature. —10 m represent? 
0 Kelvin is 273.15 °C below 0 °C. Represent (b) If +$40 represents depositing $40 in the bank, 
this temperature using a negative number. what does -$25 represent? 

(b) The lowest point in North America is the (c) If -60° represents a clockwise rotation of 60°, 
Badwater Basin which is 86 m below sea level. what does +30° represent? 
Represent this altitude using a negative (d) Ifa score of +2 represents an increment of 
number. 2 marks in a test, what does a score of -4 

(c) An investment portfolio suffers a loss of represent? 
$85 000 in the year 2020. Represent this loss 
using a negative number. Fill in each box with ‘>’ or ‘<. 

(d)_ A baby has lost a mass of 0.15 kg. Represent (a) -4 -6 (b) -11 -1L5 
this loss in mass using a negative number. 1 rT 1 5 

© 5 3 @) 4 2 


Fill in each box with ‘>’ or ‘<. 


& Use a number line to illustrate each of the following. 


(a) 16 60 (b) 3.1 3.2 i s 
() -6)9 8 (d) 30 -31 (a) -3,25, 15, 1,-0.2, 0.11 
(e) -2 0 () 98 -99 (b) Positive odd integers less than 20 


(c) Prime numbers more than or equal to 2 but 
less than 10 


Use a number line to illustrate each of the following. (a) Common positive factors of 12 and 16 


(a) 22,0,-4,6,-28 

A 
(b) -0.55, 4, To’ 2, -2 
(c) integers between —4 to 4 
(d) positive integers less than 10 


tee 
. 
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4 
Exercise 


(a) Write down two integers less than -100. ® ‘The boiling point of alcohol is 80 °C and the boiling 
point of water is 100 °C. When a mixture of alcohol 


(b) Write down three non-negative integers 
greater than ~10. and water is heated to a temperature of 95 °C, only 

(c)_ Write down four integers between -7 and0 water will remain. 
inclusive. ‘The boiling points of liquid nitrogen, liquid xenon 
Hint: ‘Between —7 and 0 inclusive’ means the and liquid oxygen are ~196 °C, -108 °C and -183 °C 
numbers can be -7 or 0. respectively, A mixture of liquid nitrogen, xenon 

(d) Write down two numbers between —5 and -4, and oxygen was kept at a temperature of -215 °C. 
Hint: ‘Between —5 and -4” means the numbers ‘The mixture is then warmed to a temperature of 
cannot be -5 or -4. ~185 °C, Which of the liquids will turn into a gas? 

Explain. 


] 
j Bernard said, “Since 7 is greater than 4, then -7 


| should also be greater than -4.” 
| Is this statement true or false? Explain. 
! 


Addition and subtraction involving 
negative integers 


In primary school, we have learnt how to subtract a smaller positive number from a 


greater positive number, e.g. 5 — 2 = 3. 
How do we subtract a greater positive number from a smaller positive number, 


Search the Internet for KenKen, 
a puzzle created by Japanese 
mathematics teacher Tetsuya 


eg. 2-5? 
In this section, we will learn how to add i i Miyamctosless samewmneLIe 
arn 0 add and subtract numbers that involve negative Gieska esi boven ear 
operations on positive numbers. 


integers using number discs. 
Fig. 4.3 shows number discs representing 1 (i.e, +1) and -1 respectively: 


Fig. 4.3 


You can also download any app 
on KenKen to play. Have fun! 


To represent the number 2, we use two @ discs as shown: @ e@ 
To represent the number —2, we use two a discs as shown: @® 
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A. Addition of two negative integers 


What is (-2) + (—3) equal to? 
To represent the number —2, we put wo@ discs as shown in Fig. 4.4(a). (-2) + (-3) can be written as 


~2+ (3). The first pair of 


To add the number —3, we add three more @D discs as shown in Fig. 4.4(b). brackets is not necessary, but t 
second pair is necessary. Why? 


Add 3 more 
(-1) discs 


(a) (b) 


-. (-2) + (-3) =-5 


Addition of two negative integers 


Work out the answers using number discs as shown previously. Write down the final answer for each part. 
(a) (i) (-4) + (-3) (b) (i) (-5)+(-1) 
(ii) 4+3 (ii) 5+1 
For parts (a) and (b), what do you observe about 
+ the absolute value of the result in (i) and (ii)? 
+ the sign of the result in (i) and (ii)? 


From the above Investigation, we observe the following: 


Addition of two negative integers 


Worked Without using a calculator, evaluate (—6) + (—2). 


Example 


*Solutior 


(-6) + (-2)=-8 (6) +(-2)=-(6+2) 
=-8 
However, there is no need to 
Without using a calculator, evaluate the following. write the intermediate step 
(a) (-4) + (-5) (b) -9 + (-7) =(6 + 2) in your working. 
(c) (-21) + (-73) (d) (-67) + (-48) 
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B. Zero pair 


- 


What is the overall value if we put one@ disc and one @® disc together as shown in 

Fig. 4.5? Suppose you have $1 and you 

; a owe a friend $1 (i.e. ~$1). 

H @® @ ' In actual fact, your balance is $0. 
4.5 


Fig 


‘The overall value is 0 and we call this a zero pair. 


C. Addition of a positive and a negative integer 


What is 5 + (-2) equal to? 
To represent 5 + (—2), we put fve@ discs and two@ discs as shown in Fig. 4.6(a). 


From Fig. 4.6(b), we see that 2 zero pairs are formed. Since zero pairs are equal to 0, they are removed as shown in 
Fig. 4.6(c). 


Add 2 (-1) discs Remove 2 zero pairs 


@ e 
@ @ 
@ =~ 


ee Oe -0 —_ 
e e@ ‘Oo. = Removing the two zero pairs 


leads to removing two @ discs 
5 +(-2) 5-2 3 from the five @ discs. | 
(a) (b) (c) In other words, 5 + (-2) = 5 
Fig, 4.6 
5 +(-2)=5-2 
=3 


Addition of a positive and a negative integer 


Work out the answers using number discs as shown above. Write down the final answer for each part. 


(a) (i) 6+(-2) (b) (i) -3+4 
(ii) 6-2 (ii) 4-3 | 3 + 4s the same as (-3) +4 


For parts (a) and (b), what do you observe about the results in (i) and (ii)? which is equal to 4 + (-3). 


From the above Investigation, we observe the following: 
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Addition of a positive and a negative integer 


Worked Without using a calculator, evaluate the following. ¢ 
Example 
(a) 7 +(-6) (b) -8+9 
2 "Solution 
(a) 7+(-6)=7-6 < 
=1 
(b) -8+9=9-8 


=1 


Without using a calculator, evaluate the following. 
(a) 8+ (-3) (b) 45+ (-17) 


r Questions (0) -2+6 (a) -12 +35 


stions 2(a)-(d), 
10) 


D. Subtraction between two positive integers 


We can use number discs to find out the value of 2 — 5. 

To represent the number 2, we put two @ discs as shown in Fig. 4.7(a). There are not enough discs to subtract or 
take away 5, so we add three zero pairs as shown in Fig. 4.7(b). But why can we just add three zero pairs? 

Because 2 + 0 + 0 + Ois still equal to 2. 


‘There are now enough. @ discs to subtract or take away as shown in Fig. 4.7(c) and (d). 
Add 3 zero pairs Take away 5 (1) discs 


Fig. 4.7 


6 2-5=-3 
‘The answer is negative because we are subtracting a larger value from a smaller value. 
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Subtraction between two positive integers < 


Work out the answers using number discs as shown above. Write down the final answer for each part. 
(a) (i) 4-3 (b) (i) 6-1 

(ii) 3-4 (ii) 1-6 < 
For parts (a) and (b), what do you observe about 


+ the absolute value of the result in (i) and (ii)? 
+ the sign of the result in (i) and (ii)? 


From the above Investigation, we observe the following: 


Subtraction between two positive integers 


bai Without using a calculator, find the value of each of the following. 
am| 
(a) 4-7 (b) 12 +(-23) 
"Solution 
(a) 4-7=-3 
4-7=-(7-4 
(b) 12 + (-23) = 12-23 all: 5 + 2 @ a4 ) 
=-ll However, there is no need to 
write the intermediate step 
-(7 ~4) in your working. 
Without using a calculator, calculate the value of each of the 
following. 
(a) 5-9 (b) 38-59 
(c) 8+(-11) (d) (-92) +47 


E. Subtraction of a positive integer from a negative integer 


What is —5 — 2 equal to? 
To represent the number —5, we put five discs as shown in Fig. 4.8(a). 


Since there are no positive discs to subtract or take away, we add two zero pairs as shown in Fig. 4.8(b). But why can 
we just add two zero pairs? 


Because —5 + 0 + 0 is still equal to —5. 


There are now enough @ discs to subtract or take away as shown in Fig. 4.8(c) and (d). 
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Add 2 zero pairs Take away 2 (1) discs < 


7 
:ee0ececece 
ih 


(a) 


S 
S 


Fig. 4.8 
7-5 -2=-7 
Manipulating the number discs in Fig. 4.8(c), we see that -5 — 2 = —5 + (—2). This is consistent with what we have 
observed in Section 4.2C, i.e. 5 + (-2) = 5-2. 
Recall also from Section 4.2A that -5 + (-2) = -(5 + 2) = -7, just like -5 - 2 = -7, so -5 - 2 = -(5 + 2) = -7. 


Subtraction of a positive integer from a negative integer 


Work out the answers to parts (a) and (b) below, using number discs as shown previously. Write down the final 
answer for each part. 
(a) -4-1 (b) -3-6 


For each part, what do you observe about the result when compared to the sum of the absolute values of the integers? 


From the above Investigation, we observe the following: 


Subtraction of a positive integer from a negative integer 


Worked Without using a calculator, find the value of -8 - 3. 
Example 
*Solution 
BBanFi -8-3=-(8 +3) 
=-l1 
Without using a calculator, find the value of each of the following. 


Similar and (a) -9-11 (b) -39-12 (c) -146-218 


Questions 4{a)~(d) 
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F. Subtraction of a negative integer 


What is 5 — (-2) equal to? € 
‘To represent the number 5, we put five@ discs as shown in Fig. 4.9(a), but there are rn @® discs to subtract or take 

away —2. 

So we add two zero pairs as shown in Fig. 4.9(b). We add two zero pairs because 5 + 0 + 0 is still equal to 5. 

Now we have two @ discs to subtract or take away as shown in Fig. 4.9(c) and (d). < 


Add 2 zero pairs Take away 2 (-1) discs 


eee- e068 ee 

eoee- e0e8 ee 

® + @ + @ 

® @ . =a 

@ @ @ Manipulating the number discs 


from Fig. 4.9(b) to 4.9(c), we see 
that 5 ~ (-2)=5+2. 


e@ 
® 
e- 
® 
@ 


5 54025 5 - (-2) 5+2 7 
(a) (b) (c) (d) 
Fig. 4.9 
2. 5-(-2)=54+2 


Subtraction of a negative integer 
Work out the answers using number discs as shown previously. Write down the final answer for each part. 
(a) (i) 6-(-2) (b) (i) 4-(-3) 
(ii) 6+2 (ii) 443 
For parts (a) and (b), what do you observe about the results in (i) and (ii)? 


From the above Investigation, we observe the following: 
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Subtraction of a negative integer 
Without using a calculator, evaluate the following. 


fs 


(a) 2-(-7) (b) -5-(-4) 
“Solution 
(a) 2-(-7)=2+7 —— 
= number while (b) involves two < 
negative numbers. In Worked 
(b) -5 -(-4)=-5 +4 Example 4, we learnt to 


« positive number from a 


=4-5 — recall:-2+ ieaaber 


=-l recall: 2 - 


Worked 
Example 


6 


Without using a calculator, find the value of each of the following. 
(a) 4-(-6) (b) 30 - (-16) 
(c) -8-(-3) (d) -17-(-35) 


Subtraction of a negative integer in real-world context 
‘The figure shows a thermometer. The readings are in °C. Find the difference between the 
temperatures indicated by the points A and B. 


inl | earls 


e.g. 15 - (-10), can be 


interpreted as the difference 
between ~10 and 15 on a 
“Solution number line: 
Point A shows -10 °C. eS 
Point B shows 15 °C. oe 
Difference in temperature = 15 °C - (-10 °C) -10 0 15 
=15°C+10°C Can you see that the difference 
=25°C is 10+ 15? 


Exercise 4B 
Questions 6,7.14,16 


1, The figure shows a thermometer. The readings are in °C. 
Find the difference between the temperatures indicated by the points A and B. 


P 
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2. A holiday resort C is located at the top of a hill which is 314 m above sea level. A tor st 
attraction D lies at the bottom of a valley which is 165 m below sea level. Represent the < 


altitude at D using a negative number. Hence, find the difference in altitude between the 
holiday resort and the tourist attraction. 


i 


Introduct ry 
Problem 
Revisited 


In the Introductory Problem, you may not have known how to subtract a negative number to find the minimum 
height of Mauna Kea, i.e. 4207 — (-5793) m. Are you able to do so now? Discuss this with your classmates. 


G. Summary of addition and subtraction of integers 


Puzzle for consolidation 


Why should we not have a conversation near the Merlion in Singapore? Find the value of each of the following and 
write the letter in the box above/below the answer to find out. 

A-5-6 T 0+(-8) P -47+ 16 05-27 

S$ 0-(-4) Y -88 +70 N -38- 10 E2-9 

D5+(-11) R -6 -(-17) U9-(-14) H8 + (-6) 

W-7-9 


=7. =22 —18__23 2 =I) 


Eos Gi foto ocr 


ll —48 -22 11 -7 -6 


-16 


Similar and 
Further Questions 
Exercise 4B 


Questions 8, 
15(a)-(d), 
17(a), (b) 


ees ee ee ee ee ee ee ee) 


1. What do I already know about the addition and subtraction of positive integers that could guide my learning of 


the addition and subtraction of negative integers? 


2. Where do I make mistakes when dealing with addition or subtraction involving negative numbers? 


What is my confusion and how can I overcome it? 


Exercise 


Evaluate the following. 


(a) (-8) +(-3) (b) -1+(-6) 
(c) (-4) +(-7) (d) -5 +(-2) 
Evaluate the following. 
(a) 9+(-4) (b) 10+ (-3) 
(c) -17+29 (d) -20+20 
Calculate the value of each of the following. 
(a) 3-8 (b) 0-11 
(c) 7-14 (d) 5 +(-8) 
(e) 0+(-19) () -12+7 
@ Find the value of each of the following. 
(a) -2-7 (b) -8-5 
(c) -4-9 (d) -6-3 
Evaluate the following. 
(a) 3-(-9) (b) 6-(-5) 
(c) -8-(-2) (d)-=4=(7), 


The temperature of a city on a particular night is 
-5 °C. The next morning, the temperature rises by 
3 °C. Find the temperature in the morning. 


What is Ken's favourite day? Find the value of 

each of the following and write the letter in the box 
above/below the answer to find out. 
A 7+(-3) B_ 19-(-1) D 
E 8-(-8) H -14+6 1 

L -1+(-6) M 3+(-12) N 
O -4+6 T -10-(-5) Y 


-5-(-5) 
-2-(-9) 
8 -(-2) 
-3-3 


Find the value of each of the following. 
(a) (-14) + (-16) (b) -52 + (-27) 
(©) (-39) + (-65) (d) -138 + (-22) 


Calculate the value of each of the following. 


(a) 47+ (-13) (b) 137 + (-24) 
‘The figure shows part of a thermometer. The readings (c) -95+113 (d) -78+ 139 
are in °C. Find the difference between the temperatures 
indicated by the points A and B. Evaluate the following. 

B (a) 16-69 (b) 14-76 
(c) 88 + (-123) (d) 76 + (-183) 
SIR SAISINE (e) -73 +26 () -11+12 
> 
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Exercise 


| Evaluate the following. ® (i) Using the number line, find the difference 


j (a) -84-23 (b) -69-76 between -2 and 3. 
| () -714-716 (d) -767 - 697 a 
-5 i) i} 

Find the value of each of the following. (ii) The figure below shows a timeline for BC and 
(@) %-C1) (b) 38-57) AD. For example, 2 BC stands for 2 years 
(c) -69 - (-28) (@) <3 CY) Before Christ and AD 3 stands for 3 years 

| A city is located at a height of 138 m above sea een be ee ei = pate 

| level while a town is at a height of 51 m below sea vem : 

| level. Represent the altitude of the town using a SSS — 

| negative number. Hence, find the difference in SBC 1BC ADI ‘ADS 

] altitude between the city and the town. What is the main difference between the 

i timeline for BC and AD, and the number line? 

| Without calculating the value of each of the (iii) How many years are there between 2 BC and 
following, explain whether each value is positive or AD 3? 
negative. (iv) Think of another real-life example that is 
(a) (—987) + (-654) (b) 123 - 456 similar to the timeline in part (ii) but different 


(c) 436 + (-634) (d) 185 -(-567) from the number line in part (i). 


(a) Give two examples of a pair of numbers, x and 
y, such that x + y=—10. 

(b) Give two examples of a pair of numbers, x and 
y, such that x — y= —10. 


Multiplication, division and combined 


operations involving negative integers 


In primary school, we have learnt how to multiply positive numbers, e.g. 2 x 3. 

How do we multiply a positive number by a negative number, or two negative numbers together, e.g. 2 x (—3), 
(-3) x 2 or (-3) x (-2)? 

In this section, we will learn how to multiply numbers that involve negative integers using number discs. 
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A. Negative of an integer € 


In Section 4.2, we have learnt how to represent 1 (i.e. +1) and -1 using@ and @ respectively. 
If we flip th@ disc, you will realise that the back of the disc is actually a. 


In other words, the riegative of 1 can be obtained by flipping th@ disc to obtain a. and we represent this as 
follows: - < 
<e] “+e 
Negative of 1 -(1)=-1 
Fig. 4.10 


How do we obtain the negative of (~1), ie. what is —(—1)? 


By flipping the@® disc as shown below, we obtain -(—1) = 1. 


fli 
<e|} “+ e 
Negative of -1 -(-1)=1 


Fig. 4.11 


Negative of an integer 


Work out the answers to parts (a) and (b) below, using number discs as shown above. Write down the final answer for 
each part. 
(a) Negative of 3 (b) Negative of (-3), ie. -(-3) 


B. Multiplication involving negative integers 


Case 1:23 
The product 2 x 3 means 2 groups of 3, and it can be represented by number discs as shown in Fig. 4.12, ie. 2 x 3 = 6. 


soe) eee, 


2x3 2x3=6 
Fig. 4.12 
Case 2: 2 x (-3) 
‘The product 2 x (—3) means 2 groups of —3, and it can be represented as shown in Fig. 4.13, i.e. 2 x (-3) = -6. 


2 x (-3) 


Fig, 4.13 
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Case 3: (-3) x2 

What does the product (—3) x 2 mean? 

Does it mean ‘negative 3 groups’ of 2? But what does ‘negative 3 groups’ mean? 

Since 2 x 3 = 3 x 2, i.e. we can change the order of the numbers in a product, then (~3) x 2 = 2 x (—3) = -6 from Case 2. 
How do we get —6 from (3) x 2 directly? 

Since -6 = —(3 x 2), we can interpret (—3) x 2 as ~(3 x 2), ie. (-3) x 2 means the negative of ‘3 groups of 2. 


So we flip 3 groups of 2 as shown in Fig. 4.14 to get (-3) x 2= -6. 
| (-3) x 2 can be written as 


—3 x 2, i.e. the brackets are not 
necessary, In other words, we 
can also write: -3 x 2 = -6. 


= = a = ‘The middle diagram in Fig. 4. 
A) an2 Gx2) (=3) 2 e shows that (~3) x 2 = 3 x (-2) 
Fig 414 as well. 
Case 4: (-3) x (-2) 


What does the product (—3) x (—2) mean? 

From Case 3, we have interpreted (—3) x 2 as —(3 x 2). 

Similarly, we can interpret (—3) x (—2) as —[3 x (—2)], i.e. (3) x (—2) means the negative of ‘3 groups of —2. 
So we flip 3 groups of —2 as shown in Fig. 4.15 to get (—3) x (—2) = 6. 

We can also write it as: —3 x (-2) = 6. 


(-3) x (-2) = -[3 x (-2)] (-3) x (-2) =6 


Fig, 4.15 


Multiplication involving negative integers 


Work out the answers to parts (a) to (d) below, using number discs as shown above. Write down the final answer for 
each part. 
(a) 3x4 (ie. 3 groups of 4) (b) 3 x (-4) (c) (-4) x3 (d) (-4) x (-3) 


Using the results from the above Investigation, complete the following. In general, 
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Without using a calculator, find the value of each of the 


Practise Now 7A 


following. 

(a) 2x (-9) (b) (-8) x4 (c) (-6)(-7) 
(d) —(-10) (e) 11 x (-3) (f) =19 x 10 
(g) -12*(-3)  (h) -4(-7) (i) 2020 x (-1) 


C. Division involving negative integers 


Similarly, (-6) + 2 = s - ~6x4 ja -(6«3) eer 
6+(-2)= 4 = 6x4 = 6x(-3) wed, 
(-6) + (-2) = 3 = ~6x4 = -6x(-5) =3. 


Hence, complete the following. In general, 


| ‘The following are different 


notations used to represent the 
same operation, 

(c) (-6)(-7) means (-6) x (-7 
(h) -4(~7) means 4 x (-7). 


G 


Without using a calculator, evaluate each of the following. 


(a) (-8)+2 — (b) 15+ (-3) (c) -21+(-7) 
-16 20 -24 
@ — ) = © = 


D. Factors revisited 


In Chapter 1, we have learnt about the positive factors of a non-zero whole number. 
In this chapter, we have learnt that numbers can also be negative. Therefore, positive 
and negative integers can have either positive or negative factors as well. 


Positive and negative factors 

‘The positive and negative factors of 4 are 1, -1, 2, -2, 4 and -4 
(and we write +1, +2 and #4 in short). 

Find the positive and negative factors of 6. 


Worked 
Example 


4 


“Solution 
6=1x6 
=2x3 


«. positive and negative factors of 6 are +1, +2, +3 and +6. 


I We only deal with positive 


integers and prime factors when 
‘we carry out prime factorisation. 


ions 
‘The notation + is used to represent 
“¥ (positive) or ‘~ (negative) in 


a concise manner. For example, | 
+1 means +1 or -1. 
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CHAPTER 4 


1. Find the positive and negative factors of the following numbers. 
Soa (a) 8 (b) -9 (7 (d) -1 


2. Write down a positive and a negative multiple of the following numbers. 


© (a) 2 (b) -6 (1 (a) -3 


E. Square roots and cube roots revisited 


In Chapter 1, we have learnt that 5? = 5 x 5 = 25 and so 25 = 5. Now, what is (-5)* or (5) x (—5) equal to? 
Since 5 x 5 = 25 and (—5) x (—5) = 25, then 25 has two square roots: 

(i) the positive square root of 25, written as /25 = 5, and 

(ii) the negative square root of 25, written as ~/25 =-5. 

The square root sign Vis used to denote the positive square root only. 

‘We can combine both the positive and negative square roots by writing +25 = 45. 


Finding the square roots of a number 
Without using a calculator, find the square roots of 49. 


Worked 
Example 


8 “Solution 
Square roots of 49 = +49 
=+7 


Practise Now 8A BAN tirats using a calculator, find 


Similar (a) the square roots of 64, (b) the negative square root of 9, (co) ¥36. 


Is it possible to obtain the square roots of a negative number, e.g. +V—16 ? Explain your answer. 


In Chapter 1, we have learnt that 5? = 5 x 5 x 5= 125 and so {125 =5. 
Now, what is (—5)° or (—5) x (-5) x (—5) equal to? 


Since (—5)* = -125, unlike square roots, a number has onily one cube root, and it is possible to obtain the cube root of 


a negative number, e.g. 


125 = Y5x5x5 =5 and Y-125 = 4f(-5)x(-5)x(-5) =-5. 
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EINE) §— Without using a calculator, evaluate each of the following. (4 


Similar and (a) (-3)° (b) Yea © i (d) -/-27 


Further Questions 


Exercise 4C 
Questions 7(a)-(h) 


F. Combined operations on integers 


We have learnt the four basic operations on numbers: +, —, , +, and square, square root, cube and cube root. 
Let us learn how to perform all these operations together. 


Operations are performed in the following order: 


Combined operations on integers 


sk i Without using a calculator, evaluate the following. 
(a) 6-7+2x (4-3) (b) (-2)’-12+[2-(V25+3)] 
*Solution 


(a) 6-7+2x(4-3*) =6-7+2x (4-9) powers inside brackets 
=6-7+2x (-5) brackets 
=6-7+(-10) multiplication 
=-1+(-10) recall; 2 
=-11 recall: (-2) + 


(b) (-2)'-12+[2~(V25+3)]=-8 - 12+ [2-6 +3)] powers, and roots inside brackets 
=-8-12+(2-8) innermost brackets 


=-8-12+(-6) bracket 

=-8 - (-2) divisio 
=-8+2 recal ( 

=-6 recall; 2 

Without using a calculator, find the value of each of the following. 
(a) -2x (15-49 +2') (b) 4°-{7x{16-(¥6i-5)]} 
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G. Using calculator to evaluate negative integers 


. 


Most calculators distinguish between ‘minus’ and ‘negative’ 

‘The ‘minus’ button s@ but the ‘negative’ button is either o® depending on the model of the calculator. 
For example, to evaluate 2 — (—5) using a calculator, press: 

For some calculators, it is not necessary to key in the brackets. 

‘The answer to Worked Example 9 part (b) can be evaluated using a calculator. Press: 


1. What do I already know about the multiplication and division of positive integers that could guide my learning 
of the multiplication and division of negative integers? 

2. When evaluating a numerical expression involving +, -, x, +, powers, roots and/or brackets, do I know the order 
in which the operations are performed? 


Exercise 


Do not use a calculator for this exercise, unless otherwise stated. 


@ Evaluate the following. @ Find the positive and negative factors of each of the 
(a) 5~x(-7) (b) -8x3 following numbers. 
(c) (-9)(-4) (d) —(-716) (a) 12 (b) -23 (c) 16 (d) 1 
(e) -1 x (-697) (f) -11(-8) 
(g) -6x0 (h) 42(-2) Write down a positive and a negative multiple of 
each of the following numbers. 
@ Find the value of each of the following. If it is not possible to do so, explain why. 
(a) -12+4 (b) 16 + (-2) (a) 5 (b) -8 (c) -17. (d) 0 
© (is)+c9) 
45 -18 
(e) = () = 
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Advance 
- 
a a 


@ Find the square roots of each of the following 2B. If n and a2e are integers, find all the possible valu 
numbers. 2 
(a) 81 (b) 16 (c) 25 (d) 100 


of n. 


a Evaluate the following. 


me | 
| 6 Evaluate each of the following where possible. If it (a) 24x (-2)x 5+ (6) 
is not possible, explain why. (b) 4x 10-13 x (-5) 
- (a) V8i_(b) V4) V9 (d) V4 (©) 160+9-8 -20+(-5) 
re (4) ¥5?-3? -(57-77)+2 
A @ Find the value of each of the following where possible. (e) [(12- ae 3-(-1)] x (-4) 
= If it is not possible, explain why. () (5-2)x2+[-4+4(-7)] + (244)? 
(a) (-4)* (b) -4 (g) {-10 - [12 + (-3)'] + 3°} + (-3) 
ae | ()_-C#) (@) (hy ef-2x(-37)-[-2(-3)+8x(-2)-8x2]+5* 
=a | (e) Vis () V-216 
(g) -/-64 (h) ¥-1000 15. In a mathematics Olympiad, a correct answer is 
“7 awarded 3 marks, but a wrong answer is awarded 
3) Calculate the value of each of the following. ~1 mark (ie. 1 mark will be deducted). If no answer 
“Jj (a) -55+(-10)-12 is given, 0 marks will be awarded. Albert took part 
(b) -12 - [(-8) - (-2)] +3 in this Olympiad. There were 30 questions. He 
—j (c) —100 + (—45) + (-5) + 20 answered 17 questions correctly and 5 questions 
(d) -2+3x15 wrongly. How many marks did he score? 
— () (-5-2)(-3) 
= (f) -25 x (-4) + (-12 + 32) 16. Use a calculator to check your answers to 
- (g) 3x (-3)- (7-2 Question 14, 
me | (h) 5[3 x (-2) - 10] 
= (i) -12 + [2?-(-2)] . A six-sided die is rolled. If it shows a prime number 
0) 10-3x(-2) that is odd, 5 points are awarded. If it shows a prime 


number that is even, 9 points will be deducted. If it 
shows any other number, 0 points will be awarded. 
The table shows how many times each number is 


Use a calculator to check your answers to 


Question 8. 
men | obtained when Shaha rolls the die 20 times. 
10. Without calculating the value of ENamberthown onde 11213141516 
i | vr ae i Be dl Ts So ee 
—987 x (—654) + (—321), explain whether the value "Number of ti 347015 
o- is positive or negative. rm 
mn | What is Shaha’s final score? 
~ Write down a positive and a negative factor of 0. 
a | 


2D IsViv =n always true for any integer n? Explain. 


_ | 
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4 
Exercise 


j ‘There are 20 questions in a mathematics ® Ali is learning how to code. When he enters a 
competition. positive integer h into the computer program, the 
A correct answer is awarded 2 marks, but a wrong avatar moves forward by h units. When he enters a 
j answer is awarded —1 mark (i.e. 1 mark will be negative integer k into the computer program, the 
deducted). If no answer is given, 0 marks will be avatar moves backward by -k units. Given that Ali 
awarded. enters the value h followed by the value k into the 
(i) Nadia answered a total of 14 questions and computer program, what is the total distance 
scored 10 marks. How many questions did she moved by the avatar? 
answer correctly? 
© (ii) Waseem scored —8 marks for the competition. (0) If nis an integer such that (n - 7) x (n + 3) isa 
He has forgotten how many questions he prime number, find all the possible values of n. 


answered. Give an example of the number of 
correct answers and the number of wrong 
answers that he might have obtained. 


Negative fractions and mixed numbers 


In Chapter 2, we have learnt about proper fractions (e.g. : ), improper fractions (e.g. — 
3 and 3 ) and mixed numbers (e.g. 54 ). = 


‘These numbers are positive but they can be extended to include negative fractions we usually write itas -3. 
4 | 
(eg. 3 ), and negative mixed numbers (e.g. -s4 ); 


In this section, we will learn how to perform the four operations on negative fractions 
and mixed numbers. 


A. Basic operations on fractions and mixed numbers 


In Sections 4.2 and 4.3, we have learnt how to add, subtract, multiply and divide positive and negative integers. 
‘These apply to fractions and mixed numbers as well. 


Adding and subtracting negative fractions and mixed numbers 
Without using a calculator, evaluate the following. 


wsbeag) EE fal 


Worked 
Example 
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"Solution 


1/53 
(a) 63+(235) 
= 6i-25 recall: 5 + (-2)=5~2 
i 2_3 convert to equivalent fractions: 
~ “10-10 LCM of 5 and 10 is 10 
10), 23 

= (ahi 
32 leave answer as a mixed number 

PS f oi 

®) ~7-¢-(+) 
=-7-3+4 convert to improper fraction & recall: 5 - (-2)=5 +2 
= 210418 convert to equivalent fractions: LCM of 3, 4and 6 i 12 
_ -21-10+16 
~ 12 
= sete recall: -5 -2=-7 
= 63} recall: -2+5=5~-2 
= recall: 2 - 5 = - 
5 : 

Baar reduce to simplest form 
oe + leave answer as a mixed number 


aR) = Without using a calculator, find the sae of each of the following. 
Similar and 1 gage 
(a) 75+ +{-33) (b) 3 “i 1) 


Further Questions 


a oe) oe 


Multiplying and dividing negative fractions and mixed numbers 


babi Without using a calculator, evaluate the following. 
5 7 2 4 

-15 x|-25 32 4(-2= 

wg *( a Oh e5 3) 


P 
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"Solution 4 


convert to improper fractions 
negative number x negative number = positive number 
leave answer as a mixed number 


convert to improper fractions 


dividing by a fraction is equivalent to multiplying 
by its reciprocal 


positive number x negative number = negative number 


leave answer as a mixed number 


Without aes a calculator, evaluate the following. 


os © (-5)*(a) 
es @ P-(13) 


B. Combined operations on fractions and mixed numbers 


eee 
In Section 4.3F, we have learnt that operations are performed in a particular order. Let us now apply this to fractions 
and mixed numbers, 


Combined operations on negative fractions and mixed numbers 
Worked 


Example Without using a calculator, find the value of -2> $4[-§ of 1 ay } 


1 2 "Solution 


2 
HGH) 
2 
__i4 5 x ‘ F 
a 344 negative number x negative number = positive number 
= lb (-Ws 10; 3 convert to equivalent fractions 
_14,/9_10 * 
= =-— recall: -2+5=5-2 
5 3 4 re 
(1 
Satie recall: 2-5 =~3 
5 ( Ah re 
7 es 
= 70 negative number x negative number = positive number 
’ 
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f 
I 


GUNN winoccngsaiaccameactom | 
WEG APZ) §=— Without using a calculator, evaluate the following. rN 
and 4 (ay 3 
ther Question: (a) 22 -|-2(-3] (b) -+{() -(3)| 


oH @e-] 


C. Using calculator to evaluate fractions and mixed numbers 


We have learnt in Chapter 1 that the ‘fraction’ button on most calculators is. SB. 
To key in a mixed number, we press: B. 
Foreample they in 34, pres: STD IED © EDO BB. 


To convert a mixed number to an improper fraction and vice versa, press: (JEIuw ESTO). 


ACO AET §— Use a calculator to check your answers in Practise Now 10, 11 and 12A. 


ilar ant 


Further Questions 
Exercise 4D 
Q )} 


Negative decimals 


We have learnt about decimals such as 0.716 and 7.14. 
‘These decimals are positive but they can be extended to include negative decimals (e.g. 0.716). 
In this section, we will learn how to perform the four operations involving negative decimals. 


A. Basic operations on negative decimals 


In Sections 4.2 and 4.3, we have learnt to perform basic arithmetic operations involving positive and negative 
integers, which apply to fractions and mixed numbers as we learnt in Section 4.4. 
In fact, all these also apply to decimals. 
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Worked 
Example 


13 


Adding and subtracting decimals 
Without using a calculator, evaluate the following. € 


(a) -97.5— 8.743 (b) 72-17 
“Solution 
(a) align decimal points < 
'9'7¥5 0 0-<— put two zeros here so that the 
+ 8.743 two numbers have the same 


— 706243 number of decimal places 


«. -97.5 — 8.743 = -106.243 recall: 


(b) align decimal points 


0» 16, 
°x'$7¥'0-<— puta zero here so that the two 
= 7.3 numbers have the same number 

9.8 of decimal places 


2.7.2-17=-98 — recall:2 
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Worked 
Example 


Without using a calculator, find the value of each of the following. 
(a) -93.8 - 7.236 (b) 54-15 (c) 124.8 + (-7.24) — (-22.44) 


Multiplying and dividing negative decimals 
Without using a calculator, evaluate the following. 


(a) -14.52 x 6.8 (b) -6.45 + (-1.2) 
“Solution 
(a) -14.52 x 6,8 = -98.736 negative number x positive number = negative number 
1 4,5 2 
x 6.8 
it é@6l 6 
$18 7 Tt 2 
9 8.7 3. 6 
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(b) -6.45 + (-1.2) 


= -64.5 + (-12) € 


= 5.375 negative number + negative number = positive number 


5.375 
12) 64.500 
-60 < 
45 
= 316 
90 
= id 
60 
- 60 
0 


Without using a calculator, find the value of each of the following. 
Similar and (a) 0.19 x (-4.5) (b) -5.64 x (-0.678) 
Further Questions (c) 42+ (-1.6) (d) -120.254 = 2.5 


Exercise 2D 
Questions 5(a)-(f) 


B. Combined operations on decimals 


. 
In Section 4.3, we have learnt how to perform combined operations involving negative integers, which was extended 
to fractions and mixed numbers in Section 4.4. 

Let us apply what we have learnt to decimals. 


Combined operations on negative decimals 
Without using a calculator, evaluate the following. 
0.18 | (0.47 


15 (a) $8 (28 (b) -2.3x [-5.7+(-2.31)] = 
(a) 6 


*Solution 3)1.8 


Worked 
Example 


t ~18 
0.48. (0.41 47 SE 
@) 93 *(42 = 
A 7 0.235 
2)0.470 
- 4 
70 
= 16 
positive number x po 
negative number ent 
= negative number oO 
(b) 8.01 
(b) -2.3 x [-5.7 + (-2.31)] x 2.3 
=-2.3 x (-8.01) recall; (-2) + (-3) =-5 403 
= 18.423 negative number x negative eee 


number = positive number 
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Without using a calculator, find the value of each of the following. 


(a) $2 (023) 


imilar and 


Further Questic 


04 (b) -7.2 x [-1.3 + (-3.5)] 


(c) -0.3? x 4.5 + (-2.7) - 0.65 (d) 3.2% x (-0,625)? + (-6.4) 


Rational, irrational and real numbers 


A. Rational and irrational numbers 


Whole numbers, integers and fractions are all different types of numbers. 
Some of these numbers are rational numbers while others are not. ‘The term “factions ts 
ambiguous because it can refer 


to different concepts such as: 


(a) positive proper fractions 
(ie. less than 1), 


(b) non-integers, 


Examples of rational numbers are 2, “ > 51 and -16. Md est aie a 
3 8 include integers, e.g. 3° 
Numbers that cannot be expressed in the form rf , where a and bare integers and b # 0, (d) irrational fractions, e.g. ae 5 


are called irrational numbers, e.g. V7 and ¥5 . we cannot say that rational 
numbers are fractions, and 
vice versa. 


Rational and irrational numbers 


1. Are integers (such as 2 and —3) rational numbers? Explain. 


2. Are all square roots and cube roots irrational numbers? Explain. 
3. The number 7 is a mathematical constant that is used when calculating the ‘The x value may be obtained 
from different keys, depending 


circumference and area of a circle (see Chapter 12), It is sometimes taken to be & + on the model of your calculator. 


Is 7a rational number? To answer this question, use a calculator to Ifthere is no i key, look for 
a the key that 1 appears above of. 
(a) evaluate 7 and write down its value, a Press (EB followed by this 
key. 
(b) find the value of x by pressing (gay GD. 


Compare their values. Why are they different? 
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B. Real numbers € 


Real numbers are made up of rational numbers and irrational numbers. 
Fig. 4.16 illustrates the relationships among the different types of numbers. 
Can you give some other examples for each category of numbers? 


Real numbers (- 


Rational numbers Irrational numbers 
ss (e.g. 1, V7, -¥5) 
Integers Non-integer 
g rational numbers 
Whole numbers —_— Negative integers (eg.t, =54) 
(e.g. -4, -7) 3 8 
Positive integers Zero 


(e.g. 2, 8) 
Fig. 4.16 


C. Decimal representations of rational, irrational and real numbers 


Terminating, recurring and non-recurring decimals 


Copy and complete Table 4.1 by using a calculator to evaluate each of the following. Write down all the numbers 


displayed on the calculator. 
Group 1 Group 2 { Group 3 
& 
= 5 = 
n= 


Table 4.1 
1. (i) Are the numbers in Group 1 rational or irrational numbers? Explain. 
(ii) Are the decimal representations (i.e. the calculator values) of the numbers in Group 1 terminating? 
2. (i) Are the numbers in Group 2 rational or irrational numbers? Explain. 
(ii) What do you notice about the decimal representations of the numbers in Group 2? 
Do the decimals terminate, or do they recur? 


(The last digit of 2 in the calculator display may have been rounded up, so you may not see the pattern. 
‘The actual value of 2 is 3.142 857 142 857 142 857...) 
3. (i) Are the numbers in Group 3 rational or irrational numbers? Explain. 
(ii) What do you notice about the decimal representations of the numbers in Group 3? Do the decimals 
terminate, recur, or neither? 


4. (i) From your answers to Questions 1 to 3, how do you tell whether a number is rational or irrational by its 
decimal representation? > 
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(ii) Since real numbers are made up of rational and irrational numbers, what can you say about the decimal 


representations of real numbers (in terms of terminating and/or recurring)? Similar and 
7 Further Questions 
5. (i) How can you tell if 4 orV2 is larger? Exercise 4D 


Question 14 


Decimal representations are useful to compare non-integer real numbers. 
Arrange the numbers in Table 4.1 in ascending order, i.e. from the smallest to the greatest. 
(ii) We can also use a dot to represent a real number, such as + , on a number line (see Fig. 4.17). 
Use a dot to represent each of the numbers in Table 4.1 on the number line below. 
1 


wt 
wt 
_ 


3 
i—— + + — 

0 

4.17 


From the above Investigation, we observe that: 


tions and Equivalence 
Real numbers can be 
represented in different 
notations that are equivalent, 


4 = 0.333...(or 0.3) and 


v2 = 1.14142... 


Fig. 4.18 illustrates the relationships among the different types of numbers. 


a Real numbers ee 


Rational numbers Irrational numbers 
Terminating decimals —_ Recurring decimals Non-terminating and non-recurring decimals 
9 sil , 123 22 - 
(eg. 2, -0.7, ra -3 ry (e.g. 0.3, = O° 7 ) (e.g. V2, -¥5, 2) 
Fig. 4.18 
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Using calculator to evaluate real numbers 


Worked Se abat 
Example Use a calculator to evaluate 2“7+4? leaving your answer correct to 3 decimal places. 
W475 — 24 


1 6 *Solution 
Sequence of calculator keys: = 
Geeutwmonuaeson seine pres te Gl 


method: press the {J button 
eS 


Hescese taney theese 
scscnces 


numerator and denominator. 
3.2n+4.3° 


Vi75-23 


= 6.891 (to 3 d.p.) 


Practise Now 16 a 
Practise Now 16 Use a calculator to evaluate —2%2.7 _ , leaving your answer correct to 3 decimal places. 
Similar and ereare 


Further Questions 
Exercise 4D 
Question 13(a)-(d) 


1. How did what I learnt about the four operations (+, -, x, +) on positive and negative integers in Sections 4.2-4.3 
help me in performing the four operations on fractions, mixed numbers and decimals in Sections 4.4-4.5? 


2. What have I learnt in this section or chapter that I am still unclear of? 


Exercise tm 


Do not use a calculator for this exercise, unless otherwise stated. 


Find the value of each of the following. (c) -6 3 (d) 24 x 2 

iL 3 a 
(a) 4+(4 (b) 32-55 1,3 Sf 

a 4 : 2 ; @ -1443 Oy -3+(-3 
© 33 (4 (4) i -(-43) Use a calculator to check your answers to 

(a) Question 1, (b) Question 2. 
Evaluate the following. 
64 =} 4 10 

@ Sx(-2) w #+(-2) > 
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Exercise 


Find the value of each of the following. Use a calculator to evaluate the following. 


(a) (-4.6)+(-3.2) — (b) 25-68 (y+ 3 (3) 
(©) 69+(-47) (d)_ 12.6 + (-35.7) (@) (5) (74) *\4 
(e) -29.3+11.2 () -15.3-27.9 wer. 
(g) 118-(-23) ——(h) -0.7-(-15) w 3+5*(-3) 
(ile Fred 
Evaluate each of the following. (<) a 2-53 
(a) 14.72x13 (b) (4.6) x (-0.1833) 755,19 
(c) 2.35 x (-0.52) (d) 3.426 + (-0.06) (d) ae Pia #) 
(e) -1.32+0.12 (f) 0.16 + 0.125 
a ; 1 Find the value of each of the following. 
6 a e following. (a) -88.8 — 16.24 
(a) 42-61-(-3) (b) 473- 
ees ; (c) 7.513 + (-18.9) 
(b) even (d) -23,6 + 18.251 
1 4 (e) 123.4 - (-5.67) 
©) -9+(-25}+(-3) () -53.9 - (-32.17) 
(g) 73.8 — (-5.79) + (-16,732) 
LAs 7 
(4) 2 a( 3 (h) -18.913 - (-2.78) -7.8 
8 1 
©-=3-5 -(2 3) ou. Evaluate the following. 
33 3 (a) 015 ~(-238 al 
0 54-76 +i 3) (4 wo) — 
(b) 0.027 (445 14 ) 
Calculate the value of each of the following. “0.03 “{=0.18 
= 3 x(B 413 } (c) -0.4? x (-1,3) + 0.8 - 0.62 
(@) (-02)'x22 40.105 
F 1 i 
(b) [3) 5 (3) (4) (4-3) (e) -2.4-(-1.6)? + (-0.8)° 
(f) [-7.54 + (-5.79)] x [7 = (-4)] 
JB. W3eaah 1 
(c) aa «5 +43)+(-4) 
Use a calculator to check your answers to 
(a) (2) «(5-23) Question 11. 


@ Use a calculator to check your answers to 
(a) Question 6, (b) Question 7. 
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Exercise 4D | 


Use a calculator to evaluate each of the following, 


leaving your answer correct to 3 decimal places. and non-recurring? 


How do we write a decimal that is non-terminatin; 


1¥ We can use a pattern that does not repeat itself. 
m+5 2 FE le, th fpositivell 
(a) 2 (b) ‘or example, the sequence of positive integers 
21 (ie. 1, 2, 3, 4, ...) does not repeat itself. 


a aaat.feLy, 
4.6°+8.3 (64) 


(@) 2x4,6-8.3 


m—4,55 


So a decimal that is non-terminating and non- 
recurring is 0.123 456 789 101 112 131 415 16..., 

where the successive digits after the decimal point 
are made up of consecutive positive integers. 


Write down two other decimals that are non- 
terminating and non-recurring. 


In this chapter, we extend our understanding of the number system to include integers, rational numbers and 
irrational numbers. Learning to perform the four operations on this extended number system has shown us how 
new mathematical ideas are built upon our current knowledge. But why do we need to extend our number system? 


Our number system needs to describe or quantify the world around us adequately. For example, negative numbers 
allow us to specify heights below sea level. More importantly, there are gaps in the number system you have learnt 


in primary school. 

Let us take a look at the following number line: 
eae 
5 5 5 5 


Fig. 4.19 


Does it remind you of a ruler? A number line is a useful diagram for us to visualise the relative positions of the 


numbers we use. We can use it to pinpoint the location of a number and to measure length. However, to measure 
length accurately, we need a number system that can measure all lengths. Rational numbers are not enough to cover 
the entire number line. For instance, ¥2 cannot be located on the number line using only rational numbers. Thus, 
irrational numbers, together with rational numbers, complete the real number line. The introduction of irrational 


numbers shows us the usefulness of decimal representations to write real numbers, which can be represented in 


different notations that are equivalent (e.g. ; = 0.5 and ; = 0.3 = 0.333...). Alll these ideas set the stage for our next 


two questions: Is our real number system extensive enough? Are there numbers beyond the real numbers? 


These questions are interesting and important as we continue to examine the world through the lens of mathematics. 
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1, Real numbers are numbers that can be represented by values on a number line. 
They can be classified as rational numbers and irrational numbers as shown in Fig. 4.20. 
+ Give two examples of each of the following: 
positive integers; negative integers; non-integers; and irrational numbers. - 


Real numbers 
pt 


— ~ 
Rational numbers Irrational numbers 
(terminating decimals (non-terminating and 
or recurring decimals) non-recurring decimals) 
- = 
a ~ is 
- ~ 8 = - V5, 
Integers Non-integer (eg V2 2) 
bs rational numbers 
Whole numbers Negative integers (e.g. 5st , 0.3, 9.6) 
ee Se (e.g. -4, -7) 8 
Positive integers Zero 
(e.g. 2, 8) 
Fig. 4.20 
2. Addition and subtraction involving negative numbers: 
Addition of two negative numbers: e.g. (-2) + (-3) = -(2 + 3) =-5 
Addition of a positive and a negative number: eg.5 + (-2)=5-2=3 
and -2+5=5-2=3 
Subtraction between two positive numbers: eg.2-5=-(5-2)=-3 


Subtraction of a positive number from a negative number: e.g. -5 — 2 = -(5 + 2) = -7 
Subtraction of a negative number: eg.5-(-2)=5+2=7 


+ Give another example of each of the above operations. 
+ Think ofa real-life problem involving negative numbers, and solve it. 


3. Multiplication and division involving negative numbers: 


Positive number Negative number 


Negative number Positive number 


« Give an example of each of the above rules. 
+ Think ofa real-life problem that you can solve using one of the above rules. 


4. Square roots and cube roots 
(a) A positive number (e.g. 64) has two square roots (i.e, +64 = +8) but only one cube root (i.e. {64 = 4). 
(b) A negative number (e.g. -64) has no square root but has one cube root (ie. 64 = {64 = -4). 
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In our daily lives, there are many instances 
when we need to use approximations and 
estimations. 


For example, a tourist in Singapore wanted 
to know how far Marina Bay Sands is from 
Changi Airport. 

“I think it is about 10 km," Vasi replied, 
making an estimation. 

10 km is an estimated value, which can be 
close to, or far from, the actual value. 


Albert checked online and found that the 
driving distance from Marina Bay Sands to 
Changi Airport was given to be 18.6 km. 
“An online website states that the driving 
distance from Marina Bay Sands to Changi 
Airport is approximately 19 km,” Albert 
told the tourist. 

18.6 km and 19 km are approximate values, 
which are rounded off from the actual 
value, assuming that the website is correct. 


In this chapter, we will learn to make 


appropriate approximations and 
estimations. 


Learning Outcomes 

What will we learn in this chapter? 

+ What approximation and estimation are 

+ How to round off numbers to a required number of decimal places and 
significant figures 

« What upper and lower bounds are and how to determine them 


+ Why approximation and estimation have useful applications in real life 


QxeoRe > 


NEWS 


Jinnah International Airport handles Record 7 Million 
Passengers 

Karachi: Jinnah International Airport handled a record of 7 267 582 
passengers in 2017-2018, making it one of the busiest airports in the 
world by passenger traffic. First opened in 1947, Jinnah International 
Airport currently serves over 25 airlines from around the world. The sole 
terminal of the airport comprises a concourse and five floors, which 
allows it to have an annual handling capacity of 12 million passengers. 


1. Which numbers in the article are actual values, approximate values or estimated values? 
How can you tell? 

2. Being able to distinguish between an approximate value and an estimated value helps us make better meaning 
of what we read. Based on your answers to Question 1, explain the difference between ‘approximation’ and 
‘estimation’. 

3. (a) Why does the article mention ‘over 25 airlines’ instead of specifying the actual number of airlines? 

(b) Why does the title of the article use 7 million passengers instead of 7 267 582 passengers? 


From the Introductory Problem, we have learnt that actual values, approximate values and estimated values 
are different. 


In this chapter, we will learn how to round off a given number to a certain number of what we call ‘significant 
figures’, and how to estimate an unknown quantity in real life. 


Let us first recap how to round off a number to the nearest 10, 100 and 1000, and to a certain number of decimal 
places. 
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A. Rounding off whole numbers and decimals (Recap) 


We have learnt in primary school how to round off a number to the nearest 10, 100 and 1000. 
We have also learnt how to round off a decimal to the nearest whole number and to a given number of decimal places. 


Rounding off whole numbers and decimals 


cla Round off each of the following numbers to the nearest 10. 
xample 
ss (a) 275 (b) 273.1 
“Solution 
(a) 2 cA@) = 2 8 0 (tothe nearest 10) 275 is exactly midway between 
“ 4 270 and 280. By convention, 
~ i | (Sie itis rounded up to 280. Do not 
: e " omit Step 3 because 275 = 28 
Step 1: Step 2: Step 3: (tote 10) is 
Identify the Examine the next Puta zero Since the degree of accuracy 
digit in the digit on its right. in the ones is specified, we use the equal 
fens place. If it is 5 or more, We | place as a cae = 280 Wee the pee 
~~ round up by adding _ place holder. not important, we will use the 
1 to the digit in the approximation sign: 275 = 280. 
tens place. 
(b) 2 7G). 1 = 2 Z O (tothenearest 10) = 
t f ec 273.1 is nearer to 270 than to 
] ‘ a 280, so 273.1 is rounded down 
Step 1: Step 2: Step 3: to 270, 
Identify the Examine the next Puta’ in the 
digit inthe digit on its right. » place asa 270 
)) place. | | Ifitis less than 5, place holder. Omit 273.1 | 
we round down all the digits after 
and the digit in the __ the decimal point. 
| _ place remains — 


the same. 


_ 


Practise Now 1 


(a) 10, — (b) 100, 


Round off 3 409 725 to the nearest 
(c) 1000, 
In 2019, Singapore welcomed 19 100 000 overseas visitors. This value has been 


(d) 10000. 


rounded off to the nearest 100 000. What is the largest and the smallest possible 


number of overseas visitors? 
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ane Rounding off decimals — 

orket 

Baume Correct 96.482 to ‘Correct 96.482 to 1 decimal 

(a) 1 decimal place, (b) the nearest whole number. place’ is the same as ‘round off 
96.482 to 1 decimal place! 


2 


"Solution 
(a) 9 6.4 2 = 9 6.5 (toldp.) 
ft. 
Step 1: Step 2: Step 3: 
Identify the Examine the next digit | | Do not add 
digit in the on its right. If it is zero after 
tenths place. | | 5 or more, we round up | | the first 


by adding 1 to the digit | | decimal place. 
in the tenths place. 


(b) 9 6 @ 8 2 = 9 6 (to the nearest whole number) 
a 4 


% " ! F i For (b), do not use the answer 
Step 1: Step 2: Step 3: 96.5 in (a) to round off to 97 
Identify the | | Examine the next digit on Do not add Decause 96.482 is nearer to 96 
digit in the | | its right. Ifitis less than 5, | | zero after the than to 97. You must not round 
off twice! 
ones place. we round down and the ones place. 
— digit in the place ——— I 
96 97 
remains the same. ne 
96.482 
iG = 1. Correct 78.4695 to 
Similar and (a) one decimal place, (b) the nearest whole number, 
Further Questions (c) the nearest hundredth,  (d)_ the nearest 0.001. 
cuaions 30) (a) 2. Waseem says that 8.395 is equal to 8.4 when rounded off to 2 decimal places because 
4la)-(d), he thinks that 8.40 is the same as 8.4. Do you agree? Explain your answer. 


10{a)-(d), 
11,19 


B. Significant figures 


. 


Which answer is more accurate? 


1. Joyce measured a piece of string with a ruler and found its length to be 714.6 cm or 7.146 m, 
Raju asked Joyce to give him the length of the string, accurate to one decimal place. 
(a) Should Joyce give the answer as 714.6 cm or 7.1 m? 
(b) Which answer is more accurate? Why? 
(c) Does accuracy depend on the number of decimal places a number has? Explain. 
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bas] 
2. Newspaper A reported that Jinnah International Airport in Pakistan handled a record of 7 267 582 passengers i c 
2017-2018. Newspaper B reported that Jinnah International Airport handled a record of 7 000 000 passengers it 
2017-2018. 
(a) Which one of the two numbers is more accurate? Why? 
(b) Does accuracy depend on the number of digits a number has? Explain. 


‘ 


From the above Class Discussion, we see that the degree of accuracy of a number does not depend on 
(a) how many decimal places it has, or (b) how many digits it has. 

Instead, the degree of accuracy depends on the number of important or significant digits. 

For example, we say that 714.6 cm has 4 significant figures while 7.1 m has only 2 significant figures. 


How many significant figures do 62 219 573 and 62 000 000 have? 
It is no so straightforward that 62 000 000 has 2 significant figures: in fact, it can have 3 or more significant figures. 
Let us learn how to identify which digits in a number are significant. 


C. Five rules to identify digits which are significant 


Rule b: Non-zero digits 
All non-zero digits are significant. 
For example, the number 7258 has 4 significant figures. 


| Practise Now 28] WE) State the number of significant figures in each of the following. 
(a) 192 (b) 83.761 (c) 3 (d) 4.5 


Rule 2: Zeros between non-zero digits 
All zeros between non-zero digits are significant. 
For example, the number 302.008 has 6 significant figures. 


| Practise Now 2C| LTS State the number of significant figures in each of the following. 
(a) 5062 (b) 1.09 (c) 3.0024 (d) 70.8001 
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Rule 3: Zeros before non-zero digits in decimals I “<i 
Imran measures a piece of ribbon and finds it to be 5.7 cm long. € 
How many significant figures does 5.7 cm have? 

Imran then converts it into metres to get 0.057 m. 

How many significant figures does 0.057 m have? 

We see that changing the unit of measurement does not make a measurement more accurate. é 
Since both numbers have the same accuracy, 0.057 m has the same number of significant figures as 5.7 cm. 

‘Thus, the zeros before the number ‘5’ are not significant. 


State the number of significant figures in each of the following. 
(a) 0.021 (b) 0.603 (c) 0.00174 = (d)_:0.109 08 


Rule 4: Zeros after non-zero digits in decimals 
Li Ting and Vasi measure the volume of water in a cup using two different measuring cylinders. The readings are 
shown in Fig. 5.1. 


Li Ting 


Cylinder! Cylinder 2 


Fig, 5.1 


Li Ting'’s reading, 13 cm’, has 2 significant figures while Vasi’s reading, 13.1 cm’, has 3 significant figures. 
Which reading is more accurate? Why? 
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Li Ting and Vasi are asked to measure the volume of water in another cup using Cylinder 1 and 2. The 
shown in Fig. 5.2. 


cm? cm! 
17 7 
16 16 
15 15 
14 4 


Cylinder 1 Cylinder 2 
Fig. 5.2 


What is the difference between 13 cm’ (for Cylinder 1) and 13.0 cm’ (for Cylinder 2)? 

Cylinder 1 only measures up to 1 cm’, so we cannot say that the volume of water in Cylinder 1 is 13,0 cm’. 

Cylinder 2 measures up to 0.1 cm’, so the zero in 13.0 cm’ is meaningful and important or significant. It tells us that 
the volume of water is not 12.9 cm‘ or 13.1 cm’, but 13.0 cm’. 

We cannot say that the volume of water in Cylinder 2 is 13 cm’ because it suggests that the cylinder can only 
measure up to 1 cm’. 


1. State the number of significant figures in each of the following. 
(a) 0.10 (b) 0.0500 
(c) 41.0320 (d) 6.090 


2. Aline segment is measured using two different instruments and its length is found to 
be 4.1 cm and 4.10 cm respectively. Which is more accurate and why? 


P 
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Rule 5: Zeros at end of whole number 


How many significant figures does 7500 have? “Sat 


Bernard Sara 


i WA 


mm, 


Which of the three students is correct? nN 


To answer this question, let us consider the number 7498. 
Round off this number to the nearest hundred (or 2 significant figures). 7498, when rounded offto the 
What do you get? nearest hundred, is not 75 


Round off this number to the nearest ten (or 3 significant figures). What do you get? Yeaute NECN) Ae | 
Are both the answers equal? 4 


Hence, Bernard and Sara are correct. 7500 has 2 significant figures when it is correct to the nearest hundred, and has 
3 significant figures when it is correct to the nearest ten. 

Now, what about Raju's statement? Can you think of a number that, when rounded to 4 significant figures, 

will give 7500? 

Can 7500 have 5 significant figures? 


State the number of significant figures in each of the following. 
(a) 3800 m (correct to the nearest 10 m) 

(b) 25.000 km (correct to the nearest km) 

(c) 100 000 g (correct to the nearest 10 000 g) 
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Rounding off to given number of significant figures 
Round off each of the following to the number of significant figures given in brackets. 


(a) 8982 (2s.f.) (b) 0.006 0195 (4 s.f.) (c) 0.9999 (3 s.f.) 
“Solution 
(a) 8 9(8)2 = 9 0 0 0 (to2s.f) 

Teese 


— i ae 


Step I: Step 2: | | Step 3: Step 4: 


Worked 
Example 


D. Rounding off to given number of significant figures E 


rh 


Identify the s.f. | Examine the next digit on Puta zero to Put two zeros as place 
starting from its right. Ifitis Sor more, || indicate the 2”'s.f. | holders. (Rule 5: These 
the left (2s.f.). || we round up by adding 1 (Rule 5: This zero two zeros are not 
(Rule 1) to the previous digit. is significant.) significant.) 


(0.0 0 6 01 9G)= 0.0 0 6 0 2 0 (to4sf) 


Not significant (Rule 3) f fr... t 
Step 1: Step 2: Step 3: 
Identify the s.f. Examine the next digit on its right. | Puta zero to 
starting from the left If it is 5 or more, we round up by indicate the 
(4s.f.). (Rules 2 and 3) adding 1 to the previous digit. | 4" s.f. (Rule 4) 
(0.9 9 9@)= 1.0 0 (wo3sf) 
t t Lt 
Not significant (Rule 3) l a | 
Step 2: Step 3: 
Step 1: Examine the next Put two zeros to indicate the 2™ and 


Identify the s.f. 
starting from 

the left (3 s.f.). 
(Rule 1) 


digit on its right. If it 3" s.f. (Rule 4). Do not put a zero at the 
is 5 or more,weround _ thousandths place which was previously 
up by adding 1 to the occupied by the 3"'s.f., or else 1.000 will 
previous digit. have 4 s.f. 


1. Round off each of the following to the number of significant figures given in brackets. 
c (a) 3748 (3 s.f.) (b) 0.004 709 89 (4s.f.) 
(c) 4971 (2s.f.) (d) 0.099 99 (2 s.f. and 3 s.f.) 
2. The number of people at a concert is stated as 21 200, correct to 3 significant figures. 
What is the largest and the smallest possible number of people at the concert? 
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Limits of accuracy 


A. Upper bound and lower bound of rounded number 


In Section 5.1, we have learnt how to round a given number off according to the number of decimal places or 
significant figures. 
We have also deduced the possible actual values a given rounded number could be prior to rounding. 


Upper and lower bounds of a rounded number 


A number x, when rounded to 1 decimal place, is 14.5. 

1. Give three possible actual values of x. 

2. What is the smallest possible actual value of x before it is rounded to 1 decimal place? 

3. Bernard says that the largest possible value of x before rounding is not 14.55, but 14.54. Do you agree with him? 
Why or why not? 


From the above Class Discussion, we see that 14.45 is the smallest possible actual 
value of x. That is, x is greater than or equal to 14.45. On the other hand, we are not In Chapters 2 to 4, we were 
able to identify the largest possible value since x can be 14.549 or 14.5499 and so on. introduced to the symbols ‘>; 

a , “<)> and ‘=; which are used 
We can only say that x is less than 14.55. We can represent the range of possible values es a When 


of xas 14.45 =< x < 14.55. the letter x is used in place of a 
number here, it represents ariy 


‘The values 14.45 and 14.55 are known as the lower bound and upper bound of x. In earl ice ore 
general, smaller than the upper bound. 
lower bound = x < upper bound 
actual value of x is greater than actual value of x is less than the 
or equal to the lower bound upper bound 


For each of the following rounded numbers, state the range of possible actual values. 
(a) a=1.6 

(b) b=0.6 

(c) c=1.30 


Exercise 5A 


B. Upper bound and lower bound of calculated value 


rr) 
When one or more rounded numbers are used in a calculation, the result also lies within a range of possible values. 
In this section, we will learn how to determine the upper and lower bounds of this range of values. 
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nope 


Determining the upper and lower bounds of calculated value 


<a 


‘The upper and lower bounds of two numbers, p and q, are given in Table 5.1. 


Table 5.1 
1. Copy and complete Table 5.2. Round each answer to 2 decimal places. 


re 
re es ee se 
Se meow nao 
ee ee 


Table 5.2 


2. In Table 5.2, circle the largest and smallest values of each calculation. 

3. From the circled values in Table 5.2, complete Table 5.3 to summarise how the largest and smallest values of 
each calculation is obtained using the upper and lower bounds of p and of q. 
[p,, and p,,, as lower and upper bounds of p; q,, and q,,: lower and upper bounds of q] 


Addition ‘The largest and smallest values 

p+q Pot Ie + are the upper and lower bounds 

of the result of each operation. 
px4q 


Similar and 
Further Questions 


Exercise 5A 
Questions 8(a)-(d), 


Table 5.3 2 


Determining the upper and lower bounds of calculated value 
A rectangle has a length / = 16 cm and a breadth b = 7 cm, both rounded to the nearest cm. 
Determine the lower and upper bounds of the area of the rectangle. 


4 “Solution 


15.5cm <1< 16,5 cm 
65cm <b<7.5cm 


Worked 
Example 


Lower bound of area of rectangle 
=15.5 x65 
= 100.75 cm? 
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Upper bound of area of rectangle 
= 16.5% 7.5 
= 123.75 cm? 


«. 100.75 cm? < area of rectangle < 123.75 cm? 


1. Ali takes 0.57 hours, rounded to the nearest 0.01 hour, to travel from Town A to Town B. 
Similar and If he travels at an average speed of 23.4 km/h, rounded to the nearest 0.1 km/h, 


Further Questions determine the lower and upper bounds of the distances between Towns A and B. Leave 
Exercise 5A 


Questions 16, 17,22 


your answers to 3 significant figures. 

2. Aribbon has a length of 50 m rounded to the nearest m. Nadia wishes to cut the ribbon 
into shorter lengths of 22 cm rounded to the nearest cm. What is the smallest possible 
number of ribbons she can obtain? 


. What do I already know about rounding off whole numbers and decimals that could help me to round off 
numbers to a given number of significant figures? 


2. How is rounding off a number to a given place value different from rounding off to a given significant figure? 
3. What do I know about rounding off numbers that could help me in identifying the upper and lower bounds of 


4. 


the possible actual values a rounded number could have been? 


What do I already understand about the results of basic mathematical operations that will allow me to determine 
the upper and lower bounds of a value calculated using rounded numbers? 


Exercise 

Round off 698 352 to the nearest @ Correct 7.697 146 to 

(a) 10, (b) 100, (c) 1000, (d) 10000, (a) the nearest whole number, 
(b) 2 decimal places, 

Round off 44 974.8 to the nearest (c) the nearest tenth, 

(a) 10, (b) 100,  (c) 1000, (d) 10000. (d)_ the nearest 0,000 01. 

@ Correct 45.7395 to e@ State the number of significant figures in each of 

(a) 1 decimal place, the following. 

(b) the nearest whole number, (a) 39018 

(c) the nearest 0.01, (b) 0.028 030 

(d) the nearest thousandth. (c) 700.406 00 


(d) 2900 (to the nearest 10) 
(e) 2900 (to the nearest 100) 
(f) 2900 (to the nearest whole number) 
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Exercise 5A | 


Round off each of the following to the number of 1B. The floor area of Dolmen City in Karachi, Pakistan, 


significant figures given in the brackets. is stated as 320 000 m?, This value has been rounde 

(a) 728 (2s.f) (b) 503.98 (4s.f.) to 3 significant figures. What is the largest and the 

(c) 0.0030195(4s.f.)  (d) 6396 (2s.f.and3s.f.) smallest possible integer value of the area of 

(e) 9.9999 (3 s.f.) (f) 8.004 (3 s.f.) Dolmen City? 

For each of the following rounded numbers, state the The diameter of a wire is measured and found to 

range of possible actual values. be 0.120 cm, correct to 3 significant figures. State 

(a) a= 46 three possible values of the actual diameter of the 

(b) b=12.6 wire: 

(c) c=0.40 

(d) d= 2950 (rounded to nearest 10) 13. The number 21 X09 is equal to 22 000, correct to 

(e) e=300 (rounded to nearest 10) 2 significant figures. Find the value of X if 21 X09 

(f) f= 4500 (3 s.f.) is a perfect square. 

Given that 1.25 <a < 1.35, 15 <b<25and 16, A cube has sides measuring 160 mm correct to 

0.675 < c < 0.685, determine the upper and lower the nearest 10 mm. What are the lower and upper 

bounds of bounds of the volume of the cube? Express your 

(a) a+b, (b) b-a, answer in cm’. 

(c) a+e, (d) cxb. 

Leave your calculated answers to 3 significant figures 7 A rectangular sheet of vanguard has a length of 

where necessary, 1 = 19.0 m and breadth b = 1.8 m, both rounded to 
the nearest 0.1 m. Joyce wants to cut the vanguard 

Pakistan's population was 235 820 000 in 2022. sheet into squares of sides 10.0 cm, rounded to the 

This value has been rounded to the nearest 10 000. nearest 0.1 cm. Determine 

What is the largest and the smallest possible value (i) the lower and upper bounds of the area of the 

of Pakistan's population in 2022? vanguard sheet, 


(ii) the largest possible number of squares Joyce 


10. Round off can cut from the sheet of vanguard sheet. 


(a) 4.918 m to the nearest 0.1 m, 
(b) 9.71 cm to the nearest cm, 
(c) $10.982 to the nearest ten cents, 


(d) 6.489 kg to the nearest = kg. 


(is) Cheryl says that 5192.3 is equal to 519 when rounded 
off to the nearest 10. She drops the ‘2’ because it is 
less than 5. Do you agree? Explain your answer. 


109 Yasir says that 26.97 is equal to 27 when rounded 
A swimmer training for a 100 m freestyle event said off to 1 decimal place because he thinks that 27.0 is 
that his timing for one trial was 47.4 s. If his actual the same as 27. Do you agree? Explain your answer. 


timing was recorded to 0.01 s, give three possible 


values of his actual timing. David says that 0.019 95 is equal to 0.02 when 


rounded off to 3 significant figures. Why does 
David think that 0.02 has 3 significant figures? 
Explain whether his answer is correct or wrong 
and why. 


The number 143 000 is correct to x significant 
figures. Write down the possible values of x. 
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Given the rounded values a = 14.55, b = 9.6 and (22) ‘The range of values for the perimeter of a 

c= 21, determine the upper and lower bounds rectangle is 72.5 cm < perimeter < 74.7 cm. 

of 180x4 If the length of the rectangle is 12 cm rounded 
axb-c to the nearest cm, what is the width of this 

figures. rectangle rounded to the nearest 0.1 cm? 


Leave your answers to 3 significant 


Approximation and approximation errors in 


real-world contexts 


A. Different types of rounding in real life 
—————_—_—_—————— + 


In mathematics, we usually round off a number using the 5 rules listed in the previous section. 
However, in real life, this may not be so. 


Rounding in real life 


1. Suppose 215 students and 5 teachers are going for an excursion by bus and each bus can only 
carry 30 passengers. How many buses are required? Why? Further Questions 


Similar and 


Exercise 5B 


2. Suppose you design a lift that carries a maximum load of 897 kg. You are told to indicate the 
maximum load correct to the nearest 100 kg. What should this maximum load be? Why? 


Questions 1-3 


B. Rounding errors 


Rounding off non-exact values in intermediate working may result in follow-through errors. Let us investigate the 
types of follow-through errors that rounding off can lead to. 


The missing 0.1% votes 


Albert, Nadia and Shaha were nominated to run for President of the Mathematics Society. 
Table 5.4 shows the votes that they received during the election. 


Candidate iff Number of votes fi Percentage of votes 
Albert | 187 62.3% In practice, we will just put 
Nadia 52 173% 1 100% for the total percentage 
} of votes in order not to cause 
Shaha 61 | 20.3% confusion. | 
Total 300 99.9% 
Table 5.4 
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1. The total percentage of votes is only 99.9%. What has happened to the missing 0.1% of the votes? € 
Explain your answer. 

2. Given that a new member voted for Albert, calculate the percentage of votes each candidate 
receives from the 301 votes in a similar way (i.e. correct to 1 decimal place). 
Why is the total percentage of votes more than 100%? ¢ 


In the above Investigation, the percentage of votes for each candidate is given to 1 decimal place (or 3 significant 
figures), so the total percentage of votes is 100% only when corrected to 2 significant figures: 99.9% = 100% (to 2 s.f. 


However, if we had written the percentage of votes for each candidate correct to 2 decimal places (or 4 significant 
figures), then 


62.33% + 17.33% + 20.33% = 99.99% 


= 100% (to 3 s.f.). 
In other words, if we want the final answer to be accurate to 3 significant figures, = 
the non-exact values in the intermediate steps should be given to at least 4 significant To avoid follow-through errors, 
figures. intermediate values should 
ieee be given to 4 or 5 significant 
‘This kind of errors, which are due to rounding errors in the intermediate steps, are figures for presentation purpose. 


For accuracy purpose, we always 
use the values stored in the 
calculator to compute the next 
step of the working. 


called follow-through errors. 


‘There is no need to round off exact values. But if an exact value has many digits, we can still round it off to 
4 or 5 significant figures if it is in an intermediate step, or 3 significant figures if it is the final answer. 


In the next Worked Example, we will learn how to present the intermediate working for non-exact values. 


Significant figures in intermediate working 
The area of a square is 131 cm*. Find 
(i) the length, (ii) the perimeter, 


of the square. 
Give non-exact answers to 


3 significant figures if a question 
does not specify the degree of 


(i) Length of square = J131 cm accuracy, 
= 11.4cm (to 3 s.f.) 


(ii) Perimeter of square = 11.446 cm x 4 For (ii), if we write 11,4 em x4, 


Worked 
Example 


"Solution 


uunding error wil 4 
Sees en(oset) an eee 
use the calculator value of YI31 | 
‘The area of a square is 105 cm*. Find to find the perimeter. 
(i) the length, (ii) the perimeter, 


of the square. 


, 
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C. Difference between value with specified degree of accuracy 


and approximate value 


1. The population of City A is approximately 500 000. Can the exact population size be 


(i) 450000, (ii) 449 9992 


2. The population of City B is equal to 500 000 (to | s.f.). Can the exact population size be 


(i) 450000, (ii) 449 999? 


From the above Thinking Time, we observe that there is a difference between 
‘approximately 500 000’ and ‘equal to 500 000 (to 1 s.f.): It is possible for the exact 
population size of City A to be 449 999, but we round it up to approximately 

500 000 (or half a million). But if the exact population size of City B is 449 999, then it 
cannot be equal to 500 000 (to 1 s.f.). 


In Worked Example 5, can we write ¥131 cm = 11.4 cm, where the symbol = means ‘is 
approximately equal to’? 

In mathematics working, we avoid writing V131 cm ~ 11.4 cm because we do not know 
how accurate 11.4 cm is. 

Instead, we always specify the degree of accuracy, such as the number of significant 
figures, e.g. V131 cm = 11.4 cm (to 3 sf). 

However, we use the = sign when we estimate an unknown quantity in real life, 


especially when the actual value is not known and we are unable to specify its degree 
of accuracy, e g. distance = 10 km (or estimated distance = 10 km). 


} We can only measure up to half 


the smallest marking of a ruler. 
E.g. we say that the object below 
(see picture) is 2.75 cm long 
(accurate to £0.05 cm). 
‘Therefore, if we say that the 
length of an object is approximately 
2.75 cm, it does not mean it is 
accurate to 3 s.f. In this case, 

we can only measure up to 

0,05 cm, i.e. we cannot even 
measure 2,74 or 2.76 cm. 


am) 


1. What do I already know about approximation in the real world that could guide my learning in this section? 


2. What have I learnt in this section that I am still unclear of? 
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Estimation and estimation errors in 


real-world contexts 


In the previous sections, we have learnt how to approximate a giver number by rounding it off to get an approximat 
value. ~ 
In this section, we will learn how to estimate an unknown quantity in real life. We usually give an estimated value b; 

saying that the quantity is approximately a certain value. 

We will also discuss the importance and usefulness of estimation. 


A. Estimation of computations 


Sometimes, we may key in the wrong value when using a calculator and obtain a wrong answer. 
We can use estimation to check if an answer obtained from a calculator is reasonable or obviously wrong. 


Using estimation to check reasonableness of answer 
Joyce used a calculator to evaluate 31.5 + 9.87 - 2.1 and obtained the answer 392.7. 
Without doing the actual calculation, use estimation to check whether Joyce’s answer 
6 is reasonable. 

‘Then use a calculator to evaluate 31.5 + 9.87 — 2.1, Is your estimated value close to 
the actual value? 


Worked 
Example 


"Solution 
31.5 + 9.87 —2.1=32+10-2 


=40 
| We use the approximation sign 


~. Joyce's answer, 392.7, is not reasonable. Beech mene aa 


Using a calculator, the actual answer is 39.27. specify the degree of accuracy, 
Hence, the estimated value, 40, is close to the actual value of 39.27. e.g. 31.5 = 32. | 


1. Ali used a calculator to evaluate 798 x 195 and obtained 
Similar a the answer 15 561. 


‘There is another method for 
Further io Without doing the actual calculation, use estimation to Question 1; look at the last 
Exercise 58 determine whether Ali’s answer is reasonable. digits of the two numbers and 
pias ‘Then use a calculator to evaluate 798 x 195. Is your compere thelr product with the 

last digit of the answer obtained, 


estimated value close to the actual value? 
2. Estimate each of the following without using a calculator. Then use a calculator to find 

the actual values. Are your estimated values close to the actual values? 

(a) 5712 +297 (b) J63x:/129 


3. The driving distance between Islamabad and Kohat is about 250 km. Estimate the duration, 
in hours, taken to drive from Islamabad to Kohat at an average speed of 80 km/h. 
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B. Shopping with a different currency G 


Suppose you are shopping overseas and wish to convert the prices quoted in the local currency to Pakistani rupees. 
Estimation provides an easy way to do so. 


Estimation in currency conversion < 
A wallet costs 225 Thai baht (THB). The conversion rate is THB 1 = PKR 8.415 294. 
Without using a calculator, estimate the price of the wallet in PKR. 


Worked 
Example 


"Solution 
THB 1 = PKR8.50 
THB 200~ PKR 1700 THB 1 = PKR 8.415 294 is not 
THB 50 = PKR 425 easy to remember. It is also 
Hae PRR difficult to use this number to 
ie estimate the price of the wallet. 
THB 225 = THB 200 + THB 25 ‘Thus we use an approximate 
= PKR 1700 + PKR 200 = PKR 1900 value for THB 100, ic. THB 100 
= PKR 8.50. 


~. price of wallet ~ PKR 1900 


A pair of earrings costs 25 000 Indonesian rupiah (IDR). 


‘The conversion rate is IDR 1000 = PKR 19.342. 
Without using a calculator, estimate the price of the pair of earrings in PKR. 


C. Value for money 


Value for money 
Worked You are in a supermarket with your neighbour and she sees 
Ecspie the following options for the same brand of coffee powder. 
8 OP P : Although Option A seems 
8 Option A Option B cheaper (since $5.80 < $7.45), 
Option A contains less coffee 
powder than Option B. 
‘To find out which option gives 
the better value for money, 
compare the cost of coffee 


powder for an equal amount of 
coffee powder for both options. 


200 g Coffee powder 200 g + 50 g Coffee powder 


$5.80 $7.45 


Without using a calculator, how do you help her decide which option gives the better value for 
money? 


“Solution 

Method 1: 

Option A: 

200 g costs about $6. 

100 g costs about $3. 

50 g costs about $1.50. 

250 g = 200 g + 50 g costs about $6 + $1.50 = $7.50. 
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Option B: 

250 g costs $7.45. 

Does this mean that Option B gives the better value for money 
since $7.45 < $7.50? 

In this case, we have overestimated the cost of 250 g of coffee 
powder in Option A (see Method 2). 


Method 2: 

Option A: 

200 g costs $5.80 = $6, 

100 g costs about $3. 

50 g costs about $1.50. 

250 g = 200 g + 50 g costs about $5.80 + $1.50 = $7.30. 


Option B: 
250 g costs $7.45. 
«. Option A gives the better value for money since $7.30 < $7.45. 
Without using a calculator, decide which Option A Option B 
Similar and option gives the better value for money. 


Questions 
5B 


Questions 14, 18 


300 ml Olive oi! 300 ml + 50 ml Olive oil 
$8.80 $10.40 


D. Estimation of larger quantity using smaller quantity 


‘The Greek mathematician, Archimedes, estimated that 8 x 10® grains of sand were required to fill the universe, 
Archimedes did not make a wild guess or count every grain. Instead, he made use of an important estimation 
strategy: using a smaller quantity to estimate a larger quantity. 

First, he counted the number of grains of sand required to fill a spoon. 


Next, he estimated the number of spoons of sand required to fill a room, the number of rooms of sand required to 
fill a stadium, and so on. 
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Using smaller quantity to estimate larger quantity 


How can you estimate the amount of money in a tank that is completely filled with PKR coins? 


Even if you were able to obtain an identical tank, it would be too troublesome to get so many PKR 1 coins. A useful 
estimation strategy is to fill a smaller box with PKR 1 coins then count the number of coins. You may wish to repeat 
this twice and take the average of the three trials. 


Use the above strategy to estimate the number of PKR 1 coins in a tank with dimensions of 50 cm by 23 cm by 13 cm. 


Estimation of area 
Estimate the ratio of the area of the shaded region to that of the unshaded region in the figure 
below. 


ed To estimate the area, we divide 


Worked 
Example 


the shaded region (using 
dotted lines) into areas that are 
approximately equal to the area 


of the unshaded region. 
—" Since the unshaded area is on 
the right side of the figure, start 
dividing the shaded region from 
«. ratio of area of shaded region to that of unshaded region the right side to obtain a more 


ae accurate estimate. 


Estimate the percentage of the figure on the right that is shaded. 


1, What do I already know about estimation in the real world that could guide my learning in this section? 
2. How is estimation different from approximation? 


3. What have I learnt in this section or chapter that I am still unclear of? 
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Exercise 


If the degree of accuracy is not specified in the question, and if the answer is not exact, give the answer to three significai 


figures. 


What is the greatest number of sweets that can be 
bought with $2 if each sweet costs 30 cents? 


Suppose you are an engineer tasked to design a 
multi-storey car park. The height restriction for 
vehicles entering the car park is calculated to be 
2.51 m. A sign indicating the maximum height, 
correct to the nearest metre, is to be placed at the 
entrance. What should the maximum height be 
shown as? Explain your answer. 


‘The items you buy at a supermarket amount to 
$17.69. After informing the cashier that you will be 
paying in cash, she rounds down the amount to the 
nearest 5 cents instead of rounding the amount to 
the nearest 5 cents. 

(i) What is the difference between ‘rounding 
down the amount to the nearest 5 cents’ and 
‘rounding the amount to the nearest 5 cents’? 

(ii) Why does the cashier round down the amount 
to the nearest 5 cents instead of rounding the 
amount to the nearest 5 cents? 


‘The area of a square is 264 cm’. Find 
(i) _ the length, (ii) the perimeter, 
of the square. 


® ‘The area of a rectangle is 25.6 m’. If the length of the 
rectangle is 12 m, find 
(i) the breadth, 
(ii) the perimeter, 
of the rectangle. 


Shaha used a calculator to evaluate 218 + 31 and 
obtained the answer 70.3. 

Without doing the actual calculation, use estimation 
to determine whether Shaha’s answer is reasonable. 
Then use a calculator to evaluate 218 + 31. Is your 
estimated value close to the actual value? 


Estimate each of the following without using a 
calculator. Then use a calculator to find the actual 
values. Are your estimated values close to the 
actual values? 
(a) 2013 x39 (b) V145.6 +654 
(i) Express 3.612 and 29.87 correct to 2 significant 
figures. 
(ii) Use your answers in part (i) to estimate the 
value of 3.612 + 29.87. 
(iii) Use a calculator to evaluate the value of 
3.612 + 29.87. 


(iv) Is your estimated value close to the actual 
value? 


Estimate the ratio of the area of the shaded region 
to that of the unshaded region in the figure. 


10. (i) Find the area of a rectangular field measuring 
27.04 m by 20.21 m. 
(ii) How much would it cost to spray insecticide 
on the field if the rate is $0.70 per square 
metre? Give your answer to the nearest dollar. 


A car travels 274 km. It travels an average of 9.1 km 
on a litre of petrol. Write down an expression that 
you can use to mentally estimate the number of 
litres used. 


> 
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Exercise 


A shopkeeper makes the following order from a 
wholesaler: 


Skirts 


Belts Tis] 9 
White shirts 49} 22 
Black blouses _ 61 | 18 
Grey leggings 52 11 


Show how you estimate the total amount of money 
that the shopkeeper has to pay, giving your answer 
correct to the nearest hundred dollars. 


A bag costs MYR 25. The conversion rate is 
MYR 1 = PKR 64.328 70. Without using a 
calculator, estimate the price of the bag in PKR. 


Without using a calculator, decide which option 
gives the better value for money. 


Option A Option B 
Same _—> 
¥ 


Which of the following is likely to be the mass of an 


ordinary car? 
(a) 15kg (b) 150 kg 
(c) 1500 kg (d) 15000 kg 


The picture shows a man of height 1.7 m standing 
in front of a block of flats. Estimate the height of the 
block of flats, leaving your answer to the nearest 
metre. Show your working clearly. 


A handbag costs 26 700 Korean won (KRW). The 
conversion rate is PKR 1 = KRW 4.516 097. Without 
using a calculator, estimate the price of the handbag 
in PKR. 


Shop A sells a pair of shoes at $80.50 before a 20% 
discount while Shop B sells the same pair of shoes 
at $69.50 before a 10% discount. Without using a 
calculator, use estimation to decide which shop to 
buy the shoes from. Show your working clearly. 
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Although we use mathematics as a way to measure or quantify objects more accurately, it is sometimes faster and 

more practical to estimate the quantity, or to express the quantity using an approximate value. For example, the 
Introductory Problem has shown that in the real world, there are times when an approximate value serves as a 
satisfactory model for the situation. - 


Enrico Fermi is a well-known physicist who was involved in the Manhattan Project, which was established in 
World War II to produce the first nuclear weapons. During the Trinity test, he estimated the power of an atomic 
bomb explosion by finding the distance travelled by strips of paper that he dropped from his hand during the blast. 
His guess of 10 kilotons of TNT was not too far from the now-accepted value of 18.6 kilotons of TNT obtained by 
sophisticated methods and instruments. His low-cost method gave an adequate estimate of the power of the atomic 
bomb! This is an excellent example of how an estimated measure can model the real world reasonably well. Fermi’s 
power of estimation is legendary, and today, there is a class of very interesting estimation problems available. Search 
the Internet for some Fermi problems and solve them using what you have learnt. 

Can you think of other situations in which an estimation or approximation is both a faster and easier way to either 
obtain a measure of a quantity or model a real-world situation? 
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1, Five rules to identify digits which are significant 
Rule 1: All non-zero digits are significant. 
Rule 2; All zeros between non-zero digits are significant. 
Rule 3: In a decimal, all zeros before a non-zero digit are not significant. 
Rule 4; In a decimal, all zeros after a non-zero digit are significant. 
Rule 5: The zeros at the end of a whole number may or may not be significant, depending on how the 
number is rounded off. 
+ Give an example of each of the rules above. 
+ Give an example of a rounding off that does not follow the rules above. 


2. (a) The lower and upper bounds of a rounded number are the limits of the possible actual values the rounded 
number could have been, i.e. if x has been rounded, then the possible actual values of x can be described 
using 

lower bound < x < upper bound. 
+ Give an example of a rounded number and write down the lower and upper bounds of this number. 
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‘Summary, € 
(b) If one or more rounded numbers are used in a calculation, the result of the calculation also lies x) 


range of possible values. The lower and upper bounds of this range of values are determined by the type(s) 
of mathematical operation(s) involved in the calculation: 


Addition 
pt+a Pu* QW Put Io 
Multiplication 
pxq Pw® Ie Pur ® Fup 
Subtracti 
esc Po~ 4 Pa 4 
Division 
p+4 Pu * Vu Pu * In 


* Give an example of pair of rounded numbers and determine the lower and upper bounds of the result of each 
of the mathematical operations above. 


3. Approximation is the process of rounding off a given number to give an approximate value. 
+ Give two examples of an approximation in a real-world context. 


4. Follow-through errors can occur if non-exact values in intermediate working are not rounded off to a sufficient 
degree of accuracy. 
(a) For presentation purpose, we usually write 4 or 5 significant figures for intermediate non-exact values if 
we want the final answer to be accurate to 3 significant figures. 
(b) For accuracy purpose, we always use the values stored in the calculator to compute the next step of the 
working. 


5. Estimation is the process of guessing the value of an unknown quantity in real life. 
+ Give two examples of an estimation in a real-world context. 


CHAPTER Ome 


Basic Algebra and Algebraic Manipulation 


Algebra is an important foundation of 
advanced mathematics. Mathematicians use 
algebra to express ideas about numbers and 
the relationship between numbers. 


A monument honouring Muhammed bin 
Musa Al-Khwarizmi (780 - 850), known 

as the father of algebra, is found in Khiva, 
Uzbekistan. The word algebra comes from an 
Arabic word (al-jabr, which literally means 
restoration). “The Compendious Book on 
Calculation by Completion and Balancing’, a mathematical text published by Al-Khwarizmi, established 
algebra as a mathematical discipline independent of geometry and arithmetic. It is considered the 
foundational text of modern algebra. 


In this chapter, we will explore the basic ideas in algebra and learn to express mathematical ideas using 
algebra in order to model real-world situations around us. 


Learning Outcomes 

What will we learn in this chapter? 

+ What algebraic and linear expressions are 

+ How to add, subtract, expand, factorise and simplify linear expressions 


+ Why algebra has useful applications in real-world contexts 


Qxeone > 


Introduct 
Problem 


Let me introduce myself. I am Cheryl, a psychic who can read your mind. 

Let us play a game. < 
Step ls Think of a two-digit positive integer that is greater than 20. 

‘Step 2: Add the two digits together. 

‘Step 4: Subtract the sum of the two digits from your original number to get a new number. 

Step 4: Add the two digits of this new number together to obtain the final number. 

‘Step 5: Focus on this final number while I read your mind. 


This will take a few seconds... 
‘The final number in your mind is 9. Am I correct? 


(i) Did all your classmates also obtain 9 as their final number? 
(ii) Discuss with your classmates how Cheryl knew all your final numbers. 


You may have tried different examples in the above activity. Can you explain or prove why the final answer would 
always be 9? 
In this chapter, we will learn to solve such problems using algebra. 


Basic algebraic concepts and notations 


A. Using letters to represent specific unknown numbers 


one 


In primary school, we have used symbols to represent a missing number. For example, 


@45=7.  papeererl 
@ represents an unknown and we can solve for it. In standard English, x is called 


a letter, not an alphabet. The 
We can also use a letter to represent the unknown. For example, English alphabet contains 
26 letters from a to z. 


n+5=7, 


Letters, such as n, are used in algebra to represent different kinds of numbers, 
Let us look at an example. There are some sweets in a box and Bernard ate three of them. 


Table 6.1 shows some possible numbers of sweets in the box initially, and the 
corresponding number of sweets left. 


noes 
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100 | 97 
53 | 50 


41 38 ¢ 
Table 6.1 


We see that the remaining number of sweets is 3 less than the initial number in the box, for any possible pair of 
numbers, 


If we do not know the initial number of sweets, we can represent it with x. When 3 sweets are eaten, there will be 
(x - 3) sweets left. 


Here, we use the letter x to represent a specific unknown number. (x — 3) is an example of an algebraic expression. 


If the number of sweets left is y, what would the algebraic expression that represents the initial number of sweets in 
the box be? 


Without further information, we will not be able to find the unknown x. However, if we know that there are 7 sweets 
left, then we can find the unknown x by drawing a model and forming an equation as shown in Fig. 6.1. 


ar 
a 


7 
Fig. 6.1 
x-3=7 
x=7+3 solve by looking at model 

=id ‘We can view algebra as the 

_ study of procedures to solve 
We use letters as specific unknown numbers in algebra when we want to solve problems Raa 1 
like the above. We will learn how to solve algebraic equations in the next chapter. by algebra.) 


B. Using letters to represent generalised numbers 


However, not all letters in algebra represent specific unknown numbers. 

We also use letters as generalised numbers in algebra to express a general law or 
property in arithmetic. 

For example, when we add two numbers in arithmetic, the order of the two numbers 
does not matter, e.g. 4 + 3 = 3 + 4, or (-2) +5=5 + (-2). 


To generalise this property of addition, we use a and b to represent any two numbers 
and we write: ‘The property a+ b=b + ais 


a+b=b+a. called the commutative law of 
addition, 
In this case, a and b are not specific unknown numbers but generalised numbers 
used to represent any numbers. We cannot find the value of a and of b. cared 
‘We can also view algebra as 
generalised arithmetic. | 


P 
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os . Letters as generalised numbers 
1. When we multiply two numbers in arithmetic, e.g. 2 x 3, does the order of the two numbers matter? 
Explain your reasoning. 
(i) Write down this property for 2 x 3. < 
(ii) Write down this property using letters. 
2. When we subtract two numbers in arithmetic, e.g. 5 — 2, does the order of the two numbers matter? 
Explain your reasoning. 
(i) Write down this property for 5 - 2 using the notation for ‘not equal to’: #. 
(ii) Write down this property using letters. 
3. Do the same for the division of two numbers. 


C. Using letters to represent variables 


In primary school, we have learnt that the perimeter of a square is 4 times its length. 
‘This relationship between the two quantities, perimeter P and length |, of a square can 
be represented using letters: 


P=4xl or P=4l. 


In this case, P and / are called variables because as | varies (i.e. changes in value), 

P also varies (unlike specific unknown numbers which have specific values). We can also view algebra as the 
Moreover, if a value of | is given, we can find the value of P, and vice versa. study of relationships between. 

In other words, we use letters as variables in algebra when we want to express a quantities: J 


relationship between two or more quantities. 


Using letters, express the relationship between 

(a) the area A of a square and its length J, 

(b) the area A of a rectangle and its length / and breadth b, 

(c) the perimeter P of a rectangle and its length / and breadth b. 


We will learn more about relationships among quantities in Chapter 7. 
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D. Algebraic notations 


“ 
We have written expressions such as 4 x / and / x / earlier on. Algebraic notations allow us to write them in a shorter wa) 
Table 6.2 shows a summary of some algebraic notations and their meanings. 


3xx or X+X+X Notations ~ 
| ‘There are certain conventions 
to write algebraic notations in 
1 a concise and precise manner 
ern One G to communicate mathematical 
y ideas clearly. For example, 
* we write 3 x x as 3x, "ot x3; 
| + we usually write 1 x x as x, 
XXXXX not lie 
Table 6.2 + we write the letter x 
differently to distinguish 
between the letter x and the 
multiplication sign x (see 
‘Table 6.2). 


xxy 


XXX 


3x 
xy 
3 
x 
x 
a 


Interpreting meanings of algebraic notations 


Discuss and write down the meaning of each of the following notations. 
(a) 2n (b) ab (©) 3 
(d) (e) 4x° () xy 


Let us consider the notation 2n in part (a) of the above Class Discussion. 
We know that 2n = 2 x n =n + n. But is 2n different from 2 + n or n°? 
Let us investigate with the help of a spreadsheet. 


Comparing algebraic notations 


1. Create a spreadsheet as shown. Key in the formulae in the cells B2, C2, D2, E2 and F2 (* means x in the 


spreadsheet). 


Table 6.3 


You should obtain the following results after you have entered the above formulae in the cells. (Do not type the 
values in B2 to F2 directly!) _~ 


® 
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5. 


Table 6.4 


‘The cell B2 shows the number 2 because when n = 1 (in the cell A2), according to the formula 2*A2, 
Qn=2xn=2x1=2. 
Explain how the spreadsheet obtained the numbers in the cells C2 to F2. 


Select the cells B2 to F2. To copy the respective formulae in B2 to F2 down the rows, move the cursor to 
the bottom right corner of the cell F2 until a ‘+’ appears. Then click on the ‘+’ and drag downwards to F6. 
You should obtain the following results for rows 3 and 4. 


Table 6.5 


Copy and complete Table 6.5 for Rows 5 and 6. 


Compare the values in Columns B to F and answer the following questions. For each question, explain your 
answer. 

(i) Is2n=2+n? (ii) Is2+n=n+n? (iii) Is 2n =n + n? 

(iv) Is2n=nx n? (v) Isr=nxn? (vi) Is n? = 2n? 


In cell G1, type 2n’; in cell G2, key in the formula 2*A2”2. 

In cell H1, type (2m); in cell H2, key in the formula (2*A2)*2. 

Copy the formulae in G2 and H2 all the way down until G6 to H6 (see Step 3). 
Copy and complete Table 6.5 for Columns G and H, 


(i) Compare the values in Columns G and H. Is 2n’ = (2n)’? Explain your answer. 
(ii) 2° means 2 x n x n. What does (2n)? mean? 


; 134. marries 


From the Investigation on pages 133 and 134, we obtain the following results which 
are (rue in general for any n. 


E. Algebraic expressions 


. 


In Section 6.1A, we came across the algebraic expressions (x — 3) and (y + 3). 


In general, an algebraic expression is an expression containing letters, numbers and/or 
operations. 
An algebraic expression has no equal sign. 


Let us consider the algebraic expression 2x — y + 7. 


‘There are 3 terms in this algebraic expression. 


1} : 
xand yare variables. This is a constant term. It does not 
contain any variables. 


In the first term 2x, the number 2 is called the coefficient of x. What is the coefficient 
of —y in the second term? 
Can an algebraic expression consist of only one term, e.g. 5x? 


i n= 2 is an exception to these 


results, 
But in general, 2n #2 + n and 
ww’ # 2n for all other values of n. 


S 


I In Section 6.1A, we also came 


across the algebraic equation 
n+5=7. 

An algebraic equation contains 
an algebraic expression on 


either side, or both sides, of the 
equal sign. 
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Expressing mathematical operations and 
simple real-world situations using algebraic expressions 


1. Copy and complete Table 6.6. 


(a) Sum of 2x and 3z 


(b) Product of x and Le - ay (ee | 
(c) Divide 3ab by 2c 
(d) Subtract 6q from 10z 


(e) (p+4q)-4 
(f) 3+y 
5 
(g) vb-2c 
(h) There are three times as many girls as boys ina school. _ It is given that x represents the number of boys. 
Find an expression, in terms of x, for the total number represents the number of girls. 
of students in the school, where x represents the total camber of stadenie = 
|_| number of boys in the school. | 
(i) Nadia’s father is three times as old as her. Nadia’s It is given that y represents Nadia’s age. 
brother is 5 years older than her. Find an expression, in». Nadia’s father is years old. 
Weert 'y, for the sum of their ages, where y represents Nadige brodianie atl 
Nadia’s age. 
Sum of their ages = years 
(j) ‘The is times as long as the It is given that b represents the breadth of the 


rectangle in m. 


of the rectangle. Find an expression, in terms of b, for 3b represents the length of the rectangle in m. 


the perimeter and the area of the rectangle, where b Perimeter of the rectangle = <n 


represents the breadth of the rectangle. Arenci herectangle= a 


Table 6.6 


2. Think of three different algebraic expressions and get your classmate to interpret the 
mathematical relationships in each of them. 


F. Evaluating algebraic expressions 


Let us learn how to evaluate an algebraic expression. 
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Evaluating algebraic expressions € 


pshalave Given that x = 5 and y = -3, evaluate each of the following expressions. 
2y 

(a) 3x-2y ) 30 

*Solution 

(a) 3x-2y=3(5) -2(-3) —— < 
= 15-(-6) (a) 3(5) means 3 x 5, and 2(-3 
=15+6 recall: 5 - (-2)=5+2 means 2 x (-3). 
= Alternatively, you can also 


present your working as 
3x-2y=3x5-2x/(-3). 


reduce to the simplest form 


1. Given that x = —2 and y = 4, evaluate each of the following expressions. 
(@) sy-4x (b) 2-y+3 


2. Find the value of p* + 3q* when p = 4 and q = -2. 


Is 5 +n or 5n greater in value? Explain your answer. 


G. Linear expressions 


A linear expression in one variable x is an algebraic expression that contains only one term in x, with or without a 


constant term. 


+ 2x +7 isa linear expression with one term in x and one constant term — + 7 is a constant 


. 4 x isa linear expression with one term in x and no constant term + 3° - 6x contains a term in x* 


(i.e. constant term is 0) « 5x-7y + 2xy contains a term in xy 


© 2x +3x- g is a linear expression because we can add the two terms in 


x to get one term in x 


« 4x +y - 8 isa linear expression in two variables x and y 
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Linear expressions 


Are the following linear or non-linear expressions? Explain your reasoning. 
@) x-4 (b) -3y (©) 10 (d) sy-y+9 
(e) 4y+y? (f) -2y+3x+7 (g) 6x-2y+3z+7 (h) x-—4y+8xy 


1. In what way(s) is using letters to form an algebraic expression similar to/different from using a symbol such as @? 
2. What new mathematical notations and vocabulary have I learnt in this section? 


Addition and subtraction of linear terms 


In this section, we will learn how to add and subtract linear terms. 


A. Like terms and unlike terms 


Like terms contain the same variable(s) raised to the same power. Terms that are not like terms are called 
unlike terms. 

Let us consider the algebraic expression 2x — 3xy + 7 + x7 + Sx —4 + 2yx. 

It contains 2 variables (x and y) and 7 terms (2x, —3xy, 7, x*, 5x, -4 and 2yx). 


+ 2x and 5x contain the same variable x of the same + 2x and -3xy contain different variables (x and xy) 


POWs + 2xand x* contain the same variable x, but the 
+ 7 and -4 are both constant terms as they do not variables x are of different powers 

contain any variable 
+ ~3xy and 2yx contain the same variables because 

x= yx 


oN Like and unlike terms 

Are the following pairs of terms like or unlike terms? Explain your reasoning. 
(a) 4yand-y (b) -3and8 (c) Sxy and 5x 

(d) 7xy and ~2yx (e) 3yand y* (f) -6x? and 4x? 
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B. Addition and subtraction involving like terms with positive coefficie| ts G 


In Chapter 4, we used number discs representing 1 (i.e. +1) and —1 as shown in Fig, 6.2(a). In this chapter, we will 
introduce discs representing x (i.e. +x) and —x as shown in Fig. 6.2(b). 


Together, we call them ‘algebra discs’. . 
(a) (b) 
Fig, 6.2 
In Question 1(h) of the Class Discussion on page 136, the algebraic expression x + 3x can be simplified to 4x. Like 
terms such as x and 3x can be added and/or subtracted. We will now use algebra discs to illustrate this. 
To illustrate 2x + 3x = 5x, we put two @ discs as shown in Fig, 6.3(a) to represent 2x. 
To add the term 3x, we add three more@ discs as shown in Fig. 6.3(b). 


Add 3 more 
x discs 


3. 2x + 3x = 5x 
To illustrate 4x — x = 3x, we put four® discs as shown in Fig. 6.4(a) to represent 4x. 
To subtract x, we take away one @ disc as shown in Fig. 6.4(b). 


(b) (c) 
Fig. 6.4 
2 4x-x=3x 
What do we get when we add or subtract unlike terms? For example, what is 2x + 3y + 1 equal to? 
As you can see in Fig. 6.5, 2x + 3y + 1 is still 2x + 3y + 1, Le. the expression cannot be further simplified because 


2x, 3y and 1 are unlike terms. 
@@ee 
@@ 
@ 


Fig. 6.5 


- r 
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C. Addition and subtraction involving like terms with negative coefficients” 


How do we perform the following operations: (-2x) + (—3x), 5x + (2x), 2x — 5x and 5x — (-2x)? 


Let us investigate using algebra discs. 
What is (—2x) + (-3x) equal to? 
To represent the term —2x, we put two =X discs as shown in Fig. 6.6(a). 


To add the term —3x, we add three more =¥ discs as shown in Fig. 6.6(b). 


Add 3 more 
(=x) discs 
x x x 
> 

x x x 

x 
-2x (-2x) + (-3x) 
(a) (b) 

Fig. 6.6 


ws (-2x) + (-3x) = -5x 
In other words, for (—2x) + (—3x), we add the coefficients of the two terms (i.e. -2 and —3) to get —5, which will be 
the coefficient of x in the sum —5x. 


1. Work with algebra discs to find the result of 5x + (-2x). 
Recall: 5 + (-2) =5-2=3. 
What do you observe about the results for 5x + (-2x) and 5 + (-2)? 


2. Work with algebra discs to find the result of 2x - 5x. 
Recall: 2 - 5 = - 
What do you observe about the results for 2x - 5x and 2 - 5? 
3. Work with algebra discs to find the result of -5x - 2x. 
Recall: -5 - 2 = -7. 
What do you observe about the results for -5x - 2x and -5 - 2? 
4. Work with algebra discs to find the result of 5x - (-2x). 
Recall: 5 - (-2) =5+2=7. 
What do you observe about the results for 5x — (-2x) and 5 — (-2)? 


Addition and subtraction of like terms 


| (-2x) + (—3x) can be written 


as -2x + (~3x). The first pair of 
brackets is not necessary, but the 
second pair is necessary. wr | 
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From the Investigation on page 140, we observe this: 


Adding and subtracting algebraic terms 


aha Without using a calculator, simplify the following. 
(a) 4x + (-7x) (b) -9x + 8x (c) -3y-4y (d) -6y - (-2y) 
“Solution 
(a) 4x + (-7x) = 4x - 7x 
=-3x 
(b) -9x + 8x = 8x - 9x recall: -2x + 5x = 5x - 2x 
=-x : 2x - 5x=-3x 


(c) -3y-4y=-7y 

(d) -6y - (-2y) = -6y + 2y 
= 2dy-6y 
=-4y 


Without using a calculator, simplify the following. 


nilar a (a) 3x + (-7x) (b) 19x + (-33x) (c) -6x + 2x (d) -35x + 12x 
amma t> (e) -9y- lly () -39y- 12y (g) -82-(-3z) (hb) -17z - (-35z) 
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D. Addition and subtraction of algebraic terms involving two variables a | 


How do we add or subtract linear terms involving two variables, e.g. 3x + 2y — x + (-4y)? 
We can simplify this to: 
3x + 2y — x + (—4y) = 3x + 2y + (-x) + (-4y) recall: 5x - 2x = 5x + (-2x) 
Now we can represent the above expression using algebra discs as shown in Fig. 6.7(a). 
To simplify a linear expression involving two variables, we group the like terms together first, as shown in Fig. 6.7(b). 


@ee 9 @s @% 


¥ 


So rearrange @ @ oS 
3 ® e 
@ y 


3x + 2y + (=x) + (-4y) 3x + (-x) + 2y + (-4y) = 3x-x + 2y + (-4y) 


In other words, 3x + 2y 


Therefore, we can shift -x in the third term to the second term. 


Worked 
Example 


(a) (b) 


Fig. 6.7 
+ 2y + (—4y). 


(-4y) = 3: 


rearrange 


Adding and subtracting algebraic terms in 2 variables 
Without using a calculator, simplify the expression —5x + (—6y) — 3x — (-4y). 


“Solution 

—5x + (-6y) - 3x - (-4y) 

= -5x - 3x + (-6y) - (—4y) group like terms 
recall: -5x — 2x =-7x & 5x-(-2x) = 5x+ 2x 
recall: -2x + 5x = Sx - 2x 
recall: 2x ~ 5x = -3x 


Without using a calculator, simplify the following. 
(a) -4x + (-7y) — 2x - (-3y) (b) -8y + (—3x) - (-2y) + (-4x) 
(c) 9x + (-2z) + 7 - (-5z) + (-x) -4 (d) 6a -(-8) -3b+a+(-7b) +5 


1, How do I identify like terms and unlike terms? 
2. What do I already know about the addition and subtraction of real numbers that could help me learn the 


addition and subtraction of algebraic terms? 


nope 
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Exercise 


Write down an algebraic expression for each of the @ Write down an algebraic expression for each of the 


following statements. 

(a) Add 5y to the product of a and b. 

(b) Subtract 3 from the cube of f. 

(c) Multiply k by 6q. 

(d) Divide 2w by 3xy. 

(e) Subtract 4 times the positive square root of z 
from thrice of x. 

(f) Twice the variable p divided by the product of 
Sand q. 


Given that x = 6 and y = -4, evaluate each of the 
following expressions. 


(a) 4x-7y (bs) 24x 


3y 


() 2x-y (d) Ld 


Given that a = 3, b = -5 and c = 6, evaluate each of 
the following expressions. 


(a) a(3c—b) (b) ab?-ac 
bic b+ce ate 

OTe Oats 

Simplify the following. 

(a) 5x +(-8x) (b) -12x+7x 

(c) 13x +(-19x) (d) -28x + 6x 

(e) -4y-9y (f) -16y-3y 


(g) -7z-(-2z) (h) -11z-(-24z) 


® Simplify each of the following expressions. 


(a) 5x+22-6x-23 

(b) x+3y+6x+4y 

(c)  6xy + 13x - 2yx - 5x 

(d) 6x-20y +7z-8x + 25y- 1lz 


6 Find the sum of each of the following pairs of 


expressions, 

(a) 2x+4yand -5y 

(b) -b-4aand 7b - 6a 

(c) 6d -4cand -7c + 6d 

(d) 3pq - 6hk and -3qp + 14kh 


following statements. 

(a) Subtract the cube root of the product of h and 
3k from the square of the sum of p and q. 

(b) The total value of x 20-cent coins and 
y 5-dollar notes in cents. 


Given that a = 3, b = -4 and c = -2, evaluate each of 
the following expressions. 
(a) 3a-b | 3a-c 


(b) 2c-a_S5a+4e 


2c c-b 3c+b c—a 
atb+2c 5c b-c be , ac 
© 3c—a—b 4b (a) era a’b ) 


Simplify each of the following. 


(a) 137x + (-24x) (b) 76x + (-183x) 


(c) -73x + 26x (d) -95x + 113x 
(e) -84y-23y (f) -714y-716y 
(g) -59z- (-48z) (h) -34z -(-191z) 


10. Simplify each of the following expressions. 


LL @ 


(a) 15a +(-7b) + (-18a) + 4b 

(b) -3h + (-5k) - (-10k) - 7h 

(c) 9p -(-2q) - 8p - (-12q) 

(d) -7x-(-15y) - (-2x) + (-6y) 

(e) 29x + (-13) - 7x - (-18y) + (-20) - 15y 
(f) -6y - 14 - (-8yz) - 6z + 23 + 9y - 8z + 2zy 


Simplify the expression 

3p + (-q) - 7r - (-8p) - q+ 2r. 

(ii) Find the value of the expression when p = 2, 
if 

q= “ay and r= -5. 


oo Raju is 12m years old. His son was born when he 


was 9m years old. 
(i) Find Raju’s age 5 years later. 
(ii) Find the sum of their ages in 5 years’ time. 


1B Li Ting bought 8 books at $w each and 7 pens at 


$m each. She had $(3w + 5m) left. Find the amount 
of money she had at first. > 


ry 
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Exercise 


i ® Ata famous pizza shop, for every two people who order cheese pizza, 
pizza. 

(a) Ifa people order cheese pizza, how many people order chicken pizza? 
(b) If people order chicken pizza, how many people order cheese pizza? 

(c) If there are a total of c people in the shop, how many of them order cheese pizza? 


there are five people who order chicken 


Expansion and factorisation of linear expressions 


In this section, we will learn what expressions such as 2(x + y), —(x + y) and -3(x — y) mean. 


A. Expansion of linear expressions 
————_—_——— LV * + 


What does 2(x + y) mean? 
Applying what we know about whole numbers, the product 2 x 3 means 2 groups of 3, and it can be represented by 


number discs as shown in Fig. 6.8, i.e. 2 x 3 = 6. 


2x3=6 


Fig, 6.8 
‘Thus, 2(x + y) represents 2 x (x + y), just like how the notation 2x means 2 x x. 
So 2(x + y) means 2 groups of (x + y), and it can be represented by algebra discs as shown in Fig. 6.9, 


ie. 2(x + y) = 2x + 2y. 
HH I Fig. 6.9 shows that 


2x + y)# 2x + y, ie. we have to 


multiply every term within the 
2(x+y) 2x + 2y Lis 
Fig. 6.9 
What we have just done is to expand 2(x + y) to become 2x + 2y. a, 
Expansion is the process of expressing an algebraic expression as the swim and/or ee gate saree 
difference of two or more terms. The process of expansion is different from 2 and x can be called factors of 
simplification because it is debatable which of the two expressions, 2(x + y) or 2: Similarly, 2 andl (oy) are 
factors of 2(x + y). 


2x + 2y, is simpler. 
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What does —(x + y) mean? 
‘To recap what we have learnt in Chapter 2, the negative of 1 can be obtained by flipping the@ disc to obtain a: 


fli 
<e] —“-+ 
Negative of 1 -(1)=-1 


Fig. 6.10 


Similarly, the negative of (-1), i.e. -(—1), can be obtained by flipping the a disc to obtain@: 


<e] “+ e 
Negative of -1 -(-1)=1 
Fig. 6.11 
‘Thus, —(x + y) means the negative of (x + y), and it can be represented by algebra discs as shown in Fig. 6.12, i.e. 
—(x+y)=-x+(-y)=-x-y. 


flij 
</@ @| iS |= | —_ 


(x+y) ® -x + y, Le. we have to 
-(x + y) -x + (-y)=-x-y multiply every term within the 
Fig. 6.12 brackets by -1. 


What does —2(x + y) mean? 


—2(x + y) means the negative of ‘2 groups of (x + y); and it can be represented by algebra discs as shown in Fig. 6.13, 
ie. —2(x + y) = -2x + (-2y) = -2x — 2y. 


O@ % > ee > ® | Fig. 6.13 shows that 
ee xy x -2(x + y)# -2x+ y, ue, we have 


to multiply every term withi 
-2(x + y) = -[2(x+y)] -2x + (-2y) = -2x -2y the brackets by -2. 


Fig, 6.13 


Expansion of linear expressions 


Work out the answers to each of the following, using algebra discs as shown above. Write down the final answer for 
each part. 

(a) 3(x«+y) (b) 3(x-y) () -(«-y) (d) -3(x- y) 

(e) 3(-x + 2y) (f) -3(-x+ 2y) (g) 3(-x-2) (h) -3(-x-2) 

Hint: For part (b), 3(x — y) = 3[x + (—y)]. Why? 
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From the Investigation on page 145, we observe the following: 
Equivalence (4 


‘Two expressions are equivalent 
if the value of both expressions 
is the same for any value we 
substitute into the variables, e.g. 


a(b + ¢) = ab +ac for any values 
of a, band c. Writing a(b + c) in < 
This is called the Distributive Law because the first factor a is distributed, or its equivalent form ab + ac can 
multiplied separately, to each of the two terms, b and c, in the second factor (b + c). ee ae sare epee 
= such as those in Worked 
In particular, Example 5. | 


‘The Distributive Law can be visualised using the rectangle PQRS (see Fig 6.14). 


Pp b iy 3 Q 

a 

s U R 
Fig, 6.14 


Since area of rectangle PQRS = area of rectangle PTUS + area of rectangle TQRU, 
then a(b +c) = ab if ac, 
which is the Distributive Law. 


Expanding expressions using Distributive Law 


bare Expand each of the following expressions. 
6 (a) 6(x-2) (b) -3(4x -y) (0) 7-a(-5x+2) 
4 "Solution 


(a) 6(x-2)=6x-12 
4 4 


(b) -3(4x - y) = -12x + 3y 3 x (-y) = +3 (b) We usually leave our answer 
A n3y-12x rearrange order of term: as 3y ~ 12x, which looks 
simpler than -12x + 3y. 
(c) 7 -a(-Sx + z)=7 + 5ax — az 
oS ie, 


Expand each of the following expressions. 


Similar and (a) 2(x-7) (b) -5(3x - 4y) 
Further Questions (co) 8-a(-x +2z) (d) 6-b(-3y-2) 


Exercise 6B 
Questions 1(a)-(h), 2 


p 
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ip 
Expanding and simplifying expressions A 
won Expand and simplify each of the following expressions. é 
poe (a) -3(x+2y) -4x-y) (b) 5y-2[32- 20 + 32)] 
5 *Solution G 


(a) -3(x + 2y) - 4(x-y) 
Le 


= -3x — 6y—4x+4y Distributive Law 
= -3x - 4x + dy - 6y group like terms 
=-7x-2y recall: -5x - 2x 


(b) 5y - 2[3z- 2(y + 32)] 
a 


(b) Simplify the expression in 
= 5y - 2(3z - 2y - 6z) Distributive Law for brackets first. 
innermost brackets 
= 5y - 2(3z - 6z - 2y) group like terms 
recall: 2x ~ 5x = -3x 
= 5y+6z+4y Distributive Law 
= Sy + dy + 6z group like terms 


= Oy + 6z 


Expand and simplify each of the following expressions. 
(a) 6(4x + y) + 2(x- y) 

(b) x-[y-32x-y)] 

(c)_ 7x —2[3(x - 2) - 2(x-5)] 


B. Factorisation of linear expressions 
TT? 


In Section 6.3A, we have learnt how to expand linear expressions, e.g, 2(x + y) = 2x + 2y. 

Now, let us learn how to carry out the reverse process, e.g. 2x + 2y = 2(x + y). 

This process is called factorisation because we factorise 2x + 2y into its two factors, 2 and (x + y), to become 2(x+y). 
Fig. 6.15 illustrates the processes of expansion and factorisation as the reverse of each other. 


expand 
— a 
‘This diagram helps to depict the 


2(x + y) 2x +2y reverse process of expansion 
and factorisation. 
factorise 
Fig. 6.15 
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Extracting positive common factors 
To factorise 2x + 2y, we need to identify common factor(s) of the two terms 2x and 2y. In this case, the common. (- 
factor is 2. Then we extract the common factor 2 from both terms, 2x and 2y, to obtain 2(x + y). 

Sometimes, there is more than one common factor, e.g. in 6xy — 9x, the common factors are 3 (which is the HCF of 

6 and 9) and x. We extract 3x from both terms, 6xy and 9x, to obtain 3x(2y — 3). 

The factorisation is incomplete if we only extract one common factor, e.g. 3(2xy - 3x). 


Factorisation by extracting positive common factors 


bets Factorise each of the following expressions completely. 
bh (a) 8x+12 (b) -24az + 4ay (c) -20b + 15by - 10bz 
6 *Solution 


(a) 8x+12=4(2x +3) HCF of 8 and 12=4 


(b) -24az + day =4ay-24az rearrange order of terms 
= 4a(y - 6z) common factors are 4 and a 


(c) -20b + 15by - 10bz 
= 15by — 20b - 10bz re t of terms (©) You can also leave your 
common factors are 5 and b 


= 5b(3y - 4 - 22) answer as 5b(3y ~ 2z - 4). 


Factorise each of the following expressions completely. 


Similar and (a) 10x +25 (b) 18- 12x 


Fuster Gust ns (c) 2la- day (d) 33ax + 27a + 3ay 
xercise 


(e) 18x - 54xy + 36xz (f) -10x + 30xy - 50xz 


Extracting negative common factors 
In Section 6.3A, we learnt how to expand ~(x + y) to get -x - y. 
Now, we are going to do the reverse by factorising -x ~ y to get -(x + y). 


Observe that when we extract the negative sign, i.e. factor out the common factor -1, we have to change the sign 
inside the brackets as shown above. 

However, for —x + y, there is no need to extract the negative sign because we can write it as y — x (see Worked 
Example 6(b)). 
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Factorisation by extracting negative common factors 
Factorise each of the following expressions completely. (4 
(a) -6x-15 (b) -6a - 24az - 4ay 


ip. 


factor out -3 < 
(a) -6x — 15 = -3(2x + 5) ICF of 6 and 15 = 3, so -3 is a common factor 


change sign 
factor out -2a 
a 
(b) “6a - 24az - 4a 2a(3+12z+2y) HOF of 6, 24 and 4=2 
change sign 


Factorise each of the following expressions completely. 
(a) -5h-25 (b) -14ay-2la 
(c) -9z-24bz - 15cz (d) -4- 16x - 20xy 


Introduct ry 
Problem 


Revisited 


Now that we know how to add, subtract, expand, factorise and simplify linear expressions, we will be able to solve 
the Introductory Problem. 


How can we represent a two-digit positive integer using letters? 
Let the tens digit be x and the ones digit be y. 
‘Then the number is 10x + y, where x and y are integers such that 1 <x <9 and0<y <9. 


For example, if the number is 37, then x = 3 and y=7, = 

s0 10x +y=10x3+7=30+7=37. We cannot write the number 
Notice that 10x = 10 x 3 = 30 because x = 3 is in the tens place. as xy because xy means x x y. 
Why is it that x cannot be equal to 0 but y can be 0? For example, ifthe number is 


37, then x = 3 and y= 7, but 
xy = 37 =21 is not the correct 
Now, let us revisit the game. number. 


Step l: Think of a two-digit positive integer that is greater than 20. 
(a) Let the tens digit of the two-digit positive integer that is greater than 20 be x and the ones digit be y. 
What values can x and y take? 
(b) Write down an expression for the two-digit number in terms of x and y. > 


r 
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Step 2: Add the two digits together. 


(c) Write down an expression for the sum of the two digits. 


Step +: Subtract the sum of the two digits from your original number to get a new number. 
(d) Write down an expression for this new number. What properties can you observe about this expression? 


‘Step 4: Add the two digits of this new number together to obtain the final number. 
(e) We will not use letters to represent this final number. Instead, based on the properties that you have observed 
in part (d), what can you say about the value of this final number? Why? 


Do you see the power of algebra in solving problems like this? 


1, Do I understand why the expansion of a(b + c) = ab + ac and not ab + c? 
2. What do I understand about the relationship between the expansion and factorisation of algebraic expressions? 
3. How can I check if I have expanded or factorised an algebraic expression correctly? 


Exercise 33] 


Expand each of the following expressions. 


(a) -(x+5) (b) -(4-x) 
(0) 2Gy+7) (d) 8(2y-5) 
(e) -8(3a- 4b) (f) 2a(x-y) 


(g) 5 - b(-6w + 2x) (h) 13+ 3c(-y - 3z) 


Ken is x years old. Ken's uncle is now four 
times as old as Ken will be in 5 years. Find the 
age of Ken's uncle now. 


Expand and simplify each of the following 
expressions. 

(a) 5(a + 2b) - 3b 

(b) 7(p + 10q) + 2(6p + 74) 

(c) a+3b-(5a- 4b) 

(d) x+3(2x-3y+z)+7z 


A pear costs x cents. An orange costs y cents less 
than a pear. Find the cost of 4 pears and half a 
dozen oranges. 


® Factorise each of the following expressions 


completely. 

(a) 12x+9 (b) 27b- 36by 

(c) -16pq + 6pr (d) 8ax + 12a -4az 

(e) -6h+30hk-24hn (f) -4mx - 6my + 18mz 


Factorise each of the following expressions 
completely. 

(a) -25y-35 (b) -64ax - l6ay 
(c) -8lw-9wx-18wy (d) -24x - 36 - 12xz 


Subtract 

(a) -6x - 3 from 2x - 5, 

(b) 6x -y + 5z from 10x - 2y +z, 

(c) 8p +9q-5rs from -4p ~ 4q + 15sr, 

(d) 8a-3b + 5c-4d from 10a - b - 4c - 8d. 


OXFOR 
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Exercise 68 | 


@ Expand and simplify each of the following ® Subtract 


expressions. (a) 14x - 12x - 6 from the sum of 2x2 - 3x+11 
(a) 4u-3(2u-5y) and 7x? - 3x - 4, 

(b) -2a -3(a-b) (b) 2x’ + 7x? - 4x - 13 from the sum of 

(c) 7m - 2n - 2(3n - 2m) 17x - 12x + ll and x° +5, 


(4) 5(2x +4) ~3(-6 - x) (c)_ the sum of w* - 10w +25 and 3w?-7wfrom 
(€) -4(a- 3b) - 5(a - 3b) 


the product of 4 and 2 - 5, 


(f) 5(3p - 2g) - 2(3p + 2g) (d) the product of 3 and 6w® - 7w +1 from the 
(g)_ x + y-2(3x-4y+3) product of -2 and -3 - 7w. 
(h) 3(p- 2q) - 4(2p - 3q - 5) 
(i) 9(2a + 4b - 7c) - 4(b - c) - 7(-c - 4b) @ Factorise each of the following expressions | 
G) -4[5(2x + 3y) - 4(x + 2y)] completely. 
(a) 5x + 10x(b +c) 
© Expand and simplify each of the following (b) 3xy- 6x(y- 2) | 
expressions. (©) 2x(7 + y) - 14x(y + 2) 
(a) -2{3a-4[a-(2+a)]} (a) 396? - 13ab 
(b) 5{3c-[d -2(c + d)}} (e) -3a(2 + b) - 18a(b + 1) 


(f) (-4xy - l6xy)[a(3y + 2) - 2a(y- 1)] 


Linear expressions with fractional coefficients 


In previous sections, we have only encountered linear expressions with integer coefficients. In this section, we will 
work with fractional coefficients. 


Eid 1 
What is the difference between £ and fn ? Are they equal? How about ont and 3(nt) ? Are they equal? 


» 
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Comparing algebraic notations 


1. You can use the same spreadsheet (see Table 6.3) in Section 6.1D Investigation on page 133. 
‘Type the expressions, as shown in Table 6.7, in the cells I1, J1, K1 and L1, and key in the formulae in the cells 12, 
J2, K2 and L2 (/ and * mean + and x in the spreadsheet respectively). 


nl2 (1/2)n (n+1)/3 (1/3)(n+1) 


=A2/2 =(1/2)*A2 =(A2+1)/3 =(1/3)*(A2+1) 


wl plwirole |= 


Table 6.7 
You should obtain the following results after you have entered the above formulae in the cells. (Do not type the 


values in 12 to L2 directly!) 
it n n/2 (1/2)n (n+1)/3 (1/3)(n+1) 
2 1 0.5 | 05 | 0.666666667 | 0.666666667 
3 2 | | | 
4 3 | | | 
[5 F 4 | | 
6 5 | | | 


Table 6.8 


2. The cell 12 shows the number 0.5 because when n = 1 (in the cell A2), according to the formula A2/2, 


Bo an/2=n22=1+2=05. 


Explain how the spreadsheet obtained the numbers in the cells J2 to L2. 


3. Select the cells 12 to L2. To copy the respective formulae in 12 to L2 down the rows, move the cursor to 
the bottom right corner of the cell L2 until a ‘+’ appears. Then click on the ‘+’ and drag downwards to L6. 
You should obtain the following results for rows 3 and 4. 


1 n a | n/2 (1/2)n (n+1)/3 (1/3)(n+1) 
2 1 0.5 0.5 0.666666667 | 0.666666667 
[3 2 1 1 1 | 1 
4 3 a | 15 15 1,333333333__ | 1.333333333 
5 4 
6 | 5 


Table 6.9 
Copy and complete Table 6.9 for Rows 5 and 6. 
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4. Compare the values in Columns I to L and answer the following questions. 
te | 
i 2 x in? Why? 
(i) Is 2 gn? Why? 
(ii) Is a! = 4(n+1)? Why? 


From the above Investigation, we obtain the following results which are true in general for any n. 


Dividing an expression by a number m is equivalent to multiplying the same expression by the reciprocal of the 
number, i.e. multiplying by 4 

We have learnt in Section 6.1G that a linear expression in one variable x is an algebraic expression that contains 
only one term in x, with or without a constant term. 


Given examples include -4s, which has a fractional coefficient, 4 7 


Other examples of linear expressions with fractional coefficients are: 4 x - 6, 2x42 and txt3y, 
P ? 2 ga aay 
det) and wh are also linear expressions with fractional coefficients, because a = H(x41) = $x + i. 


To simplify linear expressions with fractional coefficients, we group like terms together and convert the fractional 
coefficients to equivalent fractions with the same denominator. Worked Example 8 illustrates this. 


Simplifying linear expressions with fractional coefficients 


bie Simplify each of the following expressions. 
1 1 1 ll 2 
8 (a) 3x-gY-gttay (b) 5[2x-5(x-6y)] 

“Solution 

fa) teAy dy gl 
ZO) ig ge 
= da-de-gyetty group like terms 
aS tal yy 3 vert to equivalent fract 4 ond 
ar ane 97 97 conver equiva fractions: > = ¢ and 5 
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(b) 2[2x-5(x-6y)] , G 


= 3 (2x-5x+30y) Distributive Law for innermost brackets 

= 3(-3x+30y) recall; 2x - 5x = -3x 

= 2x(-ax)+ ay Distributive Law ¢ 
=-2x + 20y 

= 20y - 2x 


Practise Now 8 Simplify each of the following expressions. 
Similar and 1 ee S| | a =. 
(@) 5xt+qy-59-3* (b) 5[-y-3(16x 3y)] 


Further Questions 

Exercise 6C 

Questions 1{a)-(d), 
2(a)-(d), 
4(a), (b) 


Simplifying more complicated linear expressions with fractional 


Worked 


E ; coefficients 
xam| 
=a ae Express each of the following as a fraction in its simplest form. 


(@) dx4 25 2 o) 2 3_2(3x-2) 


Tx. 3(28—5) 
2, 305-5) convert to equivalent fractions 


= Pet 30—6 combine into single fraction Paulbeeeroay ore 
removing the brackets. 
=o. Distributive Law 


21 
me I 
= ‘You can leave your answer for 


(a) as BSI or J (13-1 


Similarly for (b) as well. 


_ 5(2x-5) _3(3x—2) 
“Sp 5 
_ 5(2x-5)—3(3x—2) 
= 15 
10x—25-9x +6 
15 
10x-9x-25+6 


“iE group like terms 


convert to equivalent fractions 
combine into single fraction 


Distributive Law 
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form. 


1, Express each of the following as a fraction in its simplest , ' € 


2. Express each of the following as a fraction in its simplest 


form. < 


x-1,1.1 a-4) 2e=5 
(a) tg gl2x-3) (b) 2x+ =F 


Work in pairs. 
Five pairs of equivalent expressions can be found in Table 6,10, An example of a pair of equivalent expressions is 
3x - 12 and 3(x - 4). Match and justify each pair of equivalent expressions. 


A ‘3B ic D E 
l-x -23x+75 ay -7y) 3(x-2y)-23x-y) | ¥23_2x-5 
6 ae aw a Z 2 3 
F G H I J 
-3x-4y Mz#9) — =e 29x - 3y 7y(a -7) 
K ih M N ° 
Tay - 49y -25x - 9y 2x-3[5x-y-2(7x-y)] Be ~3x - 8y 
Table 6.10 


1. What do I already know about the addition and subtraction of fractions that could help me simplify linear 
algebraic expressions with fractional coefficients? 

2. How can I check if an algebraic expression has been simplified correctly? 

3. What have I learnt in this section or chapter that I am still unclear of? 
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Exercise 


@ Simplify each of the following expressions. 


uM 1 1 1 
(0) g*457-6* 10” 


5. Express each of the following as a fraction in its 


simplest form. 
(x43), 5(2x—5) 


a 
(b) 2a—4b+2a-2b Z 2 
oe 2 o) 3x=4_3=1) 
© be43d-Ze-Sd 5 2 
(2z-3) 


(o) 3-2) A 


(d) 2f-3h+ +3n-4p-Bivgn 
2(p-4q)_3(2p +4) 
2 


(d) 


@ Simplify each of the following expressions. 3 
(a) 5a+4b—3c- ~(20-30+5 ¢ (e) _Xe2) 
I = 2 3x-4 
(b) 5[2x+2(x-3)] (f) 2(x+3)-$+ : 
2 = 
(c) =[12p-(5+2 atl _at3_5a-2 
) 5 [12p-(5+20)] () ts oe 
1 
(d) =[8x+10-6(1-4 ZHI x43 Sxo1 
(d) al x (1-4x)] ) +S - 
Express each of the following as a fraction in its (i) 2(a-b) _2a+3b arb 
simplest form. ah 1 2 
2 ail Gj) —="t+2 2(3x+4)+1 
(a) 5x45 (b) 3-44 3 
() 7h Uns) (d) 3x _N (p42) 6.) Express each of the following as a fraction in its 
ESR e aie . simplest form. 
ae a 5 = = 2 (a) 5(p-4)_2q~p_2(p+a) 
2 14 7 
Te 7 x 4p-5q 
@ 4-2) (a) 3(3p-24)--"G _2a+b [3(a-3b)_4(a+2b) 
2 SA yam pecan 
e Simplify each of the following expressions. a 3( fh) 7(h+k) 5(k—f) 
(a) y-3(0x-3y) sat a 
~y_3(y+4z) | 5 
(b) —4{6(p+a)-3[ p-2(p-39)]} (d) a ee (x+3z) 
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In this chapter, we embark on the exciting journey of learning algebra. First, we see algebra as a means to express 
relationships between quantities. Algebra is a form of generalised arithmetic that uses notations to help us work 
with abstract ideas about numbers. For example, by writing a + b = b + a, we can express the idea that changing 
the order in which two numbers are added will not change the sum. The language of algebra is highly applicable in 
mathematics and provides us with the tools to model real-world situations. Algebraic manipulations are based on 
the idea of equivalence, where the values of variables remain the same even as an expression is changed. 


In algebra, letters are used to represent different kinds of numbers, such as specific unknown numbers, 
generalised numbers and variables. Examples of algebraic notations: 
Qn=2xn=n+n (2ne#2+n) 


w=nxn (n? = 2n) 
(2n)? = 4n* ((2n)? = 2n*) 
ne 
2 2 
ntl 
saans) 


+ Give two other examples of algebraic notations and explain what they mean. 


A linear expression in one variable x is an algebraic expression that contains only one term in x, with or 
without a constant term. 

An example of a linear expression in x is 2x + 7; it consists of two ferms, 2x and 7, where the coefficient of x is 2 
and the constant term is 7. 

Another example of a linear expression in x is 4 x: it has a fractional coefficient 4 and no constant term 
(or the constant term is 0), 

Examples of linear expressions in two variables x and y are 4x + y— 8 and dx+3 y- 

« Give another example of a linear expression in x with integer coefficients. 

+ Give another example of a linear expression in x with fractional coefficients. 

+ Give two other examples of linear expressions in two variables x and y. 


Evaluating an algebraic expression is the process of finding the value of the expression when its variables are 
given certain values. 


> 
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. Addition and subtraction of like terms J 


To add or subtract like terms, we add or subtract their coefficients, which will be the coefficient of the answer. 
The variable remains the same. The observations are the same as those for the addition and subtraction of real 


numbers. < 


E.g. (-2) + (-3) =-5; likewise, (-2x) + (-3x) = -5x. 
E.g.5+(-2)=5-2=3; likewise, 5x + (-2x) = 5x - 2x = 3x; 
and -2+5=5-2=3; and -2x + 5x = 5x - 2x = 3x. 
E.g.2-5=-3; likewise, 2x - 5x = -3x. 

Eg. -5-2=-7; likewise, -5x - 2x = -7x. 

Eg. 5 - (-2)=5+2=7; likewise, 5x — (-2x) = 5x + 2x =7x. 


We cannot further simplify the addition or subtraction of unlike terms. 


Factorisation is the process of expressing an algebraic expression as the product of two or more factors. 
It is the reverse of expansion. 
expand 


, 


2(x+y) 2x +2y 


), 


factorise 


. The Distributive Law 


a(b+c)=ab+ac 


. Negative of (x + y) and negative of (x — y) 
-(xt+y)=-x-y and -(x-y)=-x+y 


. Extracting negative common factor 


factor out -1 
a 


Linear Equations 


Method of calculating a quantity, 
multiplied by rs added 4 it has come to 10, 
What is the quantity that says it? 


Then you calculate the difference of this 
10 to this 6. 
en 6 vesults. 


Then you divide | by IC. Then ; vesults. 

Then you calculate iB of this 6. Then 4 
3 

vesuits. 


Behold, it is 4, the quantity that said it. 
What has been found by you is covvect. 


* 


Learning Outcomes 


What will we learn in this chapter? 


CHAPTER E 


In this chapter, we are going to 
continue learning the basics of 
algebra. Specifically, we will learn 
to solve linear equations, Before 
the invention of symbolic algebra, 
people used algorithms to find the 
unknowns of algebraic equations. 
For example, the ancient Egyptians 
were able to solve questions involving 
a single variable. On the left is an 
example of such a problem that has 
been translated into English. 

Can you tell what the person was 
trying to do? 

In this chapter, we will further 
explore the power of algebraic 
notations in solving equations. 


+ What linear equations and mathematical formulae are 


+ How to solve linear equations with integer or fractional coefficients, 


and fractional equations that can be converted into linear equations with 


integer coefficients 


+ How to evaluate an unknown ina 


formula 


+ Why linear equations have useful applications in real-world contexts 


(et > 


Ken has some sweets to share with his cousins. 

If he gives them 6 sweets each, he would have 5 sweets left. 

If he gives them 7 sweets each, he would be short of 4 sweets. 

How many cousins does Ken have? 

Can you solve this problem by drawing models or by using some form of reasoning? 


rar | 


It is not easy to use models or reasoning to solve the Introductory Problem. 
In this chapter, we will learn how to use algebra to solve such problems. 


Linear equations 


A. Concept of equation 


oor 
In Chapter 6, we learnt about algebraic expressions. 


For example, if your friend has x cupcakes and you have 2 more cupcakes than your friend, we can write an 
algebraic expression to represent the number of cupcakes you have, ie. x + 2. 
If we also know that you have 5 cupcakes, we will be able to write an algebraic equation, 


x+2=5 


The value on the left-hand side (LHS) of the equation is equal fo the 
value on the right-hand side (RHS). 


‘There is a particular value of x for which LHS = RHS. In this case, it is 
x=3 
‘This is the solution of the equation. 
Now if x = 4, LHS =x + 2=4 +2 =6, and LHS  RHS. 
Thus, x = 3 satisfies the equation, but x = 4 does not. 


Notice that the equation x + 2 = 5 involves only the linear expression x + 2. Such an algebraic equation, with only 
linear expressions on either side of the equation is called a linear equation, 
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Expressions and equations 


Some expressions and equations are shown below. Identify which are expressions and which are equations. 
Then explain the difference between an expression and an equation, 

(a) x+2 (b) x+2=5 (c) 6(y-1) (d) 6(y-1)=0 (~ 
(e) Sx+4=2x-8 () x-2=0 (g) 3x+y=-7 (h) 9fx-xy =3 


Which of the above equations are linear equations? Explain. 


linear equations are in one variable, e.g. x + 2 = 5, while others are in two variables, e.g. 3x + y = -7. In this 


chapter, we will only learn how to solve linear equations in one variable. 


B. Solving linear equations 


. 


‘The ‘=’ sign in an equation means that the expression on the LHS of the equation must have the same value as the 
expression on the RHS of the equation. We will explore this concept further using the idea of a balancing scale (or 
“balance” for short). 


In Fig. 7.1, the the number on the left pan is equal to the number on the right pan, i.e. 2 + 3 = 5. The balancing scale 
is balanced. 


Fig. 7.1 


If we add 1 to the numbers on the left pan, then the balance will be tilted because the numbers on the left and right 
pans are not equal, i.e. 2 + 3 + 1 #5 (see Fig. 7.2(a)). 


To maintain the balance, we need to add 1 to the number on the right pan so 2 + 3 + 1 = 5 + 1 (see Fig. 7.2(b)). 


2+ 3 +12 5 2+ 3 +1 = 5 +1 


(a) (b) 


Fig. 7.2 


Likewise, we need to subtract the same number from the numbers on both pans, or multiply or divide the numbers 
on both pans by the same number, to maintain the balance. 
We will now explore how to solve linear equations. 


P 
A 


OXFORD CHAPTER? 161 


G 
E 


Solving linear equations 


Part 1: x + b = d, where b and d are constants 
Example: x + 2=5 


©00 eccc6e er 
A 


Subtract 2 from both sides of the equation: 


Take away 2 @ discs from each of the two pans: 


l eee | \@ee808 x+2-2=5-2 


Simplify both sides of the equation: 
| @ | eee, id = 


Table 7.1 


1. Solve each of the following equations using the idea of the balancing scale. 

(a) x+3=7 (b) x-4=6 (c) x+2=-5 (d) x-8=-1 

Hint When no @ discs can be taken away, what can we add to both sides of the equation to obtain zero pairs? 
Part 2: ax + b= d, where a, b and d are constants 
Example: 2x —3=5 


Since LHS = 2x — 3 = 2x + (-3), we can represent the 


equation as follows: 
\@ee, _ @ | ata 
4 
Add @ to each of the two pans: Add 3 to both sides of the equation: 
zero pair 


2x-3+3=54+3 


Simplify both sides of the equation: 
2x=8 


Divide both sides of the equation by 2: 
2x _8 


2. 3 


Simplify both sides of the equation: 
x=4 


Table 7.2 
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2. Solve each of the following equations using the idea of the balancing scale. € 
(a) 2x-5=7 (b) 3x+8=2 (c) -4x+3=-5 (d) -x-8=-8 
Hint: For part (c), you can divide by a negative number at an appropriate step. 

3. For the equation 2x — 5 = 7 in Question 2(a), can you divide both sides of the equation by 2 straightaway? 


Explain, 
Part 3: ax + b = cx + d, where a, b, cand d are constants (- 
Example: 5x + 4=2x-8 


Since RHS = 2x — 8 = 2x + (-8), we can represent the 
equation as follows: 


00080 | ae | Sx+4=2x-8 


Take away 2 @ discs from each of the two pans: Subtract 2x from both sides of the equation: 


ae RRS 5x+4—2x=2x-8~2x 


Simplify both sides of the equation: 
3x+4=-8 


Since we cannot take away @ from the RHS, we add Subtract 4 from both sides of the equation: 
@ to each of the two pans (because subtracting @ is 
the same as adding @): 

zero pair 3x+4-4=-8-4 


| ee [) al Simplify both sides of the equation: 
3x=-12 
| eee | @ Divide both sides of the equation by 3: 
= ss 3x_-12 
3 a 
| e@ j @ Simplify both sides of ~ rea 


Table 7.3 


4. Solve each of the following equations using the idea of the balancing scale. 
(a) 5x+3=3x-7 (b) 4x-2=x+7 (c) 3x-2=-x+14 (d) -2x-5=5x-12 
Hint For part (d), you cannot take away 5 @ discs from the RHS. What can you add to both sides of the 
equation instead? 
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From the Investigation on pages 162 and 163, we learnt that in order to find the value of the unknown x that 
satisfies the equation, we need to manipulate the equation in order to isolate x on one side of the equation. (+4 
We also observe that as we manipulate the linear equation from one equation to another, all the equations have the 
same solution. For example, all the following equations in Part 3 of the Investigation have the same solution x = -4: 
+ Sx+4=2x-8 


* 3x+4=-8 

° 3x=-12 ‘Two equations are equivalent if 
they have the same solution, e.g. 

as 5x+4=2x-8and3x+4 


have the solution x= 
All the above equations are equivalent. The basic steps to solve a linear equation aaa ald 


involve the conversion of the equation to another equivalent equation, until the 
unknown is isolated on one side of the equation. 


Solving linear equations 


Mg ie Solve each of the following equations. 
S (a) 2x4+3=9 (b) 2(y-4) =5y-3 
"Solution 
(a) 2x+3 It is a good practice to check 
2x+3-3=9-3 subtract 3 from both sides Naakeries st sine e 
2x=6 you have found into the original 
2x 8 divide both sides by 2 ereation to Pee Et alist 
2. 2 equation, e.g. in (a), LHS = 
ead 2(3)+3=6+3=9=RHS. 
(b) Method 1; 
2(y- 4) =5y-3 
2y-8=5y-3 Distributive Law 
2y - 5y- 8 =5y-5y-3 subtract 5y from both side 
-3y-8=-3 
-3y-8+8=-3+8 add 8 to both sides 
-3y=5 
= =3 divide both sides by (~3 
wee 
yr3 
2 
=-15 
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Method 2: 


24y- 4) =5y-3 
2y-8=5y-3 Distributive Law 
5y-3=2y-8 change sides 
5y-3-2y=2y-8-2y subtract 2y from both sides 
3y-3=-8 
3y-34+3=-8+3 add 3 to both sides 
3y=- 
X == divide both sides by 3 
i 
aaa) (b) Which method do you 
2 prefer? Why? } 
a5 


Practise Now 1 


(a) 3x+2=8 
(c) 2(2y+1)=9y+4 


Solve each of the following equations. 


(b) 5x-3=3x-12 
(d) 2(z- 1) +3(z-1)=4+2z 


Solve each of the following equations. 


(a) 3x+4=2x+1 
What do you notice? Can you explain why? 


(b) 3x+4=3x+1 


(c) 3(x +2) =3x+6 


From the above Thinking Time, we observe that there are at least three types of equations: 

(a) Conditional equation: An equation that is true only for some values of the variable, e.g. 3x + 4 = 2x + 1. 

(b) Equation that is a contradiction: An equation that is not true for any value of the variable, e.g. 3x + 4 = 3x + 1. 
(c) Identity: An equation that is true for all values of the variable, e.g. 3(x + 2) = 3x + 6. 


In Section 7.3, we will learn another type of equation called a formula. 


2x+3= 


, 2x = 6, x =3 and 10x - 4 = 5x + 11 are known as equivalent equations because they have the same 


solution, i.e. x = 3. State three equivalent equations that have the same solution x = -1. 
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oEcey Se Sate 
: 


1. What is the difference between an expression and an equation? Can I solve an expression? Explain. 
2. What are some rules to apply when solving a linear equation? 
3. Can all linear equations be solved? Why or why not? < 


Linear equations with fractional coefficients and 


fractional equations 


In Chapter 6, we have learnt about linear expressions with fractional coefficients. After learning how to solve 
linear equations with integer coefficients earlier in this chapter, we will now solve linear equations with fractional 
coefficients (see Worked Example 2), and another type of equations called fractional equations (see Worked 
Example 3). 


Solving linear equations with fractional coefficients 


Medio Solve each of the following equations. 
5} 1_2 Z+2 _ 3z+2 
2 (a) Bxt3y = 5x45 (b) = 
“Solution 
(a) Method 1: 
5 1 _ 2 
qxt3g = Bets 
3x-Zx43} =dx-det5 subtract 2s from both sides 
15.4 1 
Sx ertsy =5 
ll 1 
GIy =5 
the434-34 = 5-35 subtract 34 from both sides 
it... <1 
ie y 
iW 6 . 1h ; eat 
ST = 15*q multiply both sides by i 
aera 
2° 
ae 
“Tr 
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(b) 


sas 
12, < 
3x434 = 2x4 +5 
ae eee 
gitg = ae 


(3x+3}xo = (3x+5)x6 multiply both sides by LCM of denominators 


15x + 21 = 4x + 30 C 
15x + 21 - 4x = 4x+30—4x subtract 4x from both sides 
11x + 21=30 


11x + 21-21 =30-21 subtract 21 from both sides 
(a) Which method do you 
prefer? Why? } 


z42 
3 
242 415 = 222 x 15 multiply both sides by LOM of denominators 
as 2) =3(3z+ 2) 
5z+10=92+6 Distributive Law 


subtract 9z and 10 from both sides 


(b) At this stage, you can 
subtract 9z and 10 from 
divide both sides by (-4) both sides of the equation 
at the same time to shorten 

the working. 


Solve each of the following equations. 
(a) 3y42 =4ye3t (b) pee 


2 


Solve each of the following equations. 
(a) x+0.7=1.9 (b) 2y-1.3=28 
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Solving fractional equations \P ¢ 
Woried Solve each of the following equati ; 
seeing ‘olve each of the following equations. ‘These are fractional equations, 


@ —2s3 () te=2 which are different from linear 
2x-5 2y-3 5 equations with fractional 
3 coefficients. To solve them, 
"Solution we convert them into linear 
(a) 9 3 equations with integer 
2x-5 coefficients. 
— 5% (2x—5) = 3(2x-5) multiply both sides by (2x ~5) 
9=6x-15 Distributive Law 
6x-15=9 change sides 
6x = 24 add 15 to both sides and simplify 
x=4 divide both sides by 6 and simplify 
yr4 
(b) 2y=3 
FS S(2v-3)=Z5(2y-3) multiply both sides by LCM of denominators 


5(y +4) =2(2y-3) 
Distributive Law 


subtract 4y and 20 from both sides 


Practise Now 3 


| Practise Now 3 | Solve each of the following equations. 


@) =S4=4 () 23 =3 


1, What have I learnt about solving linear equations with integer coefficients in Section 7.1 that helped me to solve 
linear equations with fractional coefficients, and fractional equations? 

2. When I encounter a linear equation with fractional coefficients, or a fractional equation, what is the first step 
that I should take to solve the equation? 
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Exercise 


@ Solve each of the following equations. 


(a) x+8=15 (b) x+9=-5 
(c) x-5=17 =-3 
(e) 4x=-28 144 
(g) 3x-4=11 (h) 9x+4=31 
(i) 12-7x=6 (j) 3-7y=-12 


Solve each of the following equations. 
(a) 3x-7=4-8x (b) 4x-10=5x+7 
(c) 30+7y=-2y-6 (d) 2y-7=7y-23 


Solve each of the following equations. 

(a) 2(x+3)=8 (b) 5(x-7) =-15 

(c) 7(-2x+4)=-4x  (d) 3(2y +3) =4y +3 
(e) Uy +4)= 3(y+2) (f) S(5y-6)=4(y-7) 
(g) 5(b +6) =2(3b-4) (h) 3(2c +5) = 4(c - 3) 
(i) 9Qd+7)=11(d+14) Gj) 28(f- 1) = 5(7f- 3) 


Solve each of the following equations. 


Advanced 


@ Solve each of the following equations. 
(a) -3(2 - x) = 6x 
(b) 
(o) 
(d) 
(e) 


5 - 3x =-6(x + 2) 


-3(4y — 5) = -7(-5 - 2y) 
3(5 - h) - 2(h- 2) =-1 


Solve each of the following equations. 
5x+4 
3 


4x x-1_ 
Oa 


(a) 10x- =F 


1 
q 
x-1_ x+3_ 


a er 


Bice 
@) le 


6 y-2 
a 


(e) 


7-2y 2 


0 Seg e-y)=14 


ce | 1 1 
(a) 7y-25=5 (b) 15-2y= 4 10. Solve each of the following equations. 
5x+1 2x-3 — x-3 
(@ 4x=7 (@) 3x=-6 @) => = (b+) === 
1 3x-1 _ x-1 1 — il. 
(e) 3x+3=4 () 4-8-2 © ==> (a) 4(5y+4)= 5(2y-1) 
2y-1_ yt3_ 2y+3 y-5_ 

(@) 3-jy=2 (h) 15-Zy=11 OF OR ee 
® Solve each of the following equations. oe By showing your working clearly, verify if x = = is 
(a) y-2.4=3.6 (b) y+ 04=16 3°15 
(c) -3y-7.8=-9.6 (d) 4y-1.9=63 the solution of the equation 2x-F = 4x45: 

(e) -2.7+a=-64 (f) 2(2x - 2.2) = 4.6 
(g) 4(3y + 4.1) =7.6 (h) 3(2 -0.4x) = 18 Solve each of the following equations. 
@ 2- () haa 
3) Solve each of the following equations. a xz] 
1 Bll. 52s sied Mls 
(a) x= 12-3x (b) Bx = 5xt5 (c) Ix 3 Zz (d) a ad 1 
ae ee Ve 3. ¥i5._ 15 2y+1 _ 4 
(c) 372-3 (@) Zy-4 =2y+5 (e) yee a (f) ayes 7 
‘ 4 2 3 2 3 
Solve each of the following equations. —=-— h) = 
@ aw Bed ale @ Fa a8 (h) 73> 5-3 
@ 275 O) as 
> 
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Exercise < 


3x 3x=5y. _ 3 x 
Q ise + y=3e+ 5p find the value of 5 @ 1 FD = Fofind the value of 5 C 


Applications of linear equations in 
real-world contexts 


Algebra is useful to solve word problems that we are unable to easily draw models for, e.g. the word problem in the 


Introductory Problem. 
In addition, not all word problems can be solved by drawing models, For example, try solving the following 


problem. 


{ A manis 5 times as old as his son. Four years ago, the product of their ages was 52. Find their present ages. ) 


Drawing models cannot solve the above problem, which we will learn how to solve using algebra in Book 2. 
In this section, we will learn how to solve word problems involving linear equations, using algebra. But first, let us 


see how the use of models can be linked to algebra. 


A. Linking models to algebra 
——_—_——— + 


Consider the following problem: 


‘A man is 3 times as old as his son. In 10 years’ time, the sum of their ages will be 76. 
How old was the man when his son was born? 


In Table 7.4 on the next page, the column on the left shows how the problem is solved by drawing a model, 
Replacing each of the boxes with the unknown x, we obtain x = 76 ~ 20). 

The column on the right shows how the problem is solved using algebra. Do you notice the similarities between each 
corresponding step of the two methods? 

‘The steps for both methods are similar, apart from the first step of forming the equation (x + 10) + | 3x +10)=76in 
the right column, which is simplified to 4 = 76 ~ 20. Thus, we see the link between the two methods. 
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Son [¥] Let the age of the son be x years. 


Man ‘Then the man is 3x years old. 

In 10 years’ time, In 10 years’ time, 

Son (-¥ ]10) }os the son will be (x + 10) years old 

Man (% [7x 7i0) and the man will be (3x + 10) years old. 


o's (X + 10) + (3x + 10) = 76 


4x + 20=76 
4x = 76-20 4x = 76-20 
=56 =56 
4 4 
=i4 =i4 
When his son was born, the man was When his son was born, the man was 
2x 14 = 28 years old. 2x =2 x 14 = 28 years old. 


Table 7.4 


B. Solving problems using algebra 


Let us now use algebra to solve word problems, including those in real-world contexts. 


Solving problem involving equation with integer coefficients 
The sum of three consecutive even numbers is 60. Find the numbers. 


Worked 
Example 


“Solution 

4 Let the smallest even number be n. 

Then the other two consecutive even numbers will be n + 2 and n + 4. 

-. sum of the three consecutive even numbers = n + (n + 2) + (n + 4) = 60 


3n+6 =60 
3n = 60-6 

=54 

n= 

3 

=18 


.. the three consecutive even numbers are 18, 20 and 22. 


| Practise Now 4 | tise Now 4 1. The sum of two numbers, one of which is 5 times as large as the other, is 24. Find the 


two numbers. 
2. Ina science test, Shaha’s score is 15 marks more than Cheryl's. If Shaha obtains twice 
as many marks as Cheryl, find the number of marks Cheryl obtains. 
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Problem 


Revisited 


After learning how to solve word problems using algebra, how do you use the same method to solve the 
Introductory Problem? Is it much easier? Discuss your solution with your classmates. 


Solving problem involving equation with fractional coefficients 
Ali walked at an average speed of 3 km/h for 45 minutes before running for half an hour at a 
certain average speed. If he travelled a total distance of 6 km, calculate his average running speed. 


Worked 
Example 


Total distance walked = average walking speed x walking time | Since the average running speed 


is x km/h, then x is a number 
without any unit, 


Total distance ran = average running speed x running time 


1 Since the walking speed is in 
SOxs. km/h, we need to convert the 
=<km walking time of 45 min to 35 h 
a a before we can calculate the 
.. total distance travelled = rem} walking distance in km. 
DP 
472 
9+2x=24 multiply both sides by LCM of denominators 
2x=15 
x=75 


~. Ali’s average running speed = 7.5 km/h 


The sum of one-fifth of a number and ce is 7. Find the number. 


1. Howis using algebra to solve word problems similar to/different from using models? 
2. What is/are the challenging step(s) involved in using algebra to solve word problems? 
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Exercise 


Use algebra to solve the following questions. 


@ When loaded with bricks, a lorry has a mass of 
11 600 kg. If the mass of the bricks is three times 
that of the empty lorry, find the mass of the bricks. 


@ The sum of 4 consecutive odd numbers is 56. Find 
the greatest of the 4 numbers. 


David is 4 years older than Sara and Yasir is 
2 years younger than Sara. If the sum of their ages 
is 47, find their respective ages. 


Ifa number is tripled, it gives the same result as 
when 28 is added to it. Find the number. 


A travel agency is planning a holiday for a 

group of people. The agency receives quotations 
from two coach companies, Maya Express and 
Great Holidays. Maya Express charges $15 for each 
person while Great Holidays charges $12 per person 
and a separate fee of $84. If the total amount 
charged by each company is the same, find the 
number of people going on the holiday. 


6 The sum of two numbers, one of which is two- 
thirds of the other, is 45. Find the smaller number. 


@ When a number, x, is multiplied by 4, then 
subtracted from 68, the result obtained is the same 
as three times the sum of x and 4. Find x. 


8 Ina school, the number of boys who play soccer is 
three times of those who play badminton. If 12 boys 
who play soccer play badminton instead, the 
number of boys who play each of these sports 
would be the same. Find the number of boys who 
play badminton, 


A man is six times as old as his son, Twenty years 
later, the man will be twice as old as his son. Find 
the age of the man when his son was born. 


A chocolate cake costs $2 more than 

a butter cake. The cost of 6 chocolate cakes and 
5 butter cakes is $130.80. Find the cost of a 
chocolate cake. 


Albert has 12 more 10-cent coins than 20-cent 
coins. The total value of all his coins is $5.40. Find 
the total number of coins he has. 


@ Li Ting cycles the first 350 km of a 470-km journey 


at a certain average speed and the remaining 
distance at an average speed that is 15 km/h less 

than that for the first part of the journey. If the time 
taken for her to travel each part of her journey is 

the same, find the average speed for the second part 
of her journey. 

The sum of half of a number and 49 is 24 times of | 
the number. Find the number. 


The numerator of a fraction is 5 less than its 
denominator. If 1 is added to the numerator and 


to the denominator, the new fraction is : . Find 
the fraction. 


A two-digit positive number is such that the ones 
digit is 2.5 times as much as the tens digit. If the 
difference between the number and the number 
obtained when the digits are reversed is 27, find 
the number. 
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Mathematical formulae 


In primary school, we have learnt that the area A of a rectangle is the product of its length / and its breadth b: 

A=Ix bor A = Ib. This is called a formula. A formula (plural: formulae) is an equation that expresses the (- 
relationship between certain quantities or variables. In this case, the variables are A, | and b. 

Formulae are useful to help us find the unknown value of a variable if we know the values of all the other variables. 

Name a few other mathematical formulae that you have learnt. 


A. Evaluating formulae 


Finding unknown in formula 


Malt The formula for finding the volume V of a cuboid is given by V = Ibh, where I, b and h 
xample 


represent the length, the breadth and the height of the cuboid respectively. 
(a) If!=5cm, b=2cmandh = 3 cm, calculate the volume of the cuboid. 
6 (b) If V=240 cm’, b = 6 cm and h = 5 cm, calculate the length of the cuboid. 


“Solution 
(a) V=lbh 
When !=5,b=2,h=3,V=5x2x3 
= 30cm’ 
-. volume of cuboid = 30 cm* 


(b) V=lbh 
When V = 240, b=6,h=5,1x 6x5 =240 
301 = 240 

_ 240 

~ 30 

=8cm 


~. length of cuboid = 8 cm 


1. Newton’s second law states that the net force F acting on a body is given by F = ma, 
where m is the mass and a is the acceleration of the body. The units for F, m and a are 
the Newton (N), the kilogram (kg) and metre per square second (m/s’) respectively. 
(a) Ifm = 1000 kg and a = 0.05 m/s’, find the net force acting on the body. 

(b) IfF=100 N and a= 0.1 m/s*, find the mass of the body. 


2. Ify+b= Oo calculate the value of c when y = 12, b=3 anda = 14. 
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B. Constructing formulae ia G 


To construct a formula, choose letters to represent the quantities and express their relationship in an equation. 
Usually, the first letter of the quantity is used, e.g. we use the letter S to represent the sum of any three consecutive 


odd numbers. 


Constructing formula 


vee (i) Find a formula for the sum S of any three consecutive odd numbers. 
ante (ii) Hence, find the value of S if the greatest odd number is -101. 

(i) Let the smallest odd number be n. Seana ithe earn heme 
Then the other two consecutive odd numbers will be as that in Worked Example 4 
n+2andn+4. for the sum of three consecutive 
. o even numbers. The difference 
~. sum of the three consecutive odd numbers, is that n 1s odd in this Worked 
S=n+(n+2)+(n+4) Example while in Worked 

= 3n + 6, where n is odd Example 4, nis even. 
(ii) If the greatest odd number is -101, then n + 4= 


2. S=3n+6 
=3x(-105) +6 
=-309 


(i) Find a formula for the sum S of any four consecutive even numbers. 
(ii) Hence, calculate the value of S when the smallest even number is 14. 


Further Q 


Exerc 


1. Howis finding an unknown in a formula similar to/different from solving an equation? 
2. What have I learnt in this section or chapter that I am still unclear of? 
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Ify= 3x+26, find the value of y when x = 12. 


oo 
@ iis= 07 fina 


(i) the value of S when r= 105 5 
(ii) the positive value of r when S = 616. 


(Take 1 to be 2) 


yo -xz 


Ifa= , find the value of a when x = 2, 


y=-l,and z= -3. 


Ifk= ot , find the value of p when k = 7 and 
q=9. 


@ Find a formula for each of the following. 
(a) Product P of three numbers x, y and z 
(b) Sum S of the square of p and the cube of q 
(c) Average A of four numbers m, n, p and q 
(d) Time T, in minutes, for a train journey of 
a hours b minutes 


| 6 If U=n(r +h), find the value of r when U = 164 
and h = 2. (Take 7 to be = ) 


If v = uw + 2gs, find the value of s when v = 25, 
u=12andg=10. 


= 1,1 find the value of c when a= ke 
cd 2 
d 


b 
b=4,c=-6,d=-5ande=2. 


7 
« 
= Ifc= are find the value of f when a = 3, 
10. 


m(nx? - y) 
If a a 5n, find the value of n when m = 6, 


x=-2,y=-3andz=-5. 


@ (i) Find a formula for the sum S of any four 


consecutive odd numbers. 
(ii) Hence, find the value of S when the greatest 
odd number is -17. 


Joyce has four siblings, with an age gap of two 

years between each child. 

(i) Find a formula for the sum of the total ages of 
Joyce and her siblings. 

(ii) Hence, if the youngest child is now 4 years old, 
find the sum of their total ages at the end of the 
following year. 


(i) Find a formula for the total cost $T of ¢ pens at 
$d each and e pencils at f cents each. 


(ii) Ife= and d= LO where e= 150 and 
d= 3, find the value of T. 


In the United States of America (USA), a different 
unit is used to measure temperature. It is called the 
degree Fahrenheit (°F). The formula for the 
conversion of x °F to y degree Celsius (°C) is 


y= (x32). 


(i) The highest temperature in the USA, recorded 
in Death Valley in California, is 134 °F. What 
is this temperature in °C? 

(ii) During winter in the USA, it is very common 
for the temperature to fall below 0 °C. Is it 
more or less common for the temperature to 
fall below 0 °F? 

(iii) The lowest temperature in the USA, recorded 
in Prospect Creek in Alaska, is -62.1 °C. What 
is this temperature in °F? 
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As we continue on this exciting journey of learning algebra, we may encounter some difficulties in communicating 
mathematical ideas using the language of algebra. For example, when does the algebraic notation, e.g. x, refer toa 

specific unknown number or a variable? However, the power of algebraic notation still outweighs the difficulties. (- 
For instance, the same description in the Chapter Opener can be expressed using algebra as follows: 


Let x be the unknown quantity. Then we have: 3xt4 =10 


The key to solving linear equations is the idea of equivalence, which helps us to see why and how algebraic 
equations can be manipulated to isolate the unknown. This is a basic but important idea that empowers us to work 
with more complicated algebraic expressions to model real-world situations. 
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1. Solving of equations 

To solve an equation in x means to find the value(s) of x for which the equation is true. 

This usually involves isolating x on one side of the equation. 

For linear equations, we can isolate x by adding, subtracting, multiplying or dividing by the same number on 

both sides of the equation. 

For example, to solve x - 2 = 7, we add 2 to both sides of the equation: 

x-2=7 

x-24+2=7+2 

x=9 

« Give an example ofa linear equation where you have to subtract the same number from both sides of the 
equation, and solve it. 

+ Give an example of a linear equation where you have to multiply or divide both sides of the equation by the 
same number, and solve it. 

+ Give an example of a linear equation where you have to do at least two of the four operations (of addition, 
subtraction, multiplication and division), and solve it. 


rg / OXFORD “uAntin? 177: 


a linear equation with integer coefficients by multiplying both sides of the equation by the LCM of the 
denominators of the fractions. 5 aD 

An example of a linear equation with fractional coefficients is Bxt3yaget 5. 

An example of a fractional equation is — =3. 

+ Give an example of a linear equation with fractional coefficients, and solve it. 

+ Give an example of a fractional equation, and solve it. 


3. Mathematical formulae 
A formula is an equation that expresses the relationship between certain quantities or variables in algebraic 
terms, e.g. A =| x b, We can calculate an unknown value when given the values of other variables. 
+ Give an example of a formula and explain why you classify it as such. 


4 
2. Solving of linear equations with fractional coefficients, and fractional equations J 
One method to solve a linear equation with fractional coefficients, or a fractional equation, is to convert it into 
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CHAPTER 


Percentage 


Augustus Caesar, the first Emperor of the Roman Empire, levied a tax of 
(or 1%) on goods sold at auctions. This tax was known as centesima 


rerum venalium, which literally translates to ‘a hundredth of the value of 
everything sold’. During the Middle Ages of Europe (5 to 15" century), 
computations with a denomination of 100 became ubiquitous. By the 
17* century, interest rates were quoted in terms of hundredths. 
‘The word ‘percent’ has its roots in the Latin phrase per centum, 
which means ‘by the hundred’. 

In our modern society, percentages are widely used in 
businesses and are also frequently employed to convey statistical 
information in reports. What are some other uses of percentage? 


Learning Outcomes 

What will we learn in this chapter? 

+ What percentage and percentage change are 
+ How to use percentages greater than 100% 


« How to compare two quantities by percentage 


OXFORD > 
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Fig. 8.1 shows the enrolment at various education stages in the years 2020 to 2021 in the provinces of Punjab and Sindh. 


9% 
Total 
2% < 
Punjab 
0% 
Sindh 


Pre-Primary Primary Middle High Higher Degree 
Secondary 
Fig. 8.1 
(Source: Pakistan Education Statistics 2020-21 by NEMIS-PIE, February 2023) 


1. Can you tell how many students from the province of Punjab are enrolled in middle school or below? 
If yes, explain how. If not, explain why not. 

2. Can you tell if the total enrolment in pre-primary, primary and middle schools in Sindh is higher than that in 
Punjab? If yes, explain how. If not, explain why not. 

3. Since 9.4% and 8.2% of the students from Sindh and Punjab are respectively enrolled in high schools, why is the 
total percentage in the first row of Fig. 8.1 only 9.1%? 


In this chapter, we are going to learn more about how percentages are calculated in various contexts, so that we can 
correctly interpret the information presented. 


Percentage 


Percentages are used to convey information in everyday life. We often see 

advertisements or newspaper reports with headlines such as “Warehouse Sale at Theor originated 

50% off’ and ‘Gross Domestic Product is up by 0.5%". from the Latin phrase ‘per 
centum’, which means ‘per 

50% and 0.5% are examples of percentages. 


hundred’ or ‘out of every 
i « . F « , hundred’ } 
‘The symbol, %, is used to represent ‘percent’ Thus 50% is read as ‘50 percent’, 


nope 
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Identifying percentages used in daily life 


est Indies, the grape »rid of the pomelo and the sv 


duces upt : pefruit. Its frui 
and less pulpy th 


delivers 160% of our recommer 


Fig. 8.2 
(i) Discuss with your classmates how to interpret the various percentages found in the advertisement. 
(ii) Does ‘up to 75% of the world’s supply of grapefruit’ mean that Florida produces 75% of the world’s supply of 
grapefruit? 


(iii) Can a percentage be greater than 100%? Consider the phrase ‘one grapefruit delivers 160% of our recommended 
daily intake of vitamin C’ in the advertisement. What does it mean? 


A. Percentage, fraction and decimal 


In primary school, we have learnt that x percent is defined as x parts per hundred, i.e. 


‘Therefore, a percentage can be expressed as a fraction, or a decimal, and vice versa. 


For example, 
= 72, 18 18 272. - 
72% = 100 2 25 x 100% 72% 100 Ove 072 x 100% 
_ 18 =72% =0.72 en 
25 


1. Express each of the following percentages as a fraction and as a decimal. 


(a) 76% (b) 9% 
2. Express each of the following fractions or decimals as a percentage. 
13 
(a) 20 (b) 0.25 
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Conversion involving non-integer percentages 


abate (a) Express each of the following percentages as a fraction and as a decimal. < 
xample 
@ 42% ii) 22.5% 
(b) Express each of the following as a percentage. 
@ § (ii) 0.769 ¢ 
“Solution 
- 2 7 
(a) (i) 45 %= 43 +100 
~My 1 
~ 3100 Equivalence 
ed For (a)(i), we could also have 
150 converted G to 0.0467 directly. 
2 9, = 424 er 2 
45% = 43 +100 Since 433 % = 755 = 0.0467, we 
= gs say that these different forms. 
4.67 + 100 (to 3 s.f.) real ae 


= 0.0467 


(a) (i) Leave non-exact 


= 235. HCF of 225 and 1000 is 25 answers correct to 3 
1000 significant figures, 
9 unless the question 
~ 40 states otherwise. 
22.5 
22.5% = 355 
= 0,225 
(b) (i) 3 = 2 «100% since 100% = 1 
250 
“3 (b) (i) You can also leave your 
I answer as 83.3% 
= 13% (103 sf). 


(ii) 0.769 = 0.769 x 100% 
= 76.9% 


1. Express each of the following percentages as a fraction and as a decimal. 


(a) 932% (b) 14.7% 
Exercise 8A 2. Express each of the following as a percentage. 
oes @) 4 (b) 0.5432 


B. Percentages greater than 100% and percentages less than 1% 


A percentage can be greater than 100%. 
For example, from the Class Discussion on page 181, 160%, read as ‘one hundred and sixty percent’, means te or 1.6, 


A percentage can also be less than 1%, e.g. 0.5%. 
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Expressing percentages greater than 100% or less than 1% as decimals 


Milan Express each of the following percentages as a decimal. 
xam| 
“ (a) 238.7% (b) 0.5% 
2 "Solution 
238.7 0.5 
(a) 238.7% = 700 (b) 0.5% = 00 (a) Fm is different from 
= 2.387 = 0.005 Percentages greater than 
100% are equal to 
1. Express each of the following percentages as a fraction/ (ei rane ponmived 
Similar and mixed number and as a decimal. (b) 0.5% is different from 0.5. 
Further Questions a Percentages smaller than 
Exercise 8A (a) 318% (b) m7 % 1% are equal to decimals 
Questions 5(a)-(d) () 0.2% (d) 0.066% less than 0.01, or fractions 
6la)-(d) jer eae 
100 * 


2. Express each of the following numbers as a percentage. 


f@) 494 (b) 5.468 
17 
(©) 0.0016 @ 


We can change any fraction or decimal into a percentage by multiplying it by 100%: 
But we cannot multiply it by 100: 
Explain why this is so. 


C. Percentage of a quantity 


In primary school, we have learnt how to express a part of a whole as a percentage and vice versa. 
Let us look at some examples of how such percentages are used in real life. 


Interpreting percentages used in real life 


Part1 


Table 8.1 shows the shooting accuracy of the top 5 soccer players during the FIFA World Cup 2014 after the teams 
had reached the quarter-final stage. > 


» 
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| Mexico 
Netherlands 
Colombia 
Nigeria 


Table 8.1 
(Source: Mail Online, 2 July 2014 
(a) Let x be the total number of shots attempted by Neymar. How many goals did he score? Give your answer as a 
decimal in terms of x. 
(b) The shooting accuracy of Giovani dos Santos was 100,0%, which is greater than that of Neymar. 
Can we conclude that Giovani dos Santos had scored more goals than Neymar in the FIFA World Cup 2014? 
Explain your answer. 
Part 2 
Table 8.2 shows the results of the 2022 parliamentary election of a particular country. 


ABC New Town ‘3 | 112,677 69.33 
(179 071) Q 49851 30.670 
Table 8.2 


After reading the above, Joyce was very puzzled and asked, “ABC New Town had 179 071 electors in the year 2022, 
and Party P won by obtaining 69.33% of the votes. But 69.33% of 179 071 is not equal to 112 677. Is there an error?” 
(a) Explain to Joyce how the percentage 69.33% was derived. 

(b) What percentage of the electors had made valid votes? 


From the above Class Discussion, we see that a percentage is a proportion in relation 

to a whole. Thus, x% of quantity A may not be equal to x% of quantity B. ‘The word ‘proportion’ used in 
relation to percentage refers to 
a part-whole ratio. Recall that 


proportionally. we learnt about ratio in primary 
school. 


In general, a percentage helps us to visualise how a given quantity is divided 


Finding percentage of quantity 

A class has 40 students of which 15 are boys and the rest are girls. 

(a) If 25% of the class wear spectacles, find the number of students who do not wear 
spectacles. 

(b) If 60% of the girls have long hair, find the number of girls with long hair. 


“Solution 


(a) Method 1: 
Number of students who wear spectacles 
= 25% of 40 
25 between 2 quantities that 
=—x40 express 25% as a fraction allow a pair of quantities to be 
100 obtained from another pair 
=10 by multiplying with the same 
factor. So, in Worked Example 
Number of students who do not wear spectacles aera se reason out using 
=40-10 proportionality: 
=30 If 100% relates to 40, then 25% 
(100% + 4) relates to 40 + 4, 
Method 2: i.e. 10, We have, in this case, 
7 multiplied the pair of 100% and 
Percentage of students who do not wear spectacles yi 
= 100% — 25% Be 
= 75% 


Number of students who do not wear spectacles 


= 75% of 40 
il .s9h =xpress 758 
=i0% express 75% as a fraction Which method do you prefer? | 


=30 Why? 


(b) Number of girls in the class 
=40-15 
=25 


Number of girls with long hair 
= 60% of 25 
= £0 95, express 60% as a fraction 


100 
=15 


1. There are 50 cards in a set. 18 cards are red while the rest are blue. 
(a) If 30% of the cards have a number printed on them, find the number of 
cards that do not have a number printed. 
(b) If 75% of the blue cards are laminated, find the number of blue cards that are not 


laminated. 
2. Find the value of each of the following. 
(a) 2.5% of 30cm (b) 153% of 640 kg (c) 2500% of $4.60 


Explaining why percentage of quantity is incorrect 
Bernard was asked to find the value of 250% of $100 and his answer was $25. 
Without performing any calculations, explain to Bernard why his answer is incorrect. 


4 “Solution 


Since 100% = 1, then 100% of $100 = $100, 
~. 250% of $100 must be greater than $100, so $25 is incorrect. 


Worked 
Example 
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Waseem was asked to find the value of 3.6% of 1000 kg and his answer was 3600 kg. 


Similar and Without performing any calculations, explain to Waseem why his answer is incorrect. 
Further Questions 
Exercise 8A 


Questions 10,15 


D. Expressing one quantity as a percentage of another quantity 


Expressing two quantities in equivalent forms 


1. There are 15 boys and 25 girls in a class. 
(a) (i) Express the number of boys as a percentage of the number of girls. 

Required percentage = (fraction) x 100% = % 

There are % as many boys as girls in the class. 

‘The following statements are equivalent to the above statement: 
+ The number of boys is % of the number of girls. 

+ The number of boys is (fraction) of the number of girls. 

(ii) If you were to express the number of girls as a percentage of the number of boys, guess what this 


percentage will be. 
(iii) Now, express the number of girls as a percentage of that of boys. 
Required percentage = (fraction) x 100% = % 


‘There are % as many girls as boys in the class. 

The following statements are equivalent to the above statement: 

+ The number of girls is °% of the number of boys. 

+ The number of girls is (fraction) of the number of boys. 
(iv) Is your answer to part (ii) correct? 

If yes, explain to your classmate how you obtained that answer. 

If no, explain to your classmate what your misconception was. 


(b) Given that A and B represent the number of boys and girls in the class respectively, complete Table 8.3. 


% of B. Bis (1) % of A. | 
- mm a Equivalence 
% x B 


= %xA Equivalence expresses the 
‘equality’ of two mathematical 
= xA objects (in this case, the 
- relationship between A and 8). 
B= xA ‘This can be represented in 
4 —— 4 different forms: in words, 


: \B:A=@: percentage, fraction, decimal | 
— — — or ratio. 
Table 8.3 


Table 8.3 shows that the relationship between A and B can be expressed in various equivalent forms. 


2186 CO oxroRo = 


£ 


2. Yao Ming is a retired Chinese professional basketball player who played for the Houston Rockets of the Nation: (4 
Basketball Association (NBA). In his final season, he was the tallest active player in the NBA, standing at 2.29 m 
(a) (i) Express your height as a fraction of Yao Ming's height. 
(ii) Express your height to Yao Ming's height as a ratio. 
(iii) Express your height as a percentage of Yao Ming's height. < 
(b) In part (a), your height has been expressed as a proportion of Yao Ming's height in three different but 
equivalent forms — fraction, ratio and percentage. 
Discuss which is the most useful form to compare your height with Yao Ming's. 
(c) Express Yao Ming's height as a percentage of your height. 
Based on this percentage, can you visualise how much taller Yao Ming is compared to you? 


From the above Class Discussion, we observe that we can use percentage to gauge how large/small a quantity is with 
respect to another quantity. For example, if your height is about 70% of Yao Ming’s height, it means that you are 


about ue as tall as him. 


10 
I Both a and b must be of the 
same unit. 


Expressing one quantity as a percentage of the whole 

‘There are 90 teachers in a school, of which 40 are male. Calculate the percentage of 
(i) male teachers, (ii) female teachers, 

in the school. 


Worked 
Example 


*Solution 
(i) Percentage of male teachers in the school = zs x100% 
4 
= 44—-% 
9 


(ii) Method 1 
Percentage of female teachers in the school = 100% 442% 


5 
= 55=% 
55 9 
Method 2: 
Number of female teachers in the school = 90 - 40 
=50 
Percentage of female teachers in the school = x *100% 
5 Which method do you prefer? 
= 555% Why? 


oxroRD “HAPTER 187 


Ina school, there are 450 boys and 750 girls. Calculate the percentage of 
; (i) boys, (ii) girls, 
in the school. 


Expressing one quantity as a percentage of another quantity 
Ali is 12 years old and his sister is 20 years old. Express 

(i) Ali’s age as a percentage of his sister's age, 

(ii) Ali’s sister’s age as a percentage of his age. 


"Solution 
(i) Ali’s age as a percentage of his sister's age (i) Since Ali’s age as a 


Worked 
Example 


zs percentage of his sister's 
= Als age 100% age is 60%, we say that 
aistens Age + Ali’s age is 60% of his 
_ 12 sister's age, or 
= 39% 100% + Ali's age is 40% 
= 60% (= 100% — 60%) less 
than his sister's age. 
(ii) Method 1: nas 
Alli’s sister's age as a percentage of his age 
_ sister’s age 
= “Ali’sage «100% 
_ 20 
=D «100% 
2 
= 1665 % 
Method 2: 
From part (i), Ali's age = 60% x sister's age 
= 00 X sister's age 
‘Then sister's age = me x Ali’s age 
~”. Ali’s sister's age as a percentage of his age 
= 1662 Which method do you prefer? 
= 1665% Mi } 


1. The number of pages in magazine A is 128 and the number of pages in magazine B is 200. 

(i) Express the number of pages in magazine A as a percentage of the number of pages 
in magazine B. 

(ii) By how many percent is the number of pages in magazine B more than the number 
of pages in magazine A? 


2. Express 1400 ml as a percentage of 2.1 /. 
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Comparing whether two statements on percentages are equivalent 
Li Ting writes the following statement: 

“If A is 80% of B, then B is 20% of A” 
Explain if you agree with Li Ting’s statement. 


Worked 
Example 


*Solution 
If A is 80% of B, then A = 80% x B ‘We can use a model to help us 
ais visualise the comparison. 
= 5B. 
SoB=2A 
“4 JES eB 
=(2 A is 80% of B, What percentage 
- (§100%) <a of Ais B? 


= 125% of A 
~. Ido not agree with Li Ting’s statement. 


Li Ting writes another statement: 


“If A is 20% more than B, then B is 20% less than A” 
Explain if you agree with this statement. 


Introduct ry 


Problem 
Revisited 


In the Introductory Problem, we see that we cannot simply add the percentages of different groups to get the 
overall percentage. A percentage is a proportion in relation to a whole or another quantity. Hence, the value that a 
percentage represents depends on what is the whole in the context. 

Can you find the number of students in Sindh and Punjab who are enrolled in high schools such that the total 
percentage obtained is 9.0%? Discuss with your classmates. 


E. Comparing two quantities by percentage 


Two schools jointly organised a walkathon to raise money for charity. 


1 
Bernard é 5. Raju 


\e ory 


Since 600 > 400, does it mean that School A had a higher proportion (or percentage) of students who participated in 
the walkathon compared to School B? 


Worked Example 8 shows how a comparison can be done. 


Paci OXFORD “HAPIERS 189 : 


Worked 
Example 


8 


Comparing two quantities by percentage 

School A had 600 out of 1600 students who participated. < 
School B had 400 out of 1000 students who participated. 

Which school had a higher proportion of students who participated in the walkathon? 


*Solution ¢ 
Percentage of School A’s students who participated 
= £00 100% Very often, we cannot simply 

1600 compare the numerical values of 
= 37.5% two quantities. 
Percentage of School B's students who participated See aera 
en, are different. 
= Too0 100% In this case, the bases are each 
= 40% school’s number of students, 

which are different. 


.. School B had a higher proportion of students who participated 
in the walkathon. 


Practise Now 8 


Further 
Exercise 
Questions 


Worked 


Example 


‘There were 30 000 people in Village A and 4000 people attended its New Year party. 
‘There were 25 000 people in Village B and 3500 people attended its New Year party. 
Which village had a higher proportion of people who attended its party? 

Justify your answer with calculations. 


Comparing data using percentages 
Yasir showed his friend his mathematics test results: 


tl 25 | 18 
2 50 | 35 
3 40 25 


His friend commented, “You obtained the best result in Test 2!” 
(i) Explain why his friend thought that Yasir obtained the best result in Test 2. 
(ii) Do you agree with his friend? Justify your reason with calculations. 


“Solution 
(i) His friend thought that Yasir obtained the best result in 
Test 2 because Yasir obtained the highest mark for Test 2. 
(ii) Percentage of marks obtained in Test 1 = 2 x100% 
= 72% 
Percentage of marks obtained in Test 2 = 2 * 100% 
= 70% 


nope 
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Percentage of marks obtained in Test 3 = S 100% < 


= 62.5% 
Since the percentage of marks obtained in Test 1 is the 
highest, then Yasir obtained the best result in Test 1. 


«. Ido not agree with his friend. < 


‘The following table shows the amount of sugar found in each type of berry. 


Blackberry 9 | 0.439 
Blueberry | 0.149 
Raspberry =. 0084 
Strawberry z 0.326 


Cheryl's doctor advises her to reduce her sugar intake. 
Advise Cheryl which of the four berries has the lowest sugar content. 


Li Ting 


Explain if you will accept Li Ting’s proposal. 


1, What do I already know about percentage that could guide my learning in this section? 
2. What are the ways in which I can compare two quantities? 
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Exercise rs 


@ Express each of the following percentages as a 
fraction and as a decimal. 


(a) 47% (b) 64% 


Express each of the following as a percentage. 


(a) 3 (b) 0.38 


Express each of the following percentages as a 
fraction and as a decimal. 


(a) 54% (b) 91.4% 


Express each of the following as a percentage. 
(a) Q (b) 0.776 
Express each of the following percentages as a 


fraction/mixed number and as a decimal. 


(a) 159% (b) 8132% (c) 0.3% — (d) 0.014% 


Express each of the following numbers as a 
percentage. 


2 


(@) 812 (b) 9.124 (©) 0.0023 @) A 


‘There are 120 cars in a multi-storey car park. Given 
that 30% of them are blue, find the number of cars 
which are not blue. 


A company has 12 000 employees. During a 
downsizing exercise, 2.5% of them were retrenched, 
50.75% of them had a pay cut and the rest were 
unaffected. Find the number of employees who 
were unaffected by the downsizing. 


Find the value of each of the following. 
(a) 0.8% of 4.5m 

(b) 1114 % of 24 kg 

(c) 312.5% of $70 


Yasir was asked to find the value of 7.5% of 

10 000 m and his answer was 75 000 m, 
Without performing any calculations, explain to 
Yasir why his answer is incorrect. 


Sucrose is a compound produced naturally in plants, 


from which table sugar is refined. It has the formula 
C,,H,,O,,, which means it is made up of 12 carbon 
atoms, 22 hydrogen atoms and 11 oxygen atoms. 
Find the percentage of hydrogen atoms in the 


compound. 


2 For each of the following, express the first quantity 
as a percentage of the second quantity. 
(a) 45 minutes, 1 hour 
(b) 
(c) 1 year, 4 months 
(d) 15mm,1m 
(e) 335cm,5m 
(f) 1kg, 800g 
(g) 60°, 360° 
(h) 63 cents, $2.10 


25 seconds, 3.5 minutes 


a Waseem earns PKR 16 000 per month while Albert 
earns PKR 68 000 per month. In 2022, Waseem 
donated a total of PKR 1200 to charitable 
organisations while Albert donated a total of 
PKR 4500 to charitable organisations. 

Who donated a higher percentage of his annual 
income to charitable organisations? 


Mu A class has 40 students, of which 25% are boys. 


Given that 70% of the boys passed a mathematics 
test, calculate the number of boys who passed the 
test. 


15. Is x% of 330 or 330% of x greater in value? Explain 


your answer. 
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Exercise 


16. Ken's monthly salary is $1850, In a particular 


month, he spent 20.5% of his salary on room rental, 
$690 on food and $940 on other expenses. Express 
the amount that he overspent as a percentage of 


his monthly salary, giving your answer correct to 
2 decimal places. 


There are 600 pages in a novel. Imran reads 150 
pages of the novel on Friday and 40% of the 
remaining pages on Sunday. Express the number of 
Pages that remains to be read as a percentage of the 
total number of pages in the novel. 


18. ‘The maximum number of marks attainable at a 


Mathematics competition is 60. Cheryl obtains 

40 marks, David obtains 46 marks and Vasi obtains 
49 marks, The examination board decides that 
those who score 80% and above will get a gold 
award, those who score 70% to less than 80% will 
get a silver award and those who score 60% to less 
than 70% will get a bronze award. Determine the 
type of award each student gets. 


19, The height of a father is 50% more than that of his 


son, By how many percent is the height of the son 
less than that of his father? 


20. Bernard, Li Ting and Shaha received PKR 5000, 


PKR 6000 and PKR 9000 respectively. 

(i) Find the percentage of the sum of money that 
Li Ting received. 

(ii) Shaha told Bernard, “My share is 180% of 
yours.” 
Explain if you agree with Shaha’s statement. 


Sara wants to hire a secretary. She gives a typing 
test to the three applicants who apply for the job. 
The following table shows the results, 


a | 214 $17: 
|B _| 252 +——20.—_— 
c 229 18 


Which applicant is the best typist? Justify your 
answer with calculations clearly shown. 


(22) ‘The area of Towns A and B are 15 km? and 24 km? 
respectively. The space reserved for greenery in 
Town A is half that in Town B, and the space 
reserved for greenery in Town B is 25%. Find the 
Percentage of space in Town A that is reserved for 
greenery. 


(23) 99 boys and 1 girl are in a lecture theatre. How 
many boys must leave the theatre so that the 
percentage of boys becomes 98%? 


@ As part of their project, Nadia and Raju conducted a 
survey on 10% of the number of students in Class A 
and on 70% of the number of students in Class B. 
(a) Nadia said that 10% + 70%, i.e. 80%, of the 
total number of students in the two classes 
had done the survey. Is she correct? Explain 


your answer. 

(b) Raju, however, said that wea » Le. 40%, 
of the total number of students in the two 
classes had done the survey. Is he correct? 


Explain your answer. 


> 
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Exercise 


] In 2018, Joyce donated 10% of her annual income to charity. In 20 
charity. When Joyce was commended for being “more charitable in 201 9”, she said, 

i because I donated the same amount in 2018 and in 2019” 

| 


| (i) Explain how Joyce's statement could be true. 
© (ii) Given that Joyce's annual income in both years was each between $30 000 and $40 000, suggest a possible 


19, she donated 12% of her annual income to 
“[ am not more charitable 


amount for her annual income for each year. 


Percentage change, percentage point and 
reverse percentage 


A. Percentage change 
——_————————-- 


‘The change in the value of an item can be expressed as a percentage increase or decrease in the original value. 
An increase of 5% in the salary of a man who earns $1600 per month means that for every $100 of the original 
salary, there is an increase of $5, i.e. each $100 in the original salary becomes $105 in the new salary. 


__newsalary _ 105 — 
original salary — 100 ‘We can also say that the new 


= 105) ose salary is 105% of the original 
New salary Too * original salary A 
105 
= t00 x$1600 
= $1680 
Alternatively, increase in salary = Tap 81600 
= $80 


.. new salary = $1600 + $80 
= $1680 


On the other hand, a decrease of 5% in his salary means that for every $100 of the 
original salary, there is a decrease of $5, 
i.e. each $100 in the original salary becomes $95 in the new salary. 


_, Rewsalary _ 95 = 
original salary — 100 ‘We can also say that the new 


New salary = at x original salary salary is 95% of the original 
mie 
= Too x$1600 
= $1520 


® 
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5 
Too $1600 


Alternatively, decrease in salary 


= $80 


~". new salary = $1600 — $80 
= $1520 


Problem involving simple percentage change 

The resident population in Country S is made up of citizens and permanent residents. 

‘The citizen population was 3.41 million in 2020 and it increased by 0.9% in 2021. 

4 0) Together with the permanent resident population, the resident population increased from 

3.93 million in 2020 to 3.97 million in 2021. 

(i) Calculate the citizen population in Country $ in 2021. 

(ii) Calculate the percentage increase in the resident population in Country S$ from 2020 
to 2021. 


Worked 
Example 


“Solution 

(i) Since the citizen population in Country S increased by 
0.9% in 2021, its citizen population in 2021 was 100.9% ‘The original value before any 
of that in 2020. change is always taken as 100%. 


-. citizen population in Country $ in 2021 
= final percentage x original value 


= 100.9% x 3.41 million 
100.9 one 
lar 3.41 million 


= 3.44 million (to 3 s.f.) 


(ii) Percentage increase in resident population in Country $ from 2020 to 2021 
___ increase 
original value 
3,97 -3.93 
eT * 100% 


= 1.02% (to 3 s.f.) 


*100% 
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Similar and 
Further Questions 
Exe 


Questions 


To discourage water wastage, the cost per CuM of water 
CuM stands for cubic metre. 


consumption in Country A is increased based on the volume Aikocat ine won Reeatte 

consumed. metre in mathematics, CuM is 

+ — For households using 0 to 40 CuM of water per month, the _ used in the real world in some 
cost is increased from $2.15 per CuM to $2.44 per CuM. seeee eee bile 

+ For households using more than 40 CuM of water per 
month, the cost is increased by 22.9% from $2.61 per CuM. 

(i) Calculate the new cost per CuM for households using more than 40 CuM of water per 
month. Leave your answer to the nearest cent. 

(ii) Calculate the percentage increase in the cost per CuM for households using 0 to 40 CuM 
of water. 


Why is it possible to have a 110% increase in the cost of an item but not a 110% decrease in its cost? 


Worked 
Example 


11 


More complicated problem involving percentage change 

The total cost of making a piece of furniture consists of the cost of wood at $300, the cost of 
paint at $200 and wages at $200. If the costs of wood and paint are increased by 12% and 7% 
respectively, while wages are decreased by 10%, calculate the percentage increase or decrease 
in the cost of the furniture. 


*Solution 


112 


Wood $300 +12% $2 x$300 = $336 
Paint = $200 +7% 107 $200 = S214 
Wages $200 -10% 20 «$200 = $180 
Furniture $700 | $730 
Percentage increase in the cost of the furniture = aera *100% 

= SBRS70? 510% 

a x100% 
= 42% 
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‘The monthly cost of running a small business consists of retail space rental at PKR 700 000, 
wages at PKR 525 000 and utilities at PKR 140 000. If the retail space rental and wages are 
decreased by 5% and 6% respectively, while utilities are increased by 7%, find the percentage 
increase or decrease in the monthly cost of running the business. 


P 
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Can we add percentages or take average of percentages? 


1. In Worked Example 11, explain why we cannot find the change in the cost of the furniture using: 
12% + 7% + (-10%) = 9%. 
2. Yasir was earning a monthly salary of $x in 2020. In 2021, his salary was increased by 10%. < 
However, in 2022, due to the financial situation of his company, his salary was decreased by 10%. 
Is it correct to say that his monthly salary in 2022 was $x? Explain your answer. 
3. The percentage passes in a Mathematics examination for two Secondary One classes are 80% and 60%. 
‘The number of students in each class is 35 and 40 respectively, 
(i) Find the average of the percentage pass by dividing the sum of the percentage passes of the two classes by 2. 
(ii) Find the overall percentage pass by calculating the number of students who passed 
in each class and expressing this as a percentage of the total number of students. 
(iii) Compare the answers to parts (i) and (ii). What do you realise? 


(iv) What lesson can you learn from this question? Is there an exception? 


From the above Investigation, we learn that: 


For example, in Question 1 in the Investigation, the bases refer to the original cost of the wood, paint and wages in 
Worked Example 11, which are different. 


In Question 2 in the Investigation, the bases refer to the monthly salaries for 2020 and for 2021, which are different. 
Asa result, the 10% increase in 2021 on the monthly salary for 2020 is not equal to the 10% decrease in 2022 on the 
monthly salary for 2021. 


What do the bases in Question 3 in the Investigation refer to? 


Percentage change problem involving algebra 
‘The length of a rectangle is twice that of its breadth. If the length of the rectangle is increased 
by 10% while its breadth is decreased by 10%, determine, if any, the percentage change in its 


1 2 perimeter. 


Worked 
Example 


» 
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*Solution 
Let the breadth of the rectangle be x units. (4 
Then the length of the rectangle is 2x units. 


New length of rectangle = i x 2x = 2.2x units 


New breadth of rectangle = a xx = 0.9x units (- 
Original perimeter of rectangle = 2(2x + x) = 6x units 
New perimeter of rectangle = 2(2.2x + 0.9x) = 6.2x units 


increase 
original value 


Percentage increase in perimeter of rectangle 100% 


1. The length of a rectangle is twice that of its breadth. If the length of the rectangle is 
Similar and increased by 20% while its breadth is decreased by 20%, determine, if any, the percentage 


Furthe 


Questions change in its perimeter. 


Exercise 8B 


Questions 14,15 


B. Percentage point 


2. The length of a rectangle is twice that of its breadth. If the length of the rectangle is 
increased by 10% while its breadth is decreased by 10%, determine, if any, the percentage 
change in its area. 


Percentage point 


In this Investigation, we shall explore the difference between ‘percentage point’ and ‘percent Read the article in 
Fig. 8.3 and answer the questions below. 


NEWS 


Finance Bill: GST to rise from 17% to 18% 


‘The Pakistani government announced measures to raise PKR 170 billion in taxes 
by June 2023. The measures include increasing the general sales tax (GST) by 
one percentage point from 17% to 18%. 


Fig. 8.3 
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1, Bernard said that the increase from 17% to 18% change is an increase of 6% and not 1%. How did he arrive 


at 6%? 


2. Do you think Bernard is right in saying that the increase is 6%? Explain your answer. 


3. It is mentioned in the passage that the increase from 17% to 18% is one percentage point. What does 
‘one percentage point’ mean and how is it different from one percent (i.e, 1%)? Is the distinction between 


‘one percentage point’ and ‘one percent’ important? Explain your answer. 


We can refer to an increase in other quantities, such as money e.g. $17 to $18, as an increase of $1. This corresponds 


to a percentage increase of 6%. 


However, in the case of percentages, stating an increase from 17% to 18% as a 1% increase may be misintepreted 
as a percentage increase of 17% by 1%. Thus, in the above Investigation, the increase is described as an increase in 


percentage points. 


C. Reverse percentage 


In problems involving percentages, we are usually given the whole or what the 100% represents. 
In problems involving reverse percentages, we are supposed to find the whole or what the 100% represents. 


Simple reverse percentage problem 
Worked 


Example 


13 


*Solutior 
Method 1: 


30% of the students = 48 
30 ( 48 30 
* ss 2 
1% of the students = 30 


“100% of the students = S x100 (*) 


x 100( ) x 100 


= 160 
~. number of students in student council = 160 


Method 2: 


Let the number of students in the student council be x. 


‘Then 30% x x = 48 


= 160 


-. number of students in student council = 160 


In a student council, 30% of the students walk to school. If 48 students walk to school, 
calculate the number of students in the student council. 


= 


1, we observe that 
when one quantity is divided 
by 30, the other quantity is 
also divided by 30; and when 
one quantity is multiplied by 
100, the other quantity is also 
multiplied by 100. We say that 
the two quantities vary with 
each other proportionally. 


Compare step") in Method | 


and step ("") in Method 2. 
Do you notice that the two steps 
are actually the same? In other 
words, the two methods are 
related. 


Which method do you pref 
Why? 
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rand 
Exercise 8B 


Worked 
Example 


14 


70% of the books on a bookshelf are English books. If there are 35 English books on the ' (4 
bookshelf, find the number of books on the bookshelf. 


Reverse percentage problem involving percentage increase 
After an increase of 5%, Joyce's monthly salary becomes $2205. 
Find her original monthly salary. 


“Solution 

Method 1: 

After an increase of 5%, Joyce's monthly salary becomes 105% of her original monthly salary. 
105% of original monthly salary = $2205 


1% of original monthly salary = see 
100% of original monthly salary = ee 100 
= $2100 


-. Joyce's original monthly salary is $2100. 


Method 2: 
Let Joyce's original monthly salary be $x. 
Then 105% x x = 2205 


1.05x = 2205 
2205 wenees (**4) How is step (***) similar to 


1.05 or different from step |") in 
x= 2100 Worked Example 13? Which 
82 method do you prefer? Why? } 
~. Joyce's original monthly salary = $2100 
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Similar and 


Further Questions 


Exercise 
Questions 


1. Ifthe cost of an article is raised by 9% to PKR 141 700, what is the original cost of the 
article? 

2. Every year, the value of an antique vase appreciates by 20% of its value in the previous 
year. If the value of the vase was $180 000 in 2020, find its value in 2018. 


200 CT oxrore =e 
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Reverse percentage problem involving percentage decrease A «| 
If 6% is deducted from a bill, $282 remains to be paid. How much is the original bill? < 


M fey “Solution 
Method 1: 
After 6% is deducted from the bill, 94% of the bill remains to be paid. < 
94% of the original bill = $282 
ae a $282 
1% of the original bill = Ti 


100% of the original bill = a =—=x100 


= $00 


Worked 
Example 


.-. original bill = $300 


Method 2: 
Let the original bill be $x. 
Then 94% x x = 282 
0.94x = 282 
= 282 
ool _—. 
x= 300 ee method do you prefer? 
«”. the original bill is $300. 
Practise Now 15 1. After a pay cut of 3%, Nadia’s monthly salary becomes PKR 722 681. Find her original 
monthly salary. 


2. Every year, the value of a car depreciates by 15% of its value in the previous year. If the 
value of the car was $86 700 in 2020, find its value in 2018. 


1. What new knowledge of percentage have I gained in this section? 
2. What is the most confusing part of the concepts taught in this section? How can I overcome it? 
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Exercise 


Find the value of each of the following. 
(a) Increase 60 by 35% 

(b) Increase 28 by 125.7% 

(c) Decrease 120 by 45% 


(d) Decrease 216 by 374% 


An elastic band which is 72 cm long, is stretched to 
90 cm. Find the percentage increase in its length. 


‘The price of a desktop computer decreases from 
PKR 304 300 to PKR 228 225. Find the percentage 
decrease in its price. 


A house costs 36% more today than when it was 
built. If the cost of the house when it was built was 
$333 000, find its cost today. 


A car was bought in 2020 for $120 000. In 2021, its 
value decreased by 20%. In 2022, its value decreased 
by 10% of its value in 2021. Find the value of the car 
at the end of 2022. 


45% of the students who took part in a creative 
writing competition were boys. If 135 boys took part 
in the competition, find the total number of students 
who took part in the competition. 


(a) 20% ofa number is 17. Find the number. 

(b) 175% of a number is 49. Find the number. 

(c) The result of a number, when increased by 
15%, is 161. Find the number. 

(d) The result of a number, when decreased by 
20%, is 192. Find the number. 


In 2018, the Country P stated that the overall 
number of visitor arrivals increased year on year by 
6.2 percent to 17.4 million. Find the number of 
visitor arrivals in 2017, leaving your answer in 
millions correct to one decimal place. 


If 10% is deducted from a bill, PKR 13 050 remains 
to be paid. How much is the original bill? 


The number 2400 is first increased by 30%. The 
value obtained is next decreased by 20%. Find the 
final number. 


a In 2021, a train carried 8% more passengers than in 


2020. In 2022, it carried 8% more passengers than 
in 2021. Find the percentage increase in the number 
of train passengers from 2020 to 2022. 


2 The production cost of a printer consists of the cost 


of raw materials at $100, the cost of overheads at 
$80 and wages at $120. If the costs of raw materials 
and overheads are increased by 11% and 20% 
respectively, while wages are decreased by 15%, 
find the percentage increase or decrease in the 
production cost of the printer. 


When the cost of fuel rose by 10%, Albert decreased 
his fuel consumption by 10%. 

Albert claimed that there was no change in his 
expenditure on fuel consumption. 

Explain if Albert is right or wrong. 


‘The length of a rectangle is twice that of its breadth. 
If the length of the rectangle is decreased by 10% 
while its breadth is increased by 10%, determine, if 
any, the percentage change in its perimeter. 


‘The length of a rectangle is increased by 10% while 
its breadth is decreased by 10%. Determine, if any, 
the percentage change in its area. 


Every year, the value of an apartment appreciates by 
15% of its value in the previous year. 

If the value of the apartment was $899 300 in 

2022, find its value in 2020. 
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Exercise 


wv. Every year, the value of a surveying machine 
depreciates by 25% of its value in the previous year. 
If the value of the machine was PKR 2 520 000 in 
2022, find its value in 2020. 


‘The value of an investment portfolio decreased by 
8% in 2021. In 2022, its value increased by 5% of its 
value in 2021. Given that the value of the portfolio at 
the end of 2022 was $61 824, find its original value. 


(19) Ali is 8% taller than Yasir and Vasi is 10% shorter 
than Yasir. Express Ali’s height as a percentage 
of Vasi’s height. 


The number of girls in a choir is twice that of boys. 
The music director wants to have the same number 
of girls and boys in the choir. 


Find the required percentage increase or decrease 
in the number of girls if the music director 
increases the number of boys by 

(a) 30%, (b) 130%. 


Shaha is given a choice of two new salary schemes 
after a promotion. 
Scheme A: 12% increase of her current monthly 
salary 
Scheme B: 8% increase of her current monthly 
salary + PKR 223 800 annual bonus 
(a) If Shaha's current monthly salary is 
PKR 537 000, which of the two schemes is 
better? 


© (b) Suggest a possible amount for Shaha’s current 


monthly salary if he were to accept Scheme 
B because it is a better offer. Support your 
answer with calculations. 


We frequently encounter percentages in supermarkets, shopping malls, schools, newspapers, reports, taxes and 
many other real-world contexts. Percentage is a powerful way to express the relationship between two quantities. 


Often, it is used to express the idea of proportionality between two quantities, whereby a pair of quantities can be 
obtained from another pair by multiplying with the same factor. We also see the importance of understanding the 
context, and being clear about the quantity that we are referring to when we communicate mathematical statements 
using percentages. 


While percentages are useful in modelling the relationships between quantities in the real world, they can be 
misinterpreted and misused, especially in fake news. Often, fake news producers like to use sensational headlines 


such as: 


NEWS 


More than 60% of the people are unhappy with ... 


This may give an impression that many people are unhappy when in fact, only 3 people were surveyed, and out of 
these, 2 were unhappy. This example highlights the importance of taking note of the quantities we are referring 

to when we interpret percentage statements. In this data-driven world, it is vital that we develop a keen sense for 
numbers and a strong understanding of percentage to make sense of the huge amount of information around us. 
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1, x percent (ie. x%) is defined as x parts per hundred: x% = Fa Re 
+ Give two examples of how percentage is used in a real-world context. 


2. To express one quantity a as a percentage of another quantity b, we convert the fraction 4 into a percentage, C 


ie, 451000, 


Both a and b must be of the same unit. 
+ Give an example of how a quantity is expressed as a percentage of another. 


3. Percentage change 
increase / decrease 
original value 


Increase/Decrease = percentage increase/decrease x original value 
New value = final percentage x original value 


Percentage increase/decrease = «100% 


+ Think of one real-life problem involving percentage change, and solve it. 
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CHAPTE 


Ratio and Rate 


The Vitruvian Man is a famous drawing created by the world-renowned artist Leonardo da 
Vinci in 1487. The drawing is sometimes called Proportions of Man because it shows the 


ideal human proportions, which follow the Golden Ratio of Lvs : 


2 
Any object with a geometric proportion that reflects the Golden Ratio, such as a succulent 
plant, is pleasing to the eye. This ratio also appears in a sea creature called the nautilus. 
The use of the Golden Ratio can also be seen in many man-made structures, such as the 
Parthenon and the Great Pyramid. 


Learning Outcomes 

What will we learn in this chapter? 

+ What ratio and rate (including speed) are 

+ How to find ratios involving rational numbers, up to three quantities 
+ How to distinguish between constant and average rates 


+ Why ratios and rates have useful applications in real life 


SXEORE > 


Table 9.1 shows a utility bill. 


Breakdown of Current Charges Usage —Rate($) = Amount($) _Total ($) 
Electricity Services 

Reading taken on 02 June 2023 315 kWh 0.2215 69.77 69.77 
Gas Services 

Reading taken on 02 June 2023 30 kWh 0.1853 5.56 5.56 
Water Services 

Reading taken on 02 June 2023 15.0 CuM 1.19 17.85 

Water Conservation Tax $17.85 35% 6.25 24.10 
Subtotal 99.43 99.43 
GST 99.43 18% 17.90 17.90 
Current Charges: $117.33 


(inclusive of GST) 


Table 9.1 


‘The ‘Breakdown of Current Charges’ shows the number of units of water, electricity and gas a household has used in 
the billing period. 


Can you tell how the charges have been calculated? 


In this chapter, we will learn more about ratios and rates so that we can figure out how to interpret ratios and rates 
used in our daily lives, such as those in the above utility bill. 


Ratio 


A. Concept of ratio 


Ratios can be used to compare two or more numbers. 

For example, if there are 30 boys and 10 girls in a class, we say that the ratio of the  comecell 

number of boys to the number of girls is 30 : 10, which we can simplify to 3: 1. ‘The symbol : is called a colon. | 
But in real life, ratios are often used to compare two or more quantities that have units. 


For example, in a map, 1 cm represents 1 km. 


In this case, the two quantities have different units but they are of the same kind: length or distance, 
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A length on a map cannot possibly be equal to the actual distance on the ground, so the ratio cannot be 1. 
‘Therefore, we have to convert 1 km to 100 000 cm so that both quantities have the same unit. < 
‘Then the map scale as a ratio is 1 : 100 000. 


Finding ratios 

‘There are 17 boys and 19 girls in a class. Find the ratio of 
(i) the number of boys to the number of girls, 

(ii) the number of girls to the number of boys. 


iicatin _— 
‘The order in whit 


bait 
(i) Ratio of the number of boys to the number of girls = 17:19 "expressed is eae ~e | 


Worked 
Example 


(ii) Ratio of the number of girls to the number of boys = 19 : 17 


‘There are 33 lemons and 20 pears in a basket. Find the ratio of 


(i) the number of lemons to the number of pears, 
(ii) the number of pears to the total number of fruits in the basket. 


Relationship between ratios and fractions 


‘There are 5 green balls and 7 red balls in a bag. 
Let A and B represent the number of green balls and red balls respectively. 
1. If Tis the total number of balls in the bag, 
(a) find the ratio of A to T, 
Aer 


‘The ratio of A to Tis 


(b) what fraction of T is A, i.e. what is as 
Ang 7 
in 

2. (a) Find the ratio of A to B. 
A:B 


> 
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‘The ratio of A to Bis 2 . 
The following statement is equivalent to the above statement. 
A 


Ais (fraction) of B, i.e. Ti (fraction). 
(b) Find the ratio of B to A. 
B:A 


‘The ratio of B to A is : 
‘The following statement is equivalent to the above statement. 


Bis (fraction) of A, ie. 4 = (fraction). 
3. Draw a model to illustrate the relationship between A and B. 


4. Work in pairs. 
Come up with other scenarios involving two quantities similar to that given above. 
Challenge your classmate to write equivalent statements involving ratios and fractions to compare the two 
quantities. Draw models to illustrate the relationships. 


From the above Class Discussion, we learn that: 


| Equivalence 


Although a: b is equivalent 
a , a: bis not equal to i. 
‘Therefore, we do not write 


a:b=o. 


to 


From the above Class Discussion, we have learnt that the ratio notation a : b is equivalent to the fraction 5 5 


1, Can we have a ratio such as 5: 0 or 0 : 5? Why or why not? 
Hint: Think in terms of fractions. 

2. The ratio of three numbers or quantities can be represented as a ; b : c. Can this ratio be expressed as a fraction? 
Why or why not? 


208 CHAPTER? OXFORD 


C. Equivalent ratios 


We have learnt in Chapter 2 that ae 


6 
24 and 2 are equivalent fractions. 


Since ratios of two positive numbers be expressed in an equivalent form as a fraction, 
we have: 


1:2, 2:4 and 6: 12 are known as equivalent ratios. The simplest form is 1 : 2. 
Are 23 : 46 and } H 7 equivalent to 1 : 2? 


} You can use the {J key on 


calculator to help you express a| 
fraction in its lowest term, 


eg. to express & in its lowest 
tem, pres BGB 

to obtain 5. 

Similarly, to simplify a ratio, you 


can also use the & key, e.g. 
to simplify 6 : 12, press the same 


sequence of calculator keys and 
write the answer as 1 : 2, } 


3 aG= 22.28 divide both parts by 23 Eq ratios have the 
23° 23 same value, e.g, 1:2 and 2; 4. 
=1:2 Expressing ratios in the simplest 
3 form allows us to check if they 
«. 23: 46 is equivalent to 1: 2. are equivalent, Are 23: 46 and 
1 1 equivalent? 
11 216,16 multiply both parts by LCM of 3 and 6, ie. by 6 eG : 
3°6 3 6 ; : 
= 2:1 
be ‘ 
“3°§ is not equivalent to 1 : 2. 
Simplifying ratios 
paosmee Simplify each of the following. 
Example 2°55 
ik 0.12: 0.) 
2 @ 13:2 ) 56 
“Solution 
(a) re : 2 = 3x6:2x6 multiply both parts by 6 
= 10: 5 
22:1 divide both parts by 5 to reduce to simplest form 


(b) 0.12: 0.56 = 0.12 x 100 ; 0.56 x 100 
= 12 : 56 
= 3 14 


multiply both parts by 100 


divide both parts by 4 to reduce to simplest form 


Simplify each of the following. 


(a) 22 iI (b) 0.36: 1.2 


M1a)-(d) 
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Finding and simplifying ratios of quantities with units a 
Worked fs ' { 
Bainole Find the ratio of 600 cm to 1.6 m. ive soci wearers 
. 600 cm : 16 m because the 
"Solution colon (i.e, the symbol :) is used 
3 to denote a ratio, and a ratio has 
16m =160cm convert to the same unit no units, 
s*, ratio = 600 :160 So 600 cm : 1.6 mis nota ratio. } 


= 15:4 divide both parts by 24 


Find the ratio of a kg to 700 g. 


Finding unknown in ratio 
(a) Given that 4x : 9 = 7 ; 3, find the value of x. 
(b) If3:y=3*: 22, calculate the value of y. 


Worked 
Example 


“Solution 
(a) 4x:9=7:3 
4x _7 ny 
mak express ra as f ‘equality of two ratios, we 
73 express ratios as fractions aie 
4x=21 of two fractions since the two. 
1 forms are equivalent. 
x=5— ‘Thus we see how the conversion 
4 from one equivalent form to 
another can help us to solve 
problems. 


change order of parts in each ratio 
for easier manipulation 


express ratios as fractions 


1. (a) Given that 3a:7 =8:5, find the value of a. 


Similar and (b) If5:b=5*: 4%, calculate the value of b. 


2. Given that a = 4 , find the ratio of x: y. 


Problem involving ratios of two quantities 

‘The ratio of the number of female participants to the number of male participants at a party 
is4:9. 

If there are 30 more male participants than female participants, calculate the total number of 
people who attended the party. 


Worked 


Example 
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“Solution 
Method 1: 
Let the number of female participants = 4x. 
‘Then the number of male participants = 9x. 


30 
Female (1) 2 9 a) —_—_—_—._ Dawa model to help you 
Mae SS A SS TS sense of the problem. 


From the model, we form the equation: 9x - 4x = 30 


5x = 30 
x=6 
Total number of people who attended the party = (4 + 9) x 6 
=13x6 
=78 
Method 2: 
No. of male participants — no. of female participants = 9 parts — 4 parts 
= 5 parts 
~. 5 parts = 30 
1 part =6 
Total number of people who attended the party = 13 parts How are the two methods 
=13x6 similar? Which method do you 
mee prefer? Why? 


1. The ratio of the number of fiction books to the number of non-fiction books in a library 
is 5 : 2. If there are 1421 fiction and non-fiction books altogether, how many more fiction 
books than non-fiction books are there in the library? 

2. Cheryl and Shaha each have a sum of money. The ratio of the amount of money Cheryl 
has to that of Shaha is 3 : 5, 

After Shaha gives $150 to Cheryl, the ratio of the amount of money Chery] has to that of 
Shaha becomes 7 : 9. 
Find the sum of money Cheryl had initially. 


D. Ratios involving three quantities 


Ratios can also be used to make comparisons among three or more quantities. 


For example, if x = 18, y= 27 andz=54,then x: y:z=18:27:54 i ‘The ratio of three quantities can 


From the above, we can deduce that 


=2:3:6. be simplified by multiplying or 
dividing each term by the same 


constant, but this ratio cannot 
be written as a fraction. 


, 
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Ratio involving three quantities 


Worked Ifx:y=11:8and y:z=6:7, calculate (4 
Example - - 
(@) x:y:z (ii) x:z. 
6 "Solution 
@) x:y=11:8 yiz= 6:7 yis the common part in the < 
{x3 {x4 ratios x: y and y: z. To calculate 
sar ae xyz, we find the equivalent 
= 20508 = 2h 28 ratios of x: yand y:z such that 
2 Xy:Z= 33:24:28 yhas the same number of units 
in both ratios. 
o a Since y= 8 inx: y,and y=6 in 
(ii) From (i), x: z= 33: 28. sre ve wall mabe y= 44 ba 
the LCM of 8 and 6 is 24. 
1. Ifx:y=5:6andy:z=4:9, find 
Similar and (i) x:y:z, (ii) x: 2. 
— 2. Find the ratio of 600 m to 0.9 km to 30 000 cm. 


Exercise 9A 
Question: 


Problem involving ratios of three quantities 

A sum of money is divided among Bernard, Li Ting and Yasir in the ratio 9 ; 8 : 7. 
After Bernard gives $25 each to Li Ting and Yasir, the ratio becomes 16 : 17 : 15. 
Calculate the amount of money Bernard had at first. 


Example 


“Solution 
Let the amount of money Bernard had at first be $9x. 
‘Then the amount of money Li Ting and Yasir had at first is $8x and $7x respectively. 


Before $9x $8x $7x_ 
After $(9x-50) — $(8x+25) | $(7x+25) 
9x-50 _ 16 
oe ine - You can also find the value of x 
ix — 50) = 16(8x + solving 22=50 _ 16 
153x - 850 = 128x + 400 ue a (eae » 
153x - 128x = 400 + 850 ores is" 
25x = 1250 
x=50 
~. amount of money Bernard had at first = 9 x $50 
= $450 
, 
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A sum of money is divided among Raju, Albert and Vasi in the ratio 6 : 4 : 5. G4 


After Raju gives $30 to Albert and $15 to Vasi, the ratio becomes 7 : 6 : 7. 
Find the amount of money Raju had at first. 


E. Ratios in real-world contexts 


Let us look at some ratios we encounter in the real world. 


Making sense of ratios used in real-world contexts 


1. The aspect ratio of a television screen refers to the ratio of its width to its height. The standard aspect ratio is 4: 3 
while the widescreen aspect ratio is 16 : 9. 
When an image with a 4 : 3 aspect ratio is displayed on a screen with a 16 : 9 aspect ratio, the image becomes 
distorted, as shown in Fig. 9.1. 


4:3 image ona 4:3 screen 4:3 image ona 16:9 screen 
Fig. 9.1 
Explain why this happens. 
2. The instruction on the label on a bottle of drink concentrate reads: “Mix 1 part of concentrate to 4 parts of water”. 
(a) (i) Explain what this instruction means. 
(ii) Why is the term “parts” used instead of specifying an amount, e.g. 50 ml of concentrate to 200 ml of 
water? 
(b) Write down the following. 
(i) The ratio of concentrate to water. 
(ii) The percentage of concentrate in the drink made. 
(iii) The fraction of water in the drink made. 
(c)_ If you would like to make a drink that has twice as much concentrate compared to the given ratio of 1 : 4, 
what would the new ratio be? 
(d) Comparing a drink with a 3 : 7 ratio of concentrate to water to that with a 1 : 2 ratio, which drink would 
have a stronger flavour? Explain why. 
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Worked 
Example 


8 


Ratio in real-world contexts 

Joyce's class sold orange juice at a school carnival. To prepare the orange juice, her classmates < 

mixed 5 litres of orange syrup with water, according to a dilution ratio of 1 part syrup to 

3 parts water. The orange juice was sold at $1 for a 200-ml cup. 

(i) Calculate the amount they collected if all the orange juice was sold out. 

(ii) After the carnival, Joyce commented, “We could have doubled the amount collected < 
during the sale by mixing the orange syrup with water in the ratio 1: 6”” 
Is Joyce correct? Explain. 


"Solution 
(i) Amount of orange juice made for sale = (1 + 3) x 5 
= 20 litres 


Amount of money collected from sale = ae x$1 


= $100 
(ii) Suppose Joyce's class made orange juice in the ratio 1 : 6. 
Amount of orange juice made for sale = (1 + 6) x 5 
= 35 litres 
Since mixing 5 litres of orange syrup with water in the ratio 1 : 6 does not produce twice 
the amount of orange juice obtained from mixing 5 litres of orange syrup with water in 
the ratio 1 : 3, the amount collected would not have doubled. 


Practise Now 8 


Similar and 
Further Questions 
Exercise 9A 
Questions 18, 


22{a), (b) 


Li Ting wants to buy 500-ml bottles of ultra-concentrated washing detergent that suggest a 

mixing ratio of 1 part detergent to 4 parts water to make the washing solution. 

(i) If Li Ting needs to make 5 litres of washing solution, find the number of bottles of 
ultra-concentrated washing detergent she has to buy. 

(ii) Using the number of bottles bought in part (i), Li Ting decides to make a more diluted 
washing solution than suggested. If she makes 10 litres of washing solution, what is the 
mixing ratio she uses instead? 
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Exercise 


‘There are 14 boys and 25 girls in a school 

badminton team. Find the ratio of 

(i) the number of boys to the number of girls, 

(ii) the number of girls to the total number of 
players in the team. 


Simplify each of the following ratios. 


(c) 0.45: 0.85 (d) 16:4 
Find the ratio of 
(a) 1.5m to 300cm, 


(c) 50¢ to $1.25, 


(b) 600 ml to 1.21, 
(a) 2.4kg to 4000 g. 


(a) Find the value of a if a : 400 = 6 : 25. 
(b) Given that 4? ; 3’ = 8 : 3b, find the value of b. 


A certain amount of money is shared between 
Waseem and Ken in the ratio 5: 9. 

If Waseem gets $44 less than Ken, find the 
total amount of money that is shared between 
the two boys. 


Given that a: b: c= 75: 120: 132, 
(i) simplify a:b: c, 

(ii) find b: a, 

(iii) find b: c. 


Simplify each of the following ratios. 


2.3.5 sly ohh 
@°3°3"3 Wet Gis 
(0) 0.33:0.63:18  (d) 1.4:7:63 


Find the ratio of 

(a) 580 ml to 1.12] to 104 ml, 
(b) 2.8 kg to 700 g to 1.05 kg, 
(c) 32mto24km to 64.8 m, 
(d) $7.60 to 84¢ to $6. 


Nadia, Yasir and David make a total of 1530 toys in 

the ratio 12 : 16: 17. Find 

(i) _ the number of toys Yasir makes, 

(ii) the amount of money David earns if he is 
paid $1.65 for each toy. 


(10) Ina particular year, a total of 510 000 patients were 
admitted to hospitals. There were 12 000 doctors 
and 38 000 nurses registered in the country, and 
800 volunteers who helped out in the hospitals. 
Find the ratio of 
(i) the number of patients to the number of 

doctors, 

the number of doctors to the number of nurses 

to the number of volunteers. 


(ii) 


oo Simplify each of the following ratios. 


1 


5 : 
(a) 0.75: 375 (b) 75:45 


(0) 24%: 13 (4) 0.84: 0.84% 


12 Find the ratio of 


(a) 2.475mto33cm, (b) a kg to 61.6 g, 


() 33 1to250 ml, (d)_ $2.05 to 75¢. 


3 
13. (a) Given that = = + , find the ratio of x: y. 
(b) Given that = = “ , find the ratio of x: y. 
os Ina school of 1200 students, the ratio of the 
number of teachers to students is 1 : 15. 
After some teachers join the school, the ratio of the 
number of teachers to students becomes 3 : 40. Find 
(i) _ the initial number of teachers in the school, 


(ii) the number of teachers who join the school. 


> 
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Exercise 


“15. Ifp:q= 3 :2and p:r= ; A } , find Find the number that must be added to 3 and 8 so 
i ii : that the ratio of the first number to the second 
a number becomes 2: 3. 


9-—15 1 
16. Given thatx:3: 5 = +45 :)) find the value of (20) Given that x: y=3:4 and y:z=5:8, find the 


xandof y. value of Sen ytle c 
, sunt d tulips a florist 
ed a ae tion : = soem . ‘Three numbers x, y and z are such that 
Ses i syiz=5:4:3, 
i , the ratio becomes iyiz 
ea ee (a) Suggest one set of values of x, y and z if x # 5. 
Find the number of roses left after 50 of them are sold. (b) Suggest one set of values of x, y and zif 
| O<x<l. 
\ i fruit drink fo . He uses a | 
| 18. haere ces arate (22) Bernard and Shaha are competing in an election to 
in the ratio 3: 1: 4. He has enough lemonade and be the president of the Student Council. ; 
carbonated water to make 6 litres of the fruit drink. ‘The ratio of votes Bernard receives to that which 
(i) Strawberry syrup is sold in 240-ml bottles. Shaha receives from Class A is 1:2. ; 
Find the number of bottles of strawberry The ratio of votes they receive from Class B is 3: 2. 
syrup he has to bu (a) Bernard claims that neither he nor Shaha 
(ii) sae to eee all the strawber wins the election because the ratio of votes he 
syrup bought as listed in part (i) a receives to that Shaha receives is 4 : 4. 
the additional amounts of lemonade and Is Bernard correct? Explain, ; 
carbonated water Vasi has to buy in order to & Shaha claims that she has won the election. 
maintain the ratio of 3: 1:4. Suggest one set of the number of votes each 
— of them received from each class such that 
Shaha’s claim is true. 
Rate 


A. Concept of rate 


. 
In Section 9.1, we have learnt that a ratio is used to compare two or more quantities of the same kind that either 
have no units (i.e. just numbers) or are measured in the same unit. 

For example, the ratio of the number of boys to the number of girls in a particular team is 3 : 1. 
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We can also say that for every girl in the team, there are 3 boys, or there are 3 boys per girl in the team. 


FRAN FTRARRKA 


If there are now 2 girls in the team, we see that there will be 6 boys. < 
‘The statement “3 boys per girl” is called a rate. Rate tells us how one quantity changes with another quantity. In this 
section, we will learn more about rates, and the relationship between ratio and rate. 


Different types of rates 


Part 1: Typing speed 

An average person types 40 words in one minute. 

We can express the typing speed as a rate of 40 words per minute. 

‘The typing speed or rate measures how the number of words typed changes with the duration. 

(a) What two quantities does the typing rate compare? 

(b) Are the two quantities of the same kind or of different kinds? How can you tell? 

(c) Give another example of a rate that compares two quantities of different kinds. 

In this case, the typing speed or rate is expressed as the number of units of one quantity per unit of another quantity. 


Part 2: Speaking rate 

Search the Internet for the video “Math Snacks: Bad Date’. 

During the dinner, the man spoke 175 words but the woman only spoke 25 words. 

‘The woman complained to her friend on the phone, “For every word I spoke, he spoke 7 words.” 

In this example, the rate is the number of words the man spoke per word that the woman spoke, i.e. 7 words spoken 
by the man per word spoken by the woman. 

(d) What two quantities was the woman comparing? 

(e) Are the two quantities of the same kind or of different kinds? How can you tell? 

(f) Give another example of a rate that compares two quantities of the same kind. 


Part 3: Relationship between ratio and rate 

Although ratio and rate are two different measures used to compare quantities, there is an overlap when the 
comparison is between two quantities of the same kind. 

For instance, at the start of Section 9.2, the ratio of the number of boys to the number of girls, 3 : 1, can be converted 
to a rate of 3 boys per girl in the class. 

(g) Find another example of a ratio in Section 9.1 and convert it to a rate. 


A rate that compares two quantities of the same kind can also be converted to a ratio. 
For example, in Part 2, the rate is 7 words spoken by the man per word spoken by the woman. 
(h) Express the number of words spoken by the man to the number of words spoken by the woman as a ratio. 


> 
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Part 4: Cost per 100 grams 
Let us now calculate the cost of coffee powder for the same amount of coffee for each of 7 find the cost per 100 g, 
the two options. divide $5.80 by 2 for Option A, 
and divide $7.45 by 2.5 for 
Option A Option B Option B, Why? 


200 g Coffee powder 200 g + 50 g¢ 


$5.80 


(i) Do you prefer to calculate the cost per gram of coffee powder or the cost per 100 g of coffee powder? Why? 


Calculating the cost per 100 g of coffee powder will give us values that are easier to 
manage and compare. 


‘The cost per 100 g of coffee powder is a rate. 

In other words, a rate can be expressed as the number of units of one quantity 

per units of another quantity, where n is a positive integer. 

(j) Give another example of a rate that is expressed as the number of units of 
one quantity per n units of another quantity, where n # 1 (the two quantities 
can be of the same kind or of different kinds). 


Part 5: Postage rates cel ¢ 
‘The second quantity in a rate 


Table 9.2 shows the postage rates in a particular country. does not have to be time, e.g. 
postage rates. Think of other 


examples where neither quantity 
Letters i 100 g i + _ is time. 
| 0 as | 
250g | 
Large letters t 500 g | ’ 
[So 
Small parcels 2kg | | 
| 2kg 4 = 
Medium parcels | 10 kg 1 
on | 20 kg | 


Table 9.2 

(k) How much do you have to pay if you are posting 

+  alarge letter that weighs 280 g, 

+ _amedium parcel that weighs 10 kg, 

+ — asmall parcel that weighs 1.8 kg, 

+  aletter that weighs 120 g? 
‘The postage rates are not expressed as the cost per gram or per 10 g, but in terms of weight categories or brackets. 
Another example of a rate that uses brackets is the income tax, which we will see in Book 2. 
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From the Class Discussion on pages 217 and 218, we learn that: 


Worked 
Example 


9 


Rates involving quantities of different kinds 
Shop A Shop B 


6 eggs cost $1.50 12 eggs cost $2.40 
Proportionality 


‘Nl 


Shop A sells eggs at $1.50 per half dozen whereas Shop B sells 
eggs of the same size and quality at $2.40 per dozen. Which 
shop should we buy the eggs from? 


"Solution 

Method 1 

Shop A: Shop B: 

6 eggs cost $1.50 ~~ 12. @ 12 eggs cost $2.40 
ai egg costs et S = egg costs aa = 

= $0.25 = $0.20 

«. we should buy the eggs from Shop B. 

Method 2 

Shop A: Price = 58 = $0.25 per egg 

Shop B: Price = = $0.20 per egg 


.. we should buy the eggs from Shop B. 


In Worked Example 9, two 
quantities (the number of 
eggs and their cost) vary 
proportionally. When one 
quantity is divided by 6 (or 
multiplied by 2 ), we can also 
divide the other quantity by 6. 
‘We say that the cost of the eggs 
is directly proportional to the 
number of eggs. We also note 
that when two quantities are 
proportional to each other, the 
rate of change of one quantity 
with respect to the other 
quantity is a constant. So, in 


Method 2, we can also use this 
constant rate for comparison. 


A shorter method to solve this 


problem is to compare the cost 
of 6 or 12 eggs. 


Will the shorter method always 
work? Why or why not? 
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Li Ting can type 720 words in 16 minutes, Vasi can type 828 words in 18 minutes and Ali can 


type 798 words in 19 minutes. Who is the fastest typist? 
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Rates involving quantities of same kind 


becala The unemployment rate measures the number of unemployed 
ie people against the number of working people. Itis better to express a rate as 
1 0) It is calculated by dividing the number of unemployed people a percentage when the rate is 
i small. 
by the number of working people, and then expressed as a Writing the rate as 0.0642 i 
percentage. more difficult to read. 


In 2022, the unemployment rate in Pakistan was approximately 
6.42%. 
Explain what an unemployment rate of 6.42% means. 


"Solution —_ 
Explanation 1; ‘The two explanations are slightly 


An unemployment rate of 6.42% means that there are different ways of expressing the 

. same thing. Can you express it | 
6.42 unemployed people per 100 working people. insuothier wayt 
Explanation 2: 


An unemployment rate of 6.42% means that there are 
642 unemployed people for every 10 000 working people. 


‘The global literacy rate for all people in 2020 was 86.3%. The literacy rate is calculated by 
Similar and dividing the number of people who are literate by the total population aged 15 years and over, 
Further Questions and then expressed as a percentage. Explain what a literacy rate of 86.3% means. 


Exercise 9B 
Question 


Rate of change of A with B versus rate of change of B with A 
Sara comes across two deals for the body wash she wants to buy. Which option gives the 
better value for money? 

Option A Option B 


Worked 
Example 


950 ml Body wash 950 ml + 250 ml Body wash 


$6.95 $7.95 


“Solution 
Method 1: ‘Although rates can be calculated 
Option A: Cost per 100 ml of body wash as ‘cost per 100 ml’ or 
$6.95 “cost per ml’, why do we 
Sper calculate the rates in Method | 
i ‘cost per 100 ml’ instead of 
= $0.73 (to the nearest cent) plats a 
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Option B: Cost per 100 ml of body wash 
__ $7.95 € 
© 95425 
= $0.66 (to the nearest cent) 

Since the cost per 100 ml for Option B is less than that for 


Option A, Option B gives the better value for money. < 
Method 2: endl 
950 ‘We can compare two rates by 


Option A: Amount of body wash per dollar = 695 calculating the number of units 
5 of quantity A per n units of 
= 137 ml (to 3 s.f.) quantity B, or the number of 
units of B its of 
Option B: Amount of body wash per dollar = ae Se ie ae 
But the basis of comparison is 


= 151 ml (to3s.f.) different. 


Since the amount of body wash per dollar for Option B is more 
than that for Option A, Option B gives the better value for money. 


A 900-g tin of chocolate drink powder costs 
PKR 3870 and a 1.45-kg tin of the same brand of 
chocolate drink powder costs PKR 5800. Which 
tin gives the better value for money? 


900 g for PKR 3870 1.45 kg for 
PKR 5800 


Looking back at Worked Example 11, 
(i) can the answer be found using ratios? 
(ii) what is the relationship between ratio and rate in this case? 


Introduct ry 
Problem 
Revisited 


Introduct 
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B. Average rates and constant rates ¢ 


Average pulse rate 


1 
2. Repeat Step 1 twice. 


a 


Take your pulse for 1 minute. Record your reading in Table 9.3. < 


Table 9.3 

3. Are the three pulse rates in Table 9.3 equal? Explain your answer. 
(If all your pulse rates in Table 9.3 happen to be equal, check one of your classmates’ readings. Are all his/her 
pulse rates equal? Why or why not?) 

4. Find your average pulse rate per minute. 

5. The three pulse rates in Table 9.3 are usually not equal because your heart does not beat at a constant rate. 
Take a look at your first reading. Do you think your heart was beating at a constant rate within that one minute? 
Explain your answer. 

6. Give another real-life example of a rate that is not constant. 

7. An example of a constant rate is the hourly wage of working in a café. If the hourly wage for working in a café is 
$6, we will earn $12 if we work for 2 hours, $18 if we work for 3 hours, and so on. 
Give another real-life example of a rate that is constant. 


Applications of constant and average rates 
(a) A shopping centre charges a fixed amount per minute of parking. Raju pays $6 for 
parking his car in the shopping centre for 2.5 hours. 


Worked 
Example 


Calculate how much he pays to park his car in the shopping centre for GB hours. 


(b) On another occasion, Raju drives from City P to City Q. 
His car requires 18 litres of petrol to travel a distance of Ave the atee ma (a) and 
243 km. constant or average? Explain 
(i) How far, on average, can his car travel on 44 litres your answer. } 


of petrol? 
(ii) Given that the cost of petrol is $1.87 per litre, how much, on average, does he have 
to pay for the petrol to travel a distance of 675 km? 


"Solution 
(a) Method 1: 
_ 2.5 hr of parking cost $6 - 
2.5¢ ‘ $6 2.5 
‘ 1 hr of parking costs = # 
3 ( 25 «1 3 
i 43 i 3 6 "4 
G hr of parking cost 25 %14 


= $4.20 
-. amount that Raju will have to pay = $4.20 
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(b) 


Method 2: 


Cost of parking per hour = & < 
: Example 12, the 
= $2.40 3 parking cost is proportionally 
.. amount that Raju will have to pay = $2.40 x 1= related to the duration of 
4 parking. We observe that when 
= $4.20 ‘one quantity is divided by 2.5, 
the other quantity is also < 
243 by 2.5; and when one quantity 


(i) Average distance travelled on 1 litre of petrol = —— 


18 is multiplied by 13, the other 


Practise Now 12 1 


=13.5km 
quantity is also multiplied by 13 - 
Average distance travelled on 44 litres of petrol In this proportional relationship, 
the parking rate is a constant and 
= 13.5 x 44 so we can use itin Method 2to 
=594km solve our problem. J 
, ‘ , 675 
(ii) Average amount of petrol required to travel a distance of 675 km = BS 
= 50 litres 
Average amount that Raju will have to pay = 50 x $1.87 
= $93.50 
(a) A bus company charges $2.70 per kilometre to ferry 36 children for an outing. The 
accompanying teacher travels for free. What is the cost per child if the distance 
travelled for the trip is 32.5 km? 
(b) A car uses 25 litres of petrol to travel 265 km. Find, on average, 


(i) _ the distance that the car can travel on 58 litres of petrol, 
(ii) the amount that the car owner has to pay to travel 1007 km ifa litre of petrol 


costs $1.95. 


In a competition, 5 people can eat 20 steamed buns in 3 minutes 20 seconds. 
Assuming that everyone consumes steamed buns at the same rate and that the rate of 


consumption remains constant throughout the competition, find the number of steamed 
buns 10 people can eat in 5 minutes. 
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Currency exchange 
(a) The rates of exchange between the Australian dollar (AUD), Korean won (KRW) and C 
Pakistani rupee (PKR) are AUD 1 = PKR 194.3272 and KRW 1000 = PKR 228.0131. 
1 3 Convert 
(i) AUD 543, (ii) KRW 48 500, 
into PKR, giving your answers correct to the nearest PKR. < 
(b) The rates of exchange between the pound sterling (GBP), Japanese yen (JPY) and 
Pakistani rupee (PKR) are GBP 1 = PKR 381.2773 and JPY 100 = PKR 207.0427. 
Convert 
(i) PKR 6800 into GBP, (ii) PKR 8450 into JPY, 


giving your answers correct to the nearest unit of foreign currency. 


Worked 
Example 


*Solutior 


Currency symbols are used to 
(a) (i) AUD 1 = PKR 194.3272 denote currencies, such as $ 
AUD 543 = PKR 194.3272 x 543 a ae — 
= PKR 105 520 (to the nearest PKR 1) sae ere OT 
(ii) KRW 1000 = PKR 228.0131 standardize the different 
PET currencies used, ¢.g. PKR 
KRW 1 = PKR == (Pakistani rupee), AUD 
1000 (Australian dollar) and THB 
KRW 48 500 = PKR 228.0131, 4g 509 Crete 


1000 
= PKR 11 059 (to the nearest KRW 1) 


(b) (i) PKR 381.2773 = GBP 1 
PKR1 =GBp —1 


381.2773 
1 
PKR 6800 = GBP 381.2773 6800 
= GBP 17.83 (to the nearest GBP 0.01) [pia you realise that the 
a = exchange rates are all given to 
(ii) PKR 207.0427 = JPY 100 tare than’ Genlican ries? 
PKR1=Jpy —10 What would happen if the rates 
207.0427 ‘were given to only 3 significant 
100 figures? } 
PKR 8450 = JPY 307.0427 * 8450 


= JPY 4081 (to the nearest JPY 1) 


1. (a) The rates of exchange between the New Zealand dollar (NZD), Philippines peso 
d (PHP) and Pakistani rupee (PKR) are NZD 1 = PKR 178.7524 and PHP 100 = 
PKR 535.6015. Convert 
(i) NZD 2360, 
(ii) PHP 25 600, 
into PKR, giving your answer correct to the nearest PKR. 
(b) The rates of exchange between the euro (EUR), Thai baht (THB) and Pakistani rupee 
(PKR) are EUR 1 = PKR 324.9140 and THB 100 = PKR 768.5302. Convert 
(i) PKR5690 into EUR, (ii) PKR 7460 into THB, 
giving your answers correct to the nearest unit of foreign currency. 
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2. A family travels from Hong Kong to Singapore for a holiday. They exchange H_ +3. 00 
to Singapore dollars at an exchange rate of HK$100 = S$16.988. They spend a total of 
$$3500 in Singapore and convert the remaining Singapore dollars into Hong Kong 
dollars at the end of the trip at an exchange rate of HK$100 = $$16.995. 

Find the amount of Hong Kong dollars they receive, giving your answer correct to the 


nearest dollar. 


Exercise 9B | 


(a) A typist types 1800 words in 1 hour. Find the 
number of words that she can type per minute. 

(b) If $120.99 is charged for 654 units of electricity 
used, find the cost of one unit of electricity. 

(c) Aman pays a total of $4800 for flat rental in 
3 months. Find his monthly rental rate. 

(d) If the mass of a metal bar which is 3.25 m long 
is 15 kg, find its mass per metre. 


Ali folded 15 paper planes in 20 minutes, Nadia 
folded 18 paper planes in 25 minutes and Kumar 
folded 16 paper planes in 21 minutes. Who folded 
the paper planes at the fastest rate? 


‘The crime rate measures the number of crimes 
recorded against the total population in a country. 
It is calculated by dividing the number of crimes 
recorded by the total population in the country, and 
then expressed as a percentage. The crime rate for 
violent and serious property crimes in a particular 
country in 2022 was 0.004%. Explain what the rate 
of 0.004% means. 


For each ornament that a worker makes, he is paid 
$1.15. He makes 4 ornaments every 15 minutes. 
Find the amount earned by the worker if he works 
for 3 hours. 


A car requires 22 litres of petrol to travel a distance 

of 259.6 km. Find 

(i) _ the distance that the car can travel on 63 litres 
of petrol, 

(ii) the amount that the car owner has to pay to 
travel a distance of 2013.2 km if a litre of 
petrol costs $1.99. 


200 g of fertiliser is required for a plot of land that 

has an area of 8 m’. Find 

(i) the amount of fertiliser needed for a plot of 
land that has an area of 14 m*, 

(ii) the area of land that can be fertilised by 450 g 
of fertiliser. 


The rates of exchange between the American dollar 
(USD), Indonesian rupiah (IDR) and Pakistani 
rupee (PKR) are USD 1 = PKR 295.1922 and 

IDR 100 = PKR 1.9201. Convert 

(i) USD 765, (ii) IDR 2560 000, 

into PKR, giving your answers correct to the nearest 
PKR. 
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8 Sara compares the prices of some facial tissues she intends to buy. 


Brand A facial tissue Brand B facial tissue 


5 x 200 per pack 5 x 150 per pack 
Buy 2 and get $1.05 off 
$5.75 $3.95 


Help Sara determine which brand is the best buy. 


A piece of metal is heated to 428 °C before it is left 

to cool. The temperature of the metal falls at a rate 

of 23 °C per minute for the first 3 minutes, at a 

rate of 15 °C per minute for the next 15 minutes 

and then at a rate of 8 °C per minute until it reaches 

room temperature of 25 °C. Find 

(i) _ the temperature of the metal after 9 minutes, 

(ii) the total time needed for the metal to reach a 
temperature of 25 °C from 428 °C. 


A cook uses 15 2-litre bottles of cooking oil in 

4 weeks. If he decides to buy 5-litre tins of cooking 
oil instead, how many tins of cooking oil will he use 
over a 10-week period if the rate at which he uses it 
remains unchanged? 


224 hours are required to complete a project. 4 men 

are employed for this project. 

(i) The hourly rate of each man is $7.50. Find the 
total amount to be paid to the men. 

(ii) Their normal working hours are from 9 a.m. 
to 6 p.m., with a one-hour lunch break. Given 
that their overtime rate is 1.5 times their 
hourly rate, find the total amount to be paid to 
the 4 men if the project is to be completed in 
4 days. 


Brand C facial tissue 


Brand D facial tissue 


5 x 200 per pack 5 x 200 per pack 
Buy 2 and get $1.75 off 
$4.45 $5.75 


2 A couple travels from New Zealand to Singapore 


for a holiday, They exchange NZ$3200 to 
Singapore dollars at a rate of NZ$100 = $$94.85. 
They spend a total of $$2560.20 in Singapore and 
convert the remaining Singapore dollars into New 
Zealand dollars at the end of the trip at a rate of 
NZ$100 = $$97.65. Find the amount of New 
Zealand dollars they receive, giving your answer 
correct to the nearest cent. 


Money changers usually display exchange rates in a 
table form. There are two columns in the table with 
the headers ‘We Sell’ and ‘We Buy’. The column 

“We Sell’ refers to the money changer selling 1 unit 
of foreign currency for the local currency. ‘We Buy’ 
refers to the money changer buying 1 unit of 
foreign currency from the customer and giving 
him/her the local currency. 

Below are some exchange rates offered by two 
money changers in Pakistan, 


PQ Money Changer 
United States dollar 308.3304 303.8489 
New Zealand dollar 204.4186 197.4825 


fs 


fh 
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Exercise 98 | 


RS Forex ® A watch was priced at GBP 430 on website G, based 
in Germany and at US$600 on website U, based in 
~ United States dollar 308.2204 304.1395 the United States. Sara lives in Pakistan and wishes t 
New Zealand dollar 203,6634 T 198.2387 purchase the watch from either of these websites. 
RAE _ She found that the exchange rates are PKR 100 = 
(i) Vasi is leaving for New Zealand and he wants 


GBP 0.2650 and PKR 100 = USD 0.3299. | 


to exchange some Pakistani rupees for (i) Which website offers a better buy? Explain 


New Zealand dollars. Which money changer 


: your answer. 
would you recommend to him? (ii) Both websites charge delivery fees to send the 
(ii) Raju just returned from Boston and he wants watch to Pakistan. 


to exchange his excess United States dollars for 
Pakistani rupees. Which money changer 
would you recommend to him? 


Find the maximum difference in the delivery 
fees so that the website in part (i) remains a | 
better buy, | 

i 


In this section, we will learn about speed, which is a special type of rate. Let us first discuss how to calculate duration 
in different units of time. 


A. Duration 


In primary school, we learnt about various units of measurement for time, such as 
seconds, minutes and hours. We have also learnt to tell time using a.m. and p.m., “The abbrevi : 


in which the day is divided into two cycles of 12 hours each. This is known as the 


“before midday” in Latin. 
12-hour clock format. saat Sand for pk Prdaoe 
Another time convention is the 24-hour clock, which counts the day over a translating to “after midday” J 
continuous period of 24 hours. 


Ratio and Rate 
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In Fig. 9.2(a), some hours of the day in the 12-hour format and the corresponding time in the 24-hour form a. 
shown, What are the missing times in the figure? Fill in the blanks. 


02.00 


00 00 | 06 00 1200 | 1800 | c000 
fay ff 
12 midnight t 6.00 am. 12 noon | 6.00 p.m. t 12 midnight 
3.00 p.m 
06 20 


06 00 | 07 00 


6.00 a.m. f ft fr am. 


6,20 a.m, 6.39 a.m 


Fig. 9.2 


The intervals in Fig. 9.2(b) represent the minutes from 6 a.m. to 7 a.m. How many minutes are there in an hour? 


Practise Now 14A 1. Express each of the following in the 24-hour format. 


(a) 9.15a.m. (b) 8.59 p.m. (c) 12.10 a.m. 
2. Express each of the following in the 12-hour format. 
(a) 0008 (b) 0210 (c) 1256 


3. What is the time one minute after 23 59 in the 24-hour format? 


Finding duration between two given times 
Chery! left her house at 09 10 for Town P. If she reached Town P at 12 06, how long did she take 
to travel to Town P? 


Worked 
Example 


14 


"Solution 


3 hours 


Since 12 06 is close to 12 10 
—— which is 3 hours from 09 10, we 
09 10 12.06 12.10 can use this as a reference time: 
12.06 is 4 minutes before 12 10, 
2 4 minutes Hence, the duration of Cheryl's 
journey is 4 minutes less than 3 

hours, ie. 2 hours 56 minutes. 


«. Cheryl took 2 hours and 56 minutes to travel to Town P. 


228 “rT oxForD Ratio and Rate 


G 


Nadia left her house at 6.10 a.m. for her morning run, and returned at 7.33 a.n.. What is ¢ 
the duration of her run? 
Further Questions . Albert and his family took a bus at 06 45 to City S. Immediately upon arrival at City S, 


Exercise 9C 


‘Questions ta)=(en2 they took a transit train to the city centre. If the train ride took 35 minutes and they 
12 . arrived at the city centre at 11 23, determine E 


(i) _ the time at which they arrived at City S, 
(ii) the duration of the bus ride to City S. 


rN ‘ Time zones 
‘The following shows the flight itinerary for a return flight between Pakistan and Singapore. 
YOUR TICKET-ITINERARY 


‘The Earth completes a rotation 
of 360° about its axis over 


ag 
about 15°. Time zones (each 


Lahore 0150 Singapore 1255 15° of longitude wide) were 
$5123 Tuesday 9 May 2023 T mt 9 May 2023 Confirmed node to ensue the 
feat tee A are standardisation of day and night 
across the planet, whereby the 
Singapore 1220 Lahore 1735 sun would be near its highest 
SS 124 Confirmed point in the sky at noon. The 
Sunday 14 May 2023 Sunday 14 May 2023 arth is divided into 24 time 
zones, each | hour apart from its 
Fig. 9.3 neighbouring section. 
. ‘i , 5 a P F _ The time in each time zone is, 
1. Given that the flight duration from Pakistan to Singapore is 8h 5 min, determine — gefined sing a Giie stasdand 
the arrival time in Singapore. known as the Coordinated 
2. Explain why there is a difference between your answer to Question 1 and the bean Geetniee Shes 
arrival time stated in Fig. 9.3. located in UTC+05.00, five hours 
3. Determine the time difference between the time zones in Pakistan and in ahead of UTC, while Singapore 


Singapore. State if the local time in Singapore is ahead or behind the local time in Se ae eet 


Pakistan, States, use more than one time 
4. Based on your answer in Question 3, calculate the flight duration from Singapore eae a } 
to Pakistan. : 


In Worked Example 14, we determined the duration of Cheryl's journey by simply finding the difference between 
her departure time from her house and arrival time at Town P. However, as we see from the above Class Discussion, 
when a journey involves different countries, it is important to consider the difference in local times of each country 
when determining arrival or departure times and duration. 


A direct flight from Tokyo (Japan) to Bangkok (Thailand) takes 6 hours and 50 minutes. 
A plane departs Tokyo at 8.45 p.m. on Sunday, 6 August 2023. If Japan is 2 hours ahead of 
Thailand, determine the date and time at which the plane arrives in Bangkok. 


‘There are 60 minutes in an hour. Likewise, there are 60 seconds in a minute. How do we convert between these 11. 
of measurement? 


Converting units of time 


Worked 
Example Express 
(a) 45 min in hours as a fraction, (b) 3060s in hours as a decimal, 
1 5 (c) + min in seconds, (d) 0.64h in seconds. 
"Solution 


(a) 60min =1h 
faved 
1min =7oh 


45min =45xLh 
60 


3 
=—h reduce to the simplest form 


(b) Method 1; 
60s =1 min 


1s = min 
60 


3060s = 3060s x min 
60 


=51 min 
60 min =1h 
Imin =1h 
60 


51min =51xLh 
60 
=3Ly 
60 


85 ¢ 
=—h express denominator as a power of ten 


100 
=0.85h 


Method 2: 
1h =60 min 
= 60x 60s 
= 3600s 


1 
1s=—Lh 
* = 3600 


1 
3060 s = 3060 s x 
. $* 3600 


3060 
= 2000, 
3600 
=0.85h 


h 
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(c) 1min =60s 
1 nin = 4 x60 Part (a): We expressed 1 min = < 


5 
4 h. Would you have expressed 


=20s 
1 minute in hours as a decimal? 
Why or why not? 
(4) 1h = 3600s Part (b): How is Method 2 
0.64 h = 0.64 x 3600s similar to Method 1? Which 
method do you prefer? Why? 


(a) 18 min in hours asa fraction, 
(b) 4h 12 min in hours as a decimal, 
(c) 855s in hours as a decimal. 


2. Express each of the following in the stated unit. 
(a) 2h9 min in minutes 


(b) 42 min in minutes and seconds 


(c) 0.45 h in minutes 


(d) te h in seconds 
20 


B. Concept of speed (Recap) 


In primary school, we have learnt that the speed of an object is the distance travelled 
by the object per unit time: acares 


Speed isa measure used to analyse 
and compare how fast objects 
are moving. It is obtained by 
dividing the measure of distance 
by the measure of time. 

‘The speed of an object tells us how fast it is moving. Speed can be expressed in paar 


different units, such as m/s, km/h, m/min and cm/s. attributes to derive a new 
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Problem involving speed 


ee A ferry travels 20 km from the Point A to Point B. If it starts its journey from Point A at < 
ly 10.50 a.m. and reaches Point B at 11.30 a.m. on the same day, calculate the speed of the ferry in 
16 (i) km/h, (ii) m/s. 
*Solution (- 
(i) Duration from 10.50 a.m. to 11.30 a.m, = 40 min 


40 
=oh 
2 
= 3h 
distance travelled 
Speed Glenn ake 
_ 20 km 
“2 
3h 
2 
= 20+5 km/h 
i 3) 
= 20x5 km/h 
20 2 
= 30 km/h 
(ii) 30 km/h = 20km 
_ 301000 m convert 30 km into m 
~ 3600s and 1h intos (ii) If the question asks for the 
_ 30.000 m speed of the ferry in m/s 
= 36005 without first asking for it in 
25 km/h, you can convert 20 km 
= 2 mis to 20 000 m, and 40 min to 
3 2400 s, before finding its 
= a cara speed in m/s. 


Practise Now 6 J 


Practise Now 16 


A train travels 16.8 km in 25 minutes. Find the speed of the train in 


Similar and (i) km/h, (ii) m/s. 
eee —_ 2. A car travels at a speed of 55 km/h. Find the distance travelled by the car in 12 minutes 
Questions 6,7, and 30 seconds, giving your answer in metres. 
3. In Pakistan, the speed limits for cars depend on the type 
of roads. The highest speed limit for cars is 120 km/h on For Question 3, which unit 
motorways. Express this speed in of the speed limit is more 
(i) mis, (ii) cm/min. pee _] 


4. The sailfish is the fastest marine animal, with a fastest recorded leap of 109 km/h, In 
August 2022, the world record for the men’s 100 m freestyle was set at 46.86 seconds. 
How many times faster is the sailfish than this swimmer? 
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Making sense of speeds in real-world contexts 


When Ali drove along this road during the stated hours on a school day, he was travelling at 30 m/s. Should he 
continue driving at that speed? 


2. The greatest human running speed on record is 12.4 m/s, 
The record is held by Usain Bolt who attained this speed in a 100 metre sprint in 2009. He took 9.58 seconds to 
complete this sprint. 
(a) (i) Calculate Usain Bolt’s average speed during the sprint. 
(ii) Explain why your answer in (i) is not 12.4 m/s. 
(b) The maximum speed of a zebra on record is 40 miles per hour. 
Given that 1 mile is approximately 1.6 km, determine whether this zebra is faster than Usain Bolt. 


C. Constant speeds and average speeds 


If the speed of an object does not change throughout its journey, the object is said to 
be travelling at a constant speed. Ricay Whew cae is equiped 


However, in real-life situations, it is unlikely for an object to travel at the same speed with a speedometer, which gives 
throughout its journey. Why? eh aeae a Ley ioacsd instant. 
et 
The ferry’s speed of 30 km/h in Worked Example 16 is actually its average speed. will ais: fora ae ad 
This means that on average, the ferry travels 30 km every hour. time because its speed is not 
constant. } 


— 
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Problem involving average speed 

Nadia sets off from her home on a 70-km journey to her friend’s house. She travels the first < 
40 km of her journey at a speed of 40 km/h and the remaining at a speed of 60 km/h. 

1 Fé Calculate the average speed for her entire journey. 


Worked 
Example 


"Solution : < 
Time taken for first part of journey = distance travelled) 
average speed 
pa) 
~ 40 
=1h 
. ‘ _ distance travelled 
Time taken for second part of journey = Taieregeapeed,” 
_ 70-40 
60 
ak 
=5 h 
__ total distance travelled 
Average speed = “To raT time taken 
siete 
_ 1 
45 
2 
= 465 km/h 


In atriathlon, Raju swims a distance of 1.5 km at an average speed of 2.5 km/h, cycles 40 km 
in u hours and runs at an average speed of 9 km/h for u hours. Find his average speed for 


the entire competition. 


1. In Worked Example 17, Shaha did this calculation: 
ecd= ‘speed for 1" part of journey +speed for oe part of journey 
2 


Average sp: 
_ 40+60 
ee’; 
=50 km/h 


How would you explain to Shaha that she is wrong? 


2. In Chapter 8, we have learnt that we should not add or take the average of two or more percentages. 
Compare this with Question 1. Why is it that we should not add or take the average of two or more speeds? 
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From the Thinking Time on page 234, we learn that: 


For speeds, the bases refer to the times taken for different parts of the journey. 


Worked 
Example 


18 


Average speed problem involving algebra 

A car travels at an average speed of 60 km/h from Town A to Town B. If the car travels at an 
average speed of 72 km/h instead, it would reach Town B 15 minutes earlier. Calculate the 
distance between Town A and Town B. 


"Solution 
Let the distance between Town A and Town B be x km. 


‘Then time taken to travel from Town A to Town B at an average speed of 60 km/h = h, 


and time taken to travel from Town A to Town B at an average speed of 72 km/h = = h. 
x: 15 


Practise Now 18 


Similar and 


Further Questions 
Exercise 9C 


60 72 60 
oe, ooh 
60 4 
x=90 
Distance between Town A and Town B = 90 km In other words, we are adding 
durations here. 
If we should not add speeds in 
A car leaves Town A for Town B, which are 550 km apart, at general, why can we always add 


an average speed of 72 km/h. At the same time, a truck leaves durations and distances? 
Town B for Town A and travels along the same road as the car 

at an average speed of 38 km/h. Find the time taken for the two 

vehicles to meet. 


1. Whatis the difference between 
(a) rate and speed? 
(b) constant speed and average speed? 
2. What have I learnt in this section or chapter that I am still unclear of? 
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Exercise 


Find the duration between 
(a) 4.15 p.m. and 9.29 a.m. 
(b) 12 16 and 2058 

(c) 0435 and 09 32 

(d) 1354 and 2.01 p.m. 


Waseem spent 3 h 15 min at a fun fair. If he arrived 
at 14 20, what time did Waseem leave the fun fair? 


A flight which left Hong Kong at 5.35 p.m. arrived 
at Tokyo on the same day at 10.50 p.m. If Tokyo 
is an hour ahead of Hong Kong, how long is the 
flight duration? 


Express 

(a) 49s in minutes as a fraction, 

(b) 36 min in hours as a decimal, 

(c) 66s in minutes as a decimal, 

(d) 2 min 54s in minutes as a decimal, 
(e) 945s in hours as a decimal, 

(f) 25 min 3s in hours asa fraction. 


Express each of the following in the stated units. 
(a) 0.13 min to seconds 
(b) 4 h in minutes 


(c) 1 3 hin seconds 


(d) 0.96 h in seconds 


A particle travels 24,6 km in 30 minutes. Find the 
speed of the particle in 
(i) km/h, (ii) m/s. 

A high-speed train travels at a speed of 200 km/h. 
If the train sets off from Station A at 1224 hours, 
and reaches Station B at 1412 hours, find the 
distance between the two stations, giving your 
answer in metres. 


Express each of the following in km/h. 
(a) 8.4km/min (b) 315 m/s 
(c) 242 m/min (d) 125 cm/s 


Express each of the following in m/s. 
(a) 65cm/s (b) 367 km/h 
(c) 1000 cm/min (d) 86 km/min 


‘A bullet train travels at a speed of 365 km/h. In July 
2023, Pakistan's top sprinter Shajar Abbas set a 
new national record for the men’s 100 m sprint at 
10.37 seconds. How many times is a bullet train as 
fast as the fastest Pakistani sprinter? 


A car travels the first 19 km of its journey at an 
average speed of 57 km/h and the remaining 55 km 
at an average speed of 110 km/h, Find the average 
speed of the car for its entire journey. 


Cheryl arrived at the theatre 15 minutes before the 
musical started. The musical was 2 hours 12 minutes 
long, excluding a 20-minute intermission. Given 
that the musical ended at 10.06 p.m., what time did 
Cheryl arrive at the theatre? 


Melbourne is 2 hours ahead of Singapore. A flight 
from Melbourne to Singapore scheduled to depart 
at 14 05 was delayed by 1 hour 20 minutes. Find the 
arrival time in Singapore if the flight duration was 
7 hours 35 minutes. 


A car and a bus are travelling towards each other. 
They are 510 km apart at 1320 hours and they pass 
each other at 1620 hours. If the car is travelling at a 
speed of 90 km/h, find the speed of the bus. 


Gum Brean 


ne Toe ae 
Exercise 


15, Two points, X and Y, are 120 m apart. M is the 
midpoint of X and Y. An object travels from X to M 
in 12 seconds and then from M to Yat an average 
speed of 15 m/s. Find 
(i) the time taken for the object to travel from 

MtoY, 
(ii) the average speed of the object for its entire 
journey from X to Y. 


A car travels at a speed of x km/h for 4 hours and 
ata speed of y km/h for the next 2 hours. Its 
average speed for the entire journey is 60 km/h. 
Suggest two possible values of x and y. 


® A passenger train travels at a speed of 72 km/h. 
A man on the passenger train observes a goods 
train travelling at a speed of 54 km/h in the 
opposite direction. If the goods train passes him in 


16. Two points, L and N, are 160 m apart. M lies on 8 seconds, find the length of the goods train. 


the straight line joining L and N. An object travels 


from L to M at an average speed of 10 m/s in 
6 seconds and then from M to N at an average 
speed of 25 m/s. Find the average speed of the 
object for its entire journey from L to N. 


David leaves Town A and travels towards Town B 
at an average speed of 100 m/min. At the same 
time, Ken and Li Ting travel from Town B 
towards Town A at an average speed of 80 m/min 


and 75 m/min respectively. If David meets Li Ting 
6 minutes after passing Ken, find the distance 
between Town A and Town B. 


@ A car travels the first 50 km of its journey at an 
average speed of 25 m/s and the next 120 km at an 
average speed of 80 km/h. The car completes the 
last part of its journey at an average speed of 
90 km/h in 35 minutes. Find the average speed for 
its entire journey, giving your answer in km/h. 


@ On his outward journey, Ali travelled at a speed of 
skm/h for 25 hours. On his return journey, he 


increased his speed by 4 km/h and saved 
15 minutes. Find Ali’s average speed for the whole 
journey. 


In this chapter, we learnt how ratio can be used to compare two or more numbers, or quantities of the same kind. 
By extending the concept of ratio to include how we can compare quantities of different kinds, we can develop 
another measure, known as rate, to quantify new physical attributes. For example, speed is a rate that compares 
distance with time. Rate is a powerful concept with many real-world applications such as exchange rates, fuel 
consumption rates, interest rates, population growth rates, rates of infection, death rates, birth rates, and even 
rates of spreading of rumours! If two quantities are directly proportional to each other, the rate of change of one 
quantity with respect to the other quantity is a constant. 


Here, we see that a single, simple, yet powerful idea such as ratio or rate can be used to compare physical attributes 
in the real world. However, it is not easy to measure or compare subjective attributes such as happiness, poverty, 
popularity, using some form of rate or ratio. Are there any attributes that you would like to measure or compare? 
Can you use a rate or a ratio? 
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1. Ratio 


(a) A ratio is a way of comparing two or more quantities of the same kind that either have no units 
(ie. just numbers) or are measured in the same unit. 


(b) The ratio a: b, where a and b are positive numbers, has no units. 
a 


(c) The ratio a: b, where a and b are positive numbers, can be expressed in an equivalent form as a fraction b 


* Give three examples of how ratios are used in a real-world context. 


Rate 

(a) A rate is a way of comparing how one quantity changes with another quantity. The two quantities can be of 
the same kind or of different kinds. 

(b) A rate can be expressed as the number of units of one quantity per » units of another quantity, where n is a 
positive integer, or it can be expressed in terms of categories or brackets depending on the context. 


(c) A rate that compares two quantities of the same kind can be converted to a ratio and vice versa. 
+ Give an example of a rate that can be converted to a ratio. 


Speed 


(a) An object is said to be travelling at a constant speed when its speed does not change throughout the journey. 
(b) The formula for the average speed of an object is: 


total distance travelled 
total time taken 


¢ Think ofa real-life problem that you can solve with the help of the above formula. 


Average speed = 
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CHAPTER ¢ 


Basic Geometry 


Geometry is one of the earliest 
branches of mathematics developed 
by mankind. A series of books 
written by Euclid of Alexandria 
called “The Elements’ at around 

300 BC has characterised much 

of geometry till today. In this 
chapter, we are going to examine the 
properties of familiar geometrical 
objects, like lines and angles, to see 
how they can be used to model 
real-world situations. 


Learning Outcomes 

What will we learn in this chapter? 

+ What complementary and supplementary angles are 

+ How to identify various types of angles (i.e. acute, right, obtuse, straight and 
reflex angles) 

« How to use properties of angles formed by intersecting lines (i.e. adjacent 
angles on a straight line, angles at a point and vertically opposite angles) to 
solve geometrical problems 

+ How to use properties of angles formed by two parallel lines and a transversal 
(i.e. corresponding angles, alternate angles, interior angles and their converse) 
to solve geometrical problems 

+ Why angle properties have useful applications in real life 
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Some carparks are designed as angled parking lots (as shown in Fig. 10.1). These carparks 
use less space, as less room is required for a car to drive in and out of the lot. 


‘The outlines of each parking lot have to be parallel to each other, How do painters 


ensure that the lines are painted accurately? 


Basic geometrical concepts and notations 


Fig. 10.1 


In geometry, we study shapes, relative positions of objects and properties of space. 


A. Points, lines and planes 


In primary school, we have learnt about points and lines. Other mathematical (or geometrical) objects we will learn 
are line segments, rays and planes, as listed in Table 10.1. 


Most basic geometrical object 
A collection of points make up other 
geometrical objects. 


We mark a point with a cross or a dot. A cross 
(see Point A below) is generally preferred as 
the size of a dot affects its accuracy. 


Point « A point has zero dimension (no size). x . 
+ We use a capital letter to label or name a Point A Point B 
point, e.g, point A or point B. 
+ Aline segment AB is formed by joiningtwo _A line segment ends directly at the two 
points A and B. endpoints. 
: + We label or name a line segment by its 
Line segment endpoints, e.g. line segment AB. 
« A line segment is made up of an infinite A B 
number of points between its two endpoints. 
« Aline / is formed if we extend a line “A line has an indefinite length and extends 
segment AB indefinitely. beyond the two points A and B, unlike a line 
Tine + We use a small letter to label a line, e.g. line /. | segment. 
+ A line has one dimension: it has an indefinite ! 
ie ~ a 
length but no breadth or thickness. a B 
+ Aray isa line with only one endpoint. | An arrow at one end indicates that the ray 
Ray + An example of a ray is light from a source extends indefinitely in that direction. 


such as the Sun ora lamp. 


Hy" 
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« Aplane isa flat two-dimensional surface: it Aslanted rectangle can be used to represent a < 
has a length and a breadth, but no thickness. _ plane. When there is no need to draw one, the 
+ Itis made up of an infinite number of points. _ paper on which the dots and lines are drawn is 
Plane + The floor is an example of a horizontal plane _ the plane. 


and a wall is an example of a vertical plane. fo} (- 


Table 10.1 


Are the following statements true or false? 

If it is false, give the correct statement. 

(a) The two endpoints are the only two points of a line segment. 

(b) There is exactly one line that passes through any two distinct (i.e. different) points on a plane. 

(c)_ Itis not possible to draw a line that passes through three distinct points on a plane. 

(d) Any two lines on a plane will intersect at one point. 

(e) If two points lie on a plane, then the line that passes through the two points lies on the same plane. 


From the above Thinking Time, we have observed that: ae 
+ Ifaline can be drawn through three distinct points on Cc 
a plane as shown in Fig. 10.2(a), then the three points (a) eh eee 
are collinear. are perpendicular and parallel 
rectively, in a concise and 
+ Iftwo lines ona plane intersect at X as shown in a pedis aed 
Fig. 10.2(b), they are intersecting lines. X is the point A Q What other notations and 
of intersection. (b) aera GOOD } 
+ If two intersecting lines intersect each other at right Pp 


angles as shown in Fig. 10.2(c), they are perpendicular 
lines, ie. AB _L PQ (or AB PQ). Fis the foot of the af Diagrams 


‘ ; Q Geometrical diagrams often 
papenianer from Pto AB. We caw aright angle 4 to contain tofitusation (or feetares) 
indicate that the lines are perpendicular to each other. (©) such as equal angles or sides, 

* Iftwo lines ona plane do not intersect at any point as ae B whitch cant ee sehen 
shown in Fig. 10.2(d), they are parallel lines, ie. AB//CD. 4 ee relationships between points, 

. eae canons lines and angles when solving 
ce pair of ernowlicaily pointing in the same direction (a) check yeacneesl 
indicate that the lines are parallel to each other. figures or the real-world objects 
Fig. 10.2 that they model. } 


Although a line and a surface can also be curved, we will only be dealing with straight 
lines and planes in this chapter. Note that a plane is always flat, unlike a curved surface. 
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B. Angles ke 


An angle is formed when two rays OA and OB share the same endpoint O. 


Point O is the vertex of the angle while OA and OB are the sides (or arms) of the angle. sid 
‘The angle is called angle AOB or angle BOA and is written as ZAOB or ZBOA. Carte ‘angle 
Another way of writing this angle is AOB or BOA. side a 


We can also label the angle using a small letter such as x and write the angle x as 2x, 
Recall that if we want know how long a line segment is, we measure its length. 


If we want to know how large an angle is, we measure its angle. The angle (measure) is 
the amount of rotation from one of the sides to the other. 


‘The standard unit for measuring angles is the degree (°). It is defined as sb ofa ‘quantifying a property of an 
complete revolution. Thus, one complete revolution about a point is 360°. measures the distance between 
360° the amount of rotation. These 
(4 a eB measurements have units, e.g. 
2m, 40°. One purpose of a 


Fig, 10.4 mad onkcibe 


Fig. 10.3 


Angles are measured using a protractor. 


line Centre Centre line 
(a) Outer scale (b) Inner scale 
Fig. 10.5 


Step l: Place a protractor such that its centre is at the vertex of the angle and its 
base line is along one side of the angle. 

Step 2a: Read off the angle from the outer scale in Fig. 10.5(a). The angle is) ). 

Step 2b: Read off the angle from the inner scale in Fig. 10.5(b). The angle is. 
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C. Types of angles 


In primary school, we have learnt about acute, right and obtuse angles. We will now 


learn two more: straight angle and reflex angle. 


Acute angle 0° < x°< 90° Le. 
Right angle x? =90° x fA 
Obtuse angle 90° < x°< 180° \ & 
Straight erage 
angle x°= 180 Pe oO 
x 
2 > 

Reflex angle 180° < x°< 360° 5 


(g) 176° 


Table 10,2 


I + We use x* for the value of 


the angle, ie. xis a number 
without any unit. 

+ The names of the angles 
from the smallest to the 
largest size (excluding right 
angle and straight angle) are 
in alphabetical order: 
acute angle, obtuse angle, 
reflex angle, This may help 
you remember the names 
better. 


A magnifying glass can enlarge 
an object to three times its 
original size. 

How many degrees will an angle 
of 2° appear to a man using the 
magnifying glass? 


(e) ate 


(h) 326° 


es each of the following as an acute, right, obtuse, straight or reflex angle. 


|. ow 
i 


(©) ea 
(f) a 


(i) 48° 
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D. Complementary and supplementary angles 


‘Two angles are complementary when they add up to 90°. 
Fig. 10.6 shows examples of complementary angles. 


w kt BR 


(a) 40° and 50° (b) 62° and 28° (c) 37.2° and 52.8° 
Fig. 10.6 


Two angles are supplementary when they add up to 180°. 
Fig. 10.7 shows two examples of supplementary angles. 


Lor i ‘Complementary angles’ and 
i ‘supplementary angles’ are 
135 terminologies that describe 
45° 73° only vo angles that add up to 
> 
(a) (b) 


90° or 180°. They are not angle | 
properties, 


Fig. 10.7 


Properties of angles formed by intersecting lines 


A. Adjacent angles on a straight line 


Fig. 10.8 shows two examples of adjacent angles on a straight line. Adjacent angles are angles that 


+ share a common vertex, 
« havea common side, La and Lb are nol adjacent 


+ lie on opposite sides of the common side. angles in the following examples. 
common ‘ 
common ICs Ww 
side = (ol q i a b 
4 no common side 
A b B Zz ‘ 
oO ‘common 
soma side shared 
vertex (a) ¥ (by) by 4xand Zy b 


Fig. 10.8 do not lie on opposite sides 
of common side 
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Adjacent angles on a straight line 


we - ae Given that AOB is a straight line, calculate 
xample 
: (a) the value of a, (b) Zcop. 
Cc A 
4 957.2° 
a S 
49° os D 
A 6 B B 
Cc 
*Solution 
(a) a° + 49° = 180° (adj. Zs ona str. line) 
a° = 180° - 49° state the angle property 
131° that you have used in your 


131 The e aa 
+ The degree symbol (°) is 
° © — 180° (adi A included as a unit when 
(b) 57.2° + ZCOD + 31.6° = 180° (adj. Zs ona str. line) rae Aran 
ZCOD = 180° - 57.2° - 31.6° ZCOD in (b). The unknown a | 
=91.2° in (a) has no unit. 


1. Given that AOB isa straight line, calculate 


(a) the value of b, (b) ZCOB. 
¢ AL 953° 
1223 
4 be i 5 64.8° 
oO Cc 
2. In the figure, AOB is a straight line. Find the value of c. 
Cc 
D. 100° 
2° 3c° 
A ro) B 
B ¢ a] CHAPTER 10 i 
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B. Angles at a point G 


Fig. 10.9 shows an example of angles at a point. 


’ 
< 
ree Angles at a point 
orker : 
Poraie Calculate the value of a in the figure. 50° 
: 4a’ 
2 Solution 214° 


4a® + 50° + 214° = 360° (Zs at a point) 
4a° = 360° - 50° - 214° 
= 96° 
a® = 24° 
2.@=24 


1. Find the value of ain the figure. 2. _‘In the figure, POQ is a straight line. 


Similar and Find the value of b. 
Further Questions 
Exercise 10A = 
Questions 7(a)-(d), 11 148° be 4b° 
7a° Is there more than one way to 
58° solve Question 2? Which way do 
bo Geapeke } 


C. Vertically opposite angles 


D 
In Fig. 10.10, two straight lines AB and CD intersect at the point O. A 
AOC and BOD are called vertically opposite angles. BOC and AOD The following shows some 
are also vertically opposite angles. examples of angles that are not 
B 
Cc 


vertically opposite. 


Fig. 10.10 a b 


only one straight line 
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Vertically opposite angles 


In the diagram, AOB and COD are straight lines. Copy to complete the following. 


Lp + £q = 180° (adj. Zs on a str. line) 


Vertically opposite angles 

(a) In the figure, AOB and COD are 
straight lines. If BOE = 56° and 
COE = 81°, calculate AOD. 


Cc E 


Worked 
Example 


*Solution 
(a) AOD =56° + 81° (vert. opp. 2s) 

= 137° 
(b) 3a° + 50° = 5a° + 36° (vert. opp. Zs) 

5a° — 3a° = 50° - 36° 
2a° = 14° 
ae=7 
2 a=7 


Mae 
s 

7 
pox )r 
q 

G B 


(b) In the figure, AOB and COD are straight 
lines. Calculate the value of a and of b. 


5a° + 36° + 2b° + 3° = 180° (adj. Zs on a str. line) 


5(7°) + 36° + 2b° + 3° = 180° 


2b° = 180° - 35° - 36° - 3° 


= 106° 
be =53° 
2 b=53 


substitute a =7 


You can also find the value of 


b ic the 
aumon 


(a) In the figure, AOB and COD are 
straight lines. If AOE = 90° and 
DOE = 53°, calculate BOC. 


(b) In the figure, AOB and COD are straight 
lines. Calculate the value of a and of b. 
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Exercise @[ey\ 


Given that AOB is a straight line, find the value of 
the unknown in each of the following figures. 


(a) c (A 


Using a protractor, measure and write down the 
value of each of the following unknowns. 


(b) 


/ 


°° 


[Fr 73° (¢ 
/ \ 
(d) 


/ ie 
/ 
he 
LG x 
aL g J 


Classify each of the following as an acute, right, 
obtuse, straight or reflex angle. 


(a) (b) (a) If y°= 45° and z° = 86°, find the value of x. 
_— a (b)Ifx° = 2y? and 2° = 3y’ find the value of y. 
= J @ For each of the following figures, find the value of 
(d) 


(c) (d) fal 
A g B 
fa A__4d° + 16° 
40° g0° 2d? + 14° 
c a) 
| 
D B 


x°, y° and z’ are three angles lying on a straight line. 


the unknown. 


(©) 
| (a) / (b) 
67° 
+ a or ae 
() 180° (f) 181° a : 
(g) 89° (h) 124° 135° A 3b° 
p 

Find the complementary angle of each of the 

following angles. © 5 (a) 

(a) 18° (b) 46° 6d? 

° a 16c° o 
(c) 53 (d) 64 4c (7d + 23) ) 
J 139° 

4 Find the supplementary angle of each of the 4c° SO 

following angles. io 

(a) 36° (b) 12° 

(c) 102° (d) 171° 
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Exercise [ey 


In the figure, AOB and COD are straight lines. 
If AOE = 90° and BOD = 48°, find 
(i) AOC, (ii) DOE. 


Given that AOB and COD are straight lines, find 
the value(s) of the unknown(s) in each of the 
following figures. 


(a) Cc (b) A 
A 7b° 
ap 7 c Ne D 
E 30740 B B 
F D 


10. x°, y° and 2° are three angles lying on a straight line. 


(a) Ify°=x° + 2°, find the value of y. 
(b) Ifx° = y° = 2°, find the value of z. 


In the figure, DOB is a straight line. If BOC is twice 
of AOB, COD is four times of AOB and DOA is five 
times of AOB, find all the four angles. 
Cc 
B 


Given that AOB and COD are straight lines, find 
the values of the unknowns in each of the followin; 
figures. 
(a) 


AN 2b? + 132 


(13) In the figure, AOB and COD are straight lines. 
(i) Find the value of x and of y. 
(ii) Find obtuse AOD and reflex COE. 
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Properties of angles formed by 


two parallel lines and transversal 


A. Parallel lines and transversal 


In Section 10.1A, we were introduced to parallel lines, which are lines on the same plane that do not intersect one 
another. They are represented by the same number of arrowheads pointing in the same direction as shown in Fig. 
10.11. 


We use the symbol ‘//’ to denote ‘is parallel to’, e.g. in Fig. 10.11(a), we write AB // CD, which means AB is parallel 


to CD. 
BD \ VXZ 
AC I UWY 
(b) (c) 


(a) G 
Fig, 10.11 


Fig. 10.12 shows a pair of railway tracks which are parallel. What other parallel 


real-world objects can you think of? Some parallel lines may not 
appear to be parallel, This can 
happen when there are other 
lines such as those shown in 

the following figures, Can you 
identify which lines are parallel? 


Fig. 10.12 


A transversal is a line that crosses any two other lines, which may or may not be 
parallel. Fig. 10.13 shows two lines PQ and RS being cut by a transversal LM. 


L 
P. ¢ 
oye Q 
x 
w 
R Ss 
D4 


Fig. 10.13 


+ Zaand Zyare called corresponding angles. Name another pair of corresponding angles. 
+ band Zxare called alternate angles. Name another pair of alternate angles. 
+ Laand Lxare called interior angles. Name another pair of interior angles. 
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B. Corresponding angles, alternate angles and interior angles G 


In this section, we will only look at the properties of angles formed by two parallel lines and a transversal. 


Corresponding angles, alternate angles and interior angles 


Go to www.sl-education.com/tmsoupp1/pg251 or scan the QR code on the right and open the geometry 
software template ‘Parallel lines’. The template shows two parallel lines PQ and RS being cut by a transversal. 


Fig. 10.14 
1. Zaand Zb are corresponding angles. Change the sizes of Za and £b by clicking and dragging the points P, L, 
Q, R, M or S to move the parallel lines and the points X or Y to move the transversal. What is the relationship 


between Za and 2b? 
2. Leand Zdare alternate angles. Change the sizes of Zc and 2d. What is the relationship between 2c and 2d? 


3. Lband Zdare interior angles. Change the sizes of 2b and 2d. What is the relationship between 2b and 2d? 
Hint: Consider their sum. 
4. Summarise the three angle properties that you have learnt from the above: 
(a) Za=Z (corr. Zs) 
(6) Zc=2 (alt. Zs) 
(©) 2b+Zd= (int. Zs) 
Are the three angle properties also true if the lines PQ and RS are not parallel to each other? 
Go to page 2 by clicking on the tab at the bottom right corner. Page 2 shows two non-parallel lines PQ and RS being 
cut by a transversal. 


Angles formed by Now Parallel 
Lines and Transversal 


Fig. 10.15 > 
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5. Repeat the steps in Questions 1 to 3. 

Are the three angle properties in Question 4 also true for non-parallel lines PQ and RS? 
But why are the three angle properties true for parallel lines PQ and RS? 
Go to page 3, which shows two parallel lines PQ and RS being cut by a transversal. 


Angles formed by Parallel Lines 
and Transversal 


Fig. 10.16 


6. Zaand Zbare corresponding angles. Click and drag the point M upwards towards the point L. This will 
translate Za towards 2b. Explain why 2b is equal to Za. 


Go back to page 1 of the template. 


7. eand 2d are alternate angles. How do you prove that they are equal? 
Hint: Use corresponding angles and vertically opposite angles. 


8. Zband Zd are interior angles. Use two methods to prove that the sum of their angles is 180°. 
Hint: Use corresponding angles (or alternate angles) and adjacent angles on a straight line. 


From the above Investigation, we have obtained the following three angle properties: 
‘The three related pairs of angles 


can be identified by the letters 
F, Zand C. The associated 
properties hold true as long as 
the two lines are parallel to each 
other, even if the letters are in a 
different orientation or laterally 
inverted. 
+ The letter F shows 
corresponding angles. 


+ The letter Z shows 
alternate angles. 


+ The letter C shows 
interior angles. 


In the Introductory Problem, how do painters ensure that the lines drawn to define h } 


each parking lot are parallel? 
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Practise Now 4A 


Similar and 


Furthe 
Exercise 10B 
Questions 1(a) 


stion: 


Worked 
Example 


4 


Practise Now 4B 


In the figure, AB // CD. 
(a) List 


(i) _ one pair of equal corresponding angles, 


(ii) one pair of equal alternate angles, 


(iii) one pair of interior angles which are supplementary. 
(b) Explain your answer to the following questions. 


(i) Is Ze= Za? 
(ii) Is 2g = Zi? 
(iii) Is Zh + Ze = 180° 


Corresponding angles, alternate angles and interior angles P R 


In the figure, AB // CD. Tis the point of intersection of the lines 
AB and RS. Calculate the values of a, b and c. 


"Solution 

a® = 48° (corr. Zs, AB // CD) 
7 a=48 

To find value of b: 


Method 1: 
Then ZBTS = 61° (vert. opp. Zs) 
b° + ZBTS = 180° (int. Zs, AB // CD) 
b° + 61° = 180° 
be = 180° - 61° 
=119° 
* b=119 


To find value of c: 
Method 1: 
c° = ZBTS (corr. 2s, AB // CD) 
=61° 
“c=61 


1. In the figure, AB // CD. 


Find the values of x, y and z. 
PR 
74 

A Ms B 

1 
Cc. D 
a 
Q 


Method 2: 
Then ZATS = 180° - 61° (adj, 2s on a str, line) 
=119° 
b° = 119° (alt. 2s, AB // CD) 
“ b=119 


Method 2: 
c° = 180° ~ b° (adj. Zs on a str, line) 
= 180°— 119° 
=61° 


“c= 61 Which method do you prefer? 
How are these methods related? } 


2. In the figure, AB // CD. 


Find the values of h and k. 
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Solving more complicated geometrical problem 
In the figure, AB // DE. Find the value of a. 


Worked 
Example 


x° = 44° (alt. Zs, AB // QP) 


Draw additional lines if 
y? = 20° (alt. Zs, QP // DE) necessary to make use of the 


properties of the angles formed 
by parallel lines and transversals 
to solve problems. In Worked 
Example 5, we draw a line QP 
through C that is parallel to AB 
and DE, 


1. In the figure, AC // EG. Find reflex Z2BDE 


A g c BD and FD meet at point D 
1555" D where two angles are formed; 
126.72 anon-reflex angle and a reflex 
E ~ G angle, which is more than 180°. 
i By convention, BDF refers 
2, Inthe figure, BA // FE. Calculate the value of a. Genoa Sprain 
A Cc E reflex angle. 
a 
109/96 <5“ 
D 
B PF 


Converse of alternate angles 

In the figure, the lines AB and CD are 
cut by the transversals PQ and RS. 
If AWQ = DYP = 55° and AXS = 138°, 
calculate CZS. 


Worked 
Example 


*Solution 
Since AWQ = DYP (= 55°), We cannot assume AB // CD. 
then AB // CD (converse of alt. Zs). ‘So we need to use the converse, 
. CZS = AX property of alt. 2s to show that 
CZS vANS (core Le) ABUIED) ABT Curia we canoe 
= 138 the angle property of corr. Zs to 
solve for the unknown. 
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In the figure, the lines AB and CD are cut by 


the transversals PQ and RS. If BWQ = DYQ = 122° 
and CZR = 65°, find BXS. 


Similar and 
Further Questions 
Exercise 10B 


Questions 12, 13 


1. What do I already know about parallel lines that could guide my learning in this section? 
2. (a) When solving a problem, how do I decide which angle property to use? 

(b) If there is more than one method to solve a problem, how do I determine which method is more efficient? 
3. What have I learnt in this chapter that I am still unclear of? 


Exercise 


@ In the figure, AB // CD. PR 


(a) List Q s 
(i) _ two pairs of equal corresponding angles, 
(ii) two pairs of equal alternate angles, 
(iii) two pairs of interior angles which are 

supplementary. @ In each of the following figures, AB // CD. Find the 

(b) Is BWQ=AXR? Explain your answer. value(s) of the unknown(s). 

(c)_ Is the sum of DYP and CZR equal to 180°? 
Explain your answer. 


Given that AB // CD, find the values of the 
unknowns in each of the following figures. 


, 
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Exercise 4[e):} 


In the figure, AB // CD, BF // AD, EBF = 68° and 
CDE = 58°. 


Find 
(i) AEB, 
(ii) ABE. 


In the figure, HDF is a straight line, AB // CE // FG, 
ADH = 47° and DFG = 86°. 


Find 
(i) CDR, 
(ii) BAD. 


| Given that AB // CD, find the value of the unknown 
in each of the following figures. 


(a) A (b) 
B 
69° A B 
142° 
be 
aE 
114° 
ca? D ¢c D 


In the figure, AB // CE and DF // AC. Find the value 
of xand of y. 


In the figure, AC // EG, FD // GC, ABD = 46°, 
DFE =52° and FCG =72°. 


Find 

(i) CGR, 

(ii) BCR, 

(iii) reflex BDF. 


In the figure, ABDE is a straight line and BC // EF. 
Find the value of x and of y. 


10. In the figure, AB // EF. Find the value of b. 
228° 


In the figure, ABDE is a straight line and BC // EF. 
Calculate the value of a and of b. 


Cc 
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Exercise 4[e):} 


2 In the figure, the lines AB and CD are cut by the ®@ In the figure, AB // EG, BAC = w®, ACD = x°, 
transversals PS and PV. If 2CRQ = ZRQT = 42° CDF = y’ and DFE = 2°, Form an equation 
and ZTUD = 157°, find ZPTQ. connecting w, x, y and z. 


1B. In the figure, the lines AB and CD are cut by the 
transversals PQand RS. If DYP = 46°, AXS = 104° 
and CZR = 76°, find BWP. 


In this chapter, we revisited some key ideas that we have learnt in primary school (e.g. point, line and angle) and 
learnt some new properties involving angles. It may surprise you, but geometrical objects like a point (with zero 
dimension) or a line (an object with length but no breadth) exist only in our minds, i.e. we cannot actually see 
them! This illustrates the power and beauty of mathematics to help visualise the unseen. We can create geometrical 
objects in our mind, represent them using geometrical diagrams, and measure the attributes of these objects. 
Diagrams provide a way to describe physical objects in terms of points, lines and shapes. These representations 
are used to represent real-world situations, enabling us to work with and gain insights to these abstract ideas. 
Mathematicians also come up with measures of properties so that we can analyse and compare them. For example, 
an angle is used as a measure of the amount of turn between two lines about a fixed point. The notion of an angle 
has further applications involving turnings, rotations and revolutions in the real world. Mathematics is beautiful in 
its applications and in the way it connects our mental and physical worlds! 

Pythagoras once said, “There is geometry in the humming of the strings, there is music in the spacing of the spheres.” 
As we marvel at “the humming of the strings’, let us remember to appreciate the beauty of mathematics. 
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. Complementary and supplementary angles 


0° < x°< 90° x°=90° 90° < x° < 180° 
#2 x 
x aa 
oN 
x° = 180° 180° < x° < 360° 
L ' 


(a) Complementary angles are two angles that add up to 90°. 
(b) Supplementary angles are two angles that add up to 180°. 
+ Give an example of a pair of complementary angles and a pair of supplementary angles. 


Properties of angles formed by intersecting lines 
(a) The sum of adjacent angles on a straight line is 180° (adj. Zs on a str. line). 
(b) The sum of angles at a point is 360° (2s at a point). 
(c) Vertically opposite angles are equal (vert. opp. Zs). 
+ Drawa figure to illustrate each of the above angle properties. 


Properties of angles formed by two parallel lines and a transversal 

If two parallel lines, PQ and RS, are cut by a transversal LM, then 

+ corresponding angles are equal, e.g. Za = 2b (corr. Zs, PQ// RS); 

« alternate angles are equal, e.g. Zc = Zd (alt. Zs, PQ // RS); 

+ interior angles are supplementary, e.g. 2b + 2d = 180° (int. Zs, PQ // RS). 
The converse for each of the above is also true. 

+ State the converse of each of the above. 
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CHAPTER 4 Ik 


Polygons and Geometrical Constructions 
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Examine the photo of a honeycomb. 


Do you notice that every cell is a 
six-sided figure or a hexagon? 


If you look closely enough, you will 
see that each cell has six equal sides 
and interior angles. Such hexagons 
are called regular hexagons. 

‘This inspired the Honeycomb 
Conjecture, proposed by a Roman 
scholar Marcus Terentius Varro 

in 36 BC, which states that the 
hexagonal honeycomb is the best 
way to divide a surface into regions 
of equal area with the least total 
perimeter. Professor Thomas Hale 
later proved it mathematically in 
1999. Thus, the hexagonal cells in a 
honeycomb enable bees to build a 
simple compact structure to live in, 


Learning Outcomes 
What will we learn in this chapter? 


+ What polygons (including triangles and special quadrilaterals) and 
their properties (including angle and symmetric properties) are 


+ How to construct triangles and quadrilaterals using mathematical 
instruments. 


+ Howto solve problems involving the properties of polygons 


+ Why polygons have useful applications in real life 


aneone > 


Introduct ry 
Problem 


The honeycomb can be modelled by a tessellation of regular six-sided figures called 

hexagons, as shown in Fig. 11.1. 

A hexagon is an example of a polygon (which means many angles in Greek). —{ 

1. Show that each interior angle of a regular hexagon is 120°. Fig. 11.1 

2. In this model, we use hexagons as the basic unit for tessellation. What other regular polygons 
can be used for tessellating the plane without any gaps? Why are these polygons able to form tessellations? 
Hint Ithas something to do with the interior angles. 

3. How can we apply the method used in Question | to calculate the interior angle of other regular polygons? 
What about non-regular polygons? 


In this chapter, we will learn how to determine the interior angles of a regular polygon and explore other geometrical 
properties of polygons. 


Triangles 


Fig. 11.2 shows a triangle ABC (abbreviation: AABC) that has three sides AB, BC and AC. Cc 
The points A, B and Care called the vertices (singular: vertex) of the triangle. 2BAC, ZABC 

and ZACB are known as the interior angles of AABC. Another way to label the angles is 

BAC, ABC and ACB. 


equal sides (abbreviation: base Zs of isos. A) has at least 2 equal sides, to 


| ~ include the equilateral triangle, 


| Scalene —_A triangle with 


All the angles ina scalene triangle | Therefore, based on the inclusive 
triangle no equal sides 


: definition, an equilateral triangle 
are different. is a special type of isosceles 
Table 11.1 se 
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A B 
A. Classification of triangles Rigule 
+0 
Table 11.1 classifies triangles according to the number of equal sides they have. 
In primary school, we have learnt what an equilateral triangle and an isosceles ‘To indicate equal sides, we draw 
triangle are. How many equal sides does an equilateral triangle and an isosceles a tick on each of them, as shown 
triangle each have? Fill in the blanks in Table 11.1. in Teble 11.1. } 
* a Euclid defined an isosceles 
Equilateral | A triangle with Allihe angleain an cauilateral, triangle to have exactly 2 equal 
triangle acaadletes triangle are equal, i.e. 60°. ses (this an exclusive 
q (abbreviation: Zs of equilateral A) | definition as it excludes the 
| 4 equilateral triangle). 
A triangle with ‘The base angles of an isosceles Nowadays, many people use the 
Isosceles " i inclusive definition of an isosceles 
jangle | least triangle are equal. triangle, ie. an isosceles triangle 


Table 11.2 classifies triangles according to the types of angles they have. In Chapter 10, we have recapped ie 
an acute angle is between 0° and 90°, a right angle is equal to 90°, and an obtuse angle is between 90° and 180°. 


Acute-angled triangle A triangle with 3 acute angles fs 
Right-angled triangle A triangle with a right angle Pal 


Obtuse-angled triangle __A triangle with an obtuse angle 


Table 11.2 


B. Basic properties of triangle 


Basic properties of triangle 


Let us explore two basic properties of a triangle. Go to www.sl-education.com/tmsoupp1/pg261 or scan the 
QR code on the right and open the geometry software template “Basic Properties of Triangle’. 


Basic Properties of Triangle 
What © Pre retatorane between an angie of « Wanye and & opposite site? 
c Anne sation 
” Bag bw tdem 


LC mA ew 59m 
aeba Sl etdaTOom 


a (Next Paoe) 


Fig. 11.3 
1. The template in Fig. 11.3 shows a triangle with 3 angles and their opposite sides, e.g. the side a is opposite to ZA. 
Name the side opposite to 2B and the side opposite to ZC. 
2. State the largest angle and the smallest angle. 
Compare the lengths of the sides opposite these angles. What do you observe? 
3. Click and move a point A, B or C to change the size of the triangle. What can you conclude about the 
relationship between an angle of a triangle and the length of its opposite side? 


4. Click and move the point C to adjust the lengths of the sides a and b, while maintaining the side c as the longest 
side. What do you notice about the sum of the lengths of the two shorter sides of a triangle compared to the 
length of the longest side? 


5. Repeat Step 3. Is your observation in Step 4 still applicable? Explain your answer. > 
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Click the ‘Next Page’ button at the bottom right of the template to proceed to the next page as shown in Fig. 11.4. 


Basic Properties of Triangle 
Can you orm a tangle fe sum of he length of tre two shorter 
‘on is leas than or ecutl to he lenge of the longest sie? 


adem 


o+b=S+2= 7am 


ee 
<2 it 


Fig. 11.4 


6. The template in Fig. 11.4 shows three line segments with lengths a = 5 cm, b = 2 cm and ¢=9 cm. 
Notice that the sum of the lengths of the two shorter line segments, i.e. a + b, is shorter than the length of 


the longest line segment. 
Click and move the two points labelled C to see if it is possible to form a triangle. 


7. Adjust the lengths a and b by moving the two sliders at the side of the template so that a = 3 cm and 
b=4cm. Adjust the length c by clicking and moving either point A or B such that c= 7 cm. 


What do you notice about a + b and c? Try to form a triangle if possible. 
8. Change the lengths of the three line segments. Are you able to form a triangle? 


What can you conclude about the relationship between the sum of the lengths of any two line segments 


and the length of the third line segment? 


From the above Investigation, we observe the following: 


Invariance 

In the above Investigation, no 
matter how you change the 
shape or size of the triangle, 
these two basic properties 
remain the same. We say that 
the properties are invariant. 
Invariance refers to a property 
ofa mathematical object which 
remains unchanged when the 


object undergoes some form of 
transformation. 
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C. Angle sum of triangle € 


Look at the triangle in Fig. 11.3 in the Investigation on page 261. What is the sum of 2A, 2B and ZC in the triangl 
Is this true for all triangles? 


Copy to complete the following. Consider AABC in Fig. 11.5. 

Draw a line PQ passing through C and parallel to AB. Prnnrers > Q 
ZBAC = ZACP (alt. Zs, PQ // AB) 

ZABC= 2 ( Zs, PQ// ) 

Since ZACP + ZACB + ZBCQ= (adj. Zs ona str. line), A B 
then ZBAC + ZACB + 2 = (Z sum of A). Fig, 11.5 


From the above Thinking Time, we have shown the following: 


Angle sum of triangle 


Cc 

Worked 7 P <\ 

Banus Find the value of a in the figure. 80° 
x Pa” a oA, 


*Solution 
a’ + 65° + 80° = 180° (Z sum of A) 
a® = 180° - 65° — 80° 


=35° 
2 a=35 
1. Find the value of a in the figure. 2. In the figure, AC = BC. Calculate ZABC. 
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D. Exterior angles of triangle a € 


Fig. 11.6(a) shows AABC with AB produced to P, BC produced to Q and CA produced to R. Za, 2b and Zc are the 

interior angles of AABC, while Zp, 2q and Zr are the exterior angles of AABC. 

Notice that the exterior angles go in an anticlockwise direction from Zp to Zq to Zr. 

Fig. 11.6(b) shows the exterior angles of AABC drawn in a clockwise direction. Although there are two ways to < 
draw the exterior angles of a triangle, note that a triangle has exactly 3 exterior angles, just like it has exactly 3 

interior angles. 


i ‘This is of an exterior angle of 


a triangle: 


PB 


(b) 
Fig. 11.6 
Zaand Zbare called the interior opposite angles with reference to the exterior Zr. 
Similarly, 2a and Zc are called the interior opposite angles with reference to the exterior 2q. 
Which are the interior opposite angles with reference to the exterior Zp? 


How is an exterior angle of a triangle related to its interior opposite angles? Let us investigate. 
Copy to complete the following. 
Consider AABC in Fig. 11.7. 


Lb+Ld= - (adj. Zs ona str. line) 
Za+Zb+Le= (Z sum of A) 
“ Lb+ Ld=LatrLb+Z 

“exterior 2d=Z20 0 +2 


From the above Thinking Time, we have proven the following: 


From Section 11,1C and the 
above Thinking Time, we note 
that no matter how the shape or 
size of a triangle is changed, the 


angle properties of a triangle are 
invariant. } 
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Exterior angle of triangle 


poe In the diagram, ACE and BCD are straight lines. 


Example (a) Find the value of x. 
o) (b) Calculate ZCED. 


“Solution 
(a) x° = 76° + 69° (ext. Z of A) 
= 145° 
2x = 145 


(b) CED + ZCDE = x° (ext. Z of A) 
ZCED + 107° = 145° 
CED = 145° - 107° 
= 38° 


| (a) Whatis another way to 


solve for x? Which way do 


1. In the diagram, ACE and BCD 


Similar and are straight lines. 
Further Questions (a) Find the value of y. 
EA (b) Calculate CED. 


Questions 


Worked 
Example 


In the diagram, BC // DE. Calculate DAE. 


"Solution 

BDE =67° (vert. opp. Zs) 

ABC = BDE (corr. Zs, BC // DE) 
=67° 

BCE = 138° (alt. Zs, BC // DE) 

. DAE = BCE - ABC (ext. Z of A) 


In the figure, ABC, ADF and BDE 
are straight lines. 

(a) Calculate 2CBD. 

(b)_ Find the value of b. 


Exterior angle of triangle, angles formed by parallel lines and transversal 


What is another way to solve for 
DAE? Which way do you 


= 138° - 67° 

=71° 
1. In the diagram, BC // DE. 

" Calculate DAE. 

A 
B Cc 
147° 
72°)D E 


In the figure, PQ // RT. 


Polygons and Geometrical Constructions 
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1, What do I already know about parallel lines in Chapter 10 that could guide my learning of the properties of 
triangles in this section? 
2. What have I learnt in this section that I am still unclear of? 


Find the value of the unknown in each of the (3) In the figure, PRT and QRS are straight lines. 
following figures, correct to 1 decimal place where Ss 
appropriate. z A 
ys 
a) wo 
"4 aN \ “ 
D \ aN ri 
16 : Pi Q ii) T 
“_ As 
b (i) Find the value of z. 
d) (ii) Calculate 2PQS. 
(©) Foss 23> > (d) Br. 
il 7 — Given that ABC and BED are straight lines, find the 
& al values of the unknowns in the diagram. 
(e) (f) 
A 
jf xr 


7°%*% ~P 
L raed 


In the diagram, PRT and QRS are straight lines. 
Find the values of a and b. 


Given that ADB = BDC, calculate 
() BDC, (ii) CBD. 


1 366 GMPiRI oxeone eS 
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Exercise 


6 In the figure, the lines AB and CD are cut by the 
transversal XY. MOP isa straight line. If OM = ON, 
AMN = CNY = 90° and OPN = 31°, find MON. 


In AABC, ZBAC = 53° and ZACB = 28°. If AB is 
produced to D, find ZCBD, 


8. Given that ABC and BED are straight lines in the 


figure, find the value of p. 4 


9. Inthe figure, BC // DE. Calculate DAE, 


“10. In the figure, QT'// RS, RQ ST and PQR, QUS ani 


RUT are straight lines. Calculate Si UT and RSU. 


an In the figure, AB // CD, and GHI/ is a straight line. 


Find the values of the unknowns. 


@ The figure shows AABC inscribed in a circle with 


centre O. If ZCBO is twice of ZCAO and ZBAO is 
one and a half times of 2CBO, calculate 2CAO. 


(13) In the diagram, each side of AABC is produced. 


If AB = AC, BD = BE and AF = DF, 
calculate ZABC. 


— 
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Quadrilaterals 


In primary school, we have learnt about rectangles, Diagonal D 

squares, parallelograms, rhombuses and trapeziums. _ ‘A.quadrilateral is named by 

These 4-sided figures are called quadrilaterals. taking the vertices either in a 
clockwise or an anticlockwise 


Fig. 11.8 shows a quadrilateral ABCD, which is a closed 
plane figure with 4 vertices, 4 straight line segments as 


order. Hence, ABCD, BCDA, 
3 CDAB and DABC are 


rect f naming the 
its sides and 4 interior angles. Two of the interior angles airisioa ae ‘ABDC. ea 
are ZDAB and ZABC. Name the other two interior angles. BCAD are not. } 


‘The line segment BD that joins the non-adjacent vertices, 
Band D, is called a diagonal of the quadrilateral ABCD. B 


Fig. 11.8 


Name the other diagonal of the quadrilateral. 


A. Angle sum of quadrilateral 


In Section 11.1, we have learnt that the sum of interior angles of a triangle is 180°. What about the sum of interior 
angles of a quadrilateral? 


The quadrilateral ABCD in Fig. 11.8 can be divided into two triangles: AABD and ABCD. 

Copy to complete the following proof. 

Zp + £q+ Zu= 180° (2 sum of AABD) 

ar+Ls+Lt= (Z sum of A ) 

Sum of interior angles of the quadrilateral ABCD = Zp + 2q+ Zr+Zs+Zt+Z 
=(Zp+Zq+Zu)+(Zr+Z +Z ) 
= 180° + 


From the above Thinking Time, we conclude that: 
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B. Properties of special quadrilaterals 


Rectangles, squares, parallelograms, rhombuses and trapeziums are examples of special quadrilaterals with definin; 
properties. In this section, we will learn more about their properties, and another special quadrilateral called a kite. 


Properties of special quadrilaterals 


Let us explore the properties of special quadrilaterals. 

Go to www.sl-education.com/tmsoupp1/pg269 or scan the QR code on the right and open the geometry 
software template ‘Special Quadrilaterals’. 

To complete Table 11.3, use the template to make some measurements for each quadrilateral, 

e.g. measure the length of each side and diagonal. 

Hint: The word ‘bisect’ means ‘divide into two equal parts’. 


D. C | There are Opposite sides All four angles _| « The two diagonals are 
pairs of parallel are equal in are right angles. in length. 
sides. length. + Diagonals bisect each other, 
ive. AE = EC and BE = ED. 
A B 
Rectangle 
Cc Therearetwo All sides All__ angles are | « The two diagonals are equal 
pairs of parallel | are equal in right angles. in length. 
sides. length. « Diagonals bisect each other 


at right angles, i.e. AE = EC, 
BE = EDand ZAEB = ZBEC 


A B 
Saure = ZCED = ZAED = 90°. 

« Diagonals the 
interior angles, e.g. 2BAC 
= ZCAD = 45° and ZABD 

| = LCBD = 45°. 

D C | There are angles | Diagonals each other, 
pairs of parallel sides are equal | are equal, i.e. ie. AE = EC and BE = ED. 
sides. in length. ZBAD = ZBCD 

and ZABC = 
a B ZADC. 
Parallelogram 
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Diagonals each 
other at right angles, i.e. 

AE = EC, BE = ED and 
ZAEB = ZBEC= ZAED 

= ZCED = 90°. 

Diagonals the 
interior angles, e.g. 2BAC = 
ZCAD and ZABD = ZCBD. 


Thereare _—_AAIll four sides 3 
pairs of parallel are equal in are equal, i.e. 
sides. length. ZBAD = ZBCD 
and ZABC = 
A B ZADC. 
Rhombus 
D. C | There is at 
least* one pair 
of parallel sides, 
A Bie. AB// DC. 
Trapezium 
D 
least** two 
pairs of equal 
A adjacent sides, 
ie. AD = DC 
and AB = BC. 
B 
Kite 


‘There are at + Diagonals cut each other 


(not bisect) at 

angles, i.e. ZAEB = ZBEC 
= LAED = ZCED = 90°. 
One diagonal the 
interior angles, ie, ZADB 
= ZCDB and ZABD = 
ZCBD. 


* — We will use the inclusive definition of a trapezium in this textbook: A trapezium has at least one pair of parallel sides. Ifa trapezium has 
two pairs of parallel sides, then it is a parallelogram (special type of trapezium). 
(Recall: We also use the inclusive definition of an isosceles triangle in Section 11.1: An isosceles triangle has at least two equal sides.) 

** Similarly, we will also use the inclusive definition of a kite in this textbook: A kite has at least two pairs of equal adjacent sides. If a kite 
has four pairs of equal adjacent sides, this means that all its sides are equal in length, i.e. it is a rhombus (special type of kite). Can a kite 
have three pairs of equal adjacent sides? 


Worked 
Example 


4 


Table 11.3 


Angles in rectangle 


The diagram shows a rectangle ABCD where diagonals AC and BD intersect at E. 


Given that ZAEB = 120° and CE = 2 cm, 


D er c 
pe, 
A B 
calculate 
(i) ZABE, 
(ii) ZBDC, 
(iii) the length of BC. 


nore 
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“Solution 
(i) Since the diagonals of the rectangle bisect each other, then AE = BE. : ¢ 
° a 
2. ZABE = SO =120" (base £s ofisos. ABE) 
= 30° 
(ii) ZBDC = ZABE (alt. Zs, AB // DC) 
= 30° ¢ 
(iii) ZCBE = 90° - ZABE (int. Z of rect.) 
= 90° — 30° 
= 60° 
BCE = LCBE (base Zs of isos. ABCE) 
= 60° 
ZBEC = 180° ~ 120° (adj, 2s on a str. line) 
= 60° 
Since 2CBE = BCE = ZBEC = 60°, then ABCE is an equilateral triangle. 
“. BC=CE=2cm 


1. The diagram shows a rectangle ABCD where the diagonals AC and BD intersect at E. 


Similar and 
Further Qi 
Exe 


Given that ZACB = 63°, 


find 
(i) ZBEC, (ii) ZCDE. 

2. The diagram shows a rectangle PQRS. T lies on PQ such that ZPST = 51° and 
ZSRT = 68°. 


Find 
(i) ZPTS, (ii), ZRTS. 


e 
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Angles in rhombus 


Worked The diagram shows a rhombus ABCD where diagonals AC and BD intersect at E. (4 
Sapte ‘The diagonal BD is produced to F such that AD = DF. If ABE = 68°, 
F 


calculate D cC. 

i) BCD, VA td 

(ii) DAF, 6a 

(iii) BAF. A BR 

“Solution 

(i) CBD = ABD (diagonal BD of rhombus bisects ABC) 
= 68° 


BCD + ABD + CBD = 180° (int. 2s, AB // DC) 
BCD + 68° + 68° = 180° 
BCD = 180° - 68° - 68° 
=44° 
(ii) ADB = 68° (base Zs of isos. ABD; or alt, Zs, AD // BC) 
DAF + AFD = 68° (ext. Z of AADF) 


DAF =AFD= a (base Zs of isos. AADF) 


= 34° 
(iii) AEF = 90° (diagonals of rhombus bisect each other at right angles) 
EAF + AEF + AFE= 180° (Z sum of AAEF) 
EAF + 90° + 34° = 180° 
EAF = 180° - 90° - 34° 
= 56° 


1. The diagram shows a rhombus ABCD where ACD = 32°. AB is produced to E such that 
AC=CE. 


Exercise 1B FT 
ie A E 


Find — . 
(i) ABC, (ii) BCE. 


2. The diagram shows a parallelogram STUV where SVU = 108°. W lies on ST such that 
TUW = 38°, 


(i) Given that STU = 9x°, find the value of x. 
(ii) Find VUW. 
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Angles in kite 
A 
eee ‘The diagram shows a kite ABCD where AB = AD, CB = CD and the diagonals AC and BD (4 
—— intersect at E. If ZBAE = 20° and ZADC = 131°, 


D 
6 boa 
calculate : CA 
(i) DAE, , , < 


(ii) ZCBD. 


“Solution 
(i) ZDAE = ZBAE (longer diagonal AC of kite bisects ZBAD) 
=20° 


(ii) ZBEA = 90° (diagonals of kite cut each other at right angles) 
ZABE = 180° - ZBEA - ZBAE (Z sum of AABE) 


= 180° - 90° - 20° 
=70° 
ZABC = ZADC (opp. Zs of kite) 
=131° (ii) There are at least two other 
-. ZCBD = ZABC - ZABE ways of calculating 2CBD. 
= 131° -70° Can you find the 
=61° alternative ways? 


Practise N 6 
1. The diagram shows a kite ABCD where AB = AD, 


. Cc 
Pada fe tion: BC = DC and the diagonals AC and BD intersect 
sey at E. If ZBAD = 50° and ZADC = 137°. 
Questions 6(a), (b), 7, Calculate b 
(i) ZDAE, (ii) ZCDE. A 


2. In the diagram, the big trapezium ABCD is divided into 


D 
ra, 
ae \ 
B 
A B 
four smaller identical trapeziums. 
(i) Show that DH = GC. 
Hint: Consider EH and FG in identical 
trapeziums AEHD and BFGC respectively. DH G 


Then consider EH and FG in trapezium EFGH. 
(ii) Given that AB = 4 cm and DC = 8 cm, find the length of EF. 


Cc 


1. What do I already know about the properties of triangles that could guide my learning of the properties of 
quadrilaterals in this section? 
2. What have I learnt in this section that I am still unclear of? 


P 
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Exercise ils) 


Find the values of the unknowns in each of 
the following rectangles. 


(a) D eae (b) D. Cc 
Be CJ 
54° j 
A o° B A E B 


The diagram shows a rectangle ABCD where 
the diagonals AC and BD intersect at E. 
Given that ZBEC = 52°, calculate 


(i) ZADB, (ii), ZACD. 
The diagram shows a rectangle PQRS. T lies on 
PQ such that 2 PST = 28° and ZSRT = 43°. 


N Bw 


Find 


(i) PTS, (ii) ZRTS. 


Find the values of the unknowns in each of 
the following rhombuses. 


(a) 


Find the values of the unknowns in each of 
the following parallelograms. 


Find the value(s) of the unknown(s) in each of 
the following kites. 
(a) 


The diagram shows a kite ABCD where 


D 


AB = AD, CB = CD and the 

diagonals AC and BD ae 

intersect at E. Aa Sc 
B 


Find 
(i) ZABD, 


(ii) CBD. 


The diagram shows a trapezium ABCD where 
AB // DC. Find the value of x and of y. 


ee, 


A 
£1274, SRAEEE™ (SXECRD 
F 


EEO --Llrlrltt~—S— 


ee a ee a ee ee ee ee ee ee 


rw 


uuu 


Exercise @uil=) 


Co) Find the values of the unknowns in each of The diagram shows a rhombus ABCD where 
the following squares. the diagonals AC and BD intersect at E, Find the 


(a) value of x. Gx +7) 
D 
D, c 
Paar 
SZ 
A B 
SS 
é FB __A B 45, Inakite PORS, PQ= QR, PS = RS, ZQPR= 42° and 
ZPSR = 64°. Calculate 


(i) ZPRS, (ii) ~ZPQR. 


10, The diagram shows a D. Cc 
rhombus ABCD. X 
The diagonal DB is 16. In the diagram, the larger kite ABCD is divided 
produced to E such that into 3 smaller kites, The smaller kites ABEF and 
BC = BE and CDE=46". AFGD are identical. Given that BAF = 42° and 
Calculate ; B ABC = 118°, calculate BCD. 
(i) BAD, (ii) BCE. 

E - 


The diagram shows a parallelogram ABCD where 
BAD = 65°. E lies on DC such that BED = 125°. 


D E Cc 
Ly 
A B 


Calculate c 
@ ADE, ai) CBE. “17, Ina trapezium ABCD, AB // DC, AB = AD, 
ZBCD = 52° and ZADC = 62°. Calculate 
Inathombus WXYZ, WXY = 108°. Calculate Q)“ZABD, (ii) 4 CBD. 
(i) XZY, ii) XYZ, 
iii) XWY, ai) © Ina rectangle ABCD, E is the midpoint of AB and 
- ZCED = 118°, Find 
(i) ZADE, (ii) ZDCE. 


e Ina parallelogram PQRS, QPR = 42° and 
QRS = 70°, Calculate 
()  PQR, (i) PRQ 


> 
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Exercise 


An isosceles trapezium is a trapezium where ® In the diagram, ACJL, BCEF, DEGH and IGJK are 
the two non-parallel sides are equal. straight lines. Calculate Za + 2b + Zc+ 2d + Le 
The diagram shows a trapezium ABCD where +Lf+Lg+ Lh. 


the base angles ADC and BCD are equal. 
Show that the trapezium ABCD is an isosceles 


trapezium. 
Hint: Extend DA and CB to intersect at E. 
A B 
D Cc 


Geometrical constructions of triangles 


and quadrilaterals 


A. Introduction to geometrical constructions 


In Chapter 10, we have learnt how to measure angles using a protractor. We will now 
learn how to construct geometrical figures using a protractor and a pair of compasses. | 4 pair of com is different 


A pair of compasses (see Fig. 11.9) is a mathematical instrument consisting of two from a compass which is used 
moveable arms attached together by a hinge. It is used to draw a circle or an arc of a to tell Soa setae 
circle, and to mark off a specific length. ical par ‘ni silico apair 
‘The following show how a pair of compasses can be used, ind ke = 
+ Drawing a circle or an arc of a circle . 
Step l: Adjust the arms of the compasses on the markings of a ruler so that the Hinge é 
distance between its ends is equal to the specified length, e.g. 7 cm. 
Step 2: Fix the pointed end at the point and move the other arm to draw y, 
the circle or an arc of a circle. 
Pointed / " 
Drawing 
Bad End 
Fig. 11.9 
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Marking off a length 
Step l: Adjust the arms of the compasses until the ends touch points A and B (Fig. 11.10(a)). 
Step 2: Marka point P on another line L (Fig. 11.10(b)). 
Step 3: Without adjusting the arms of the compasses, fix the pointed end at P 
and move the other arm to draw an arc cutting L at Q (Fig. 11.10(c)). 
Hence, PQ = AB. 


(a) & (b) (©) r 


A B P 


Fig. 11.10 


Constructing perpendicular lines 

Step I: Ona line L, mark the points X and Y. Adjust the arms of the compasses such that the distance between 
the ends is greater than half the length of XY (Fig. 11.11(a)). 

Step 2: Fixed the pointed end at X and move the other arm to draw an arc each above and beneath L 
(Fig. 11.11(b)). 

Step 3: Without adjusting the arms of the compasses, fix the pointed end at Y and move the other arm to draw 
two arcs to produce the points P and Q (Fig. 11.11(c)). Draw a line to connect points P and Q 
(Fig. 11.11(d)). PQ is perpendicular to line L. 


(c) (d) 


Fig. 11.11 


‘The line PQ constructed using the method described here also bisects XY. That is, if M is the point of 
intersection between PQ and XY as shown in Fig. 11.12, then XM = MY. We call PQ the perpendicular bisector 
of XY. 


Fig. 11.12 
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Useful tips for geometrical constructions 
‘The following tips are useful for the construction of geometrical figures: 


+ Usea sharp pencil so that points and lines can be drawn finely and clearly. 
+ When making an intersection with a line or an arc, ensure that the angle of intersection does not differ greatly 
from 90° if possible (see Fig. 11.13). 
{ i 


(a) Good (b) Bad 
Fig, 11.13 


+ Be careful when drawing a line through a point to ensure accuracy (see Fig. 11.14). 


(a) Good (b) Bad 


Fig, 11.14 


+ All construction lines must be clearly shown. Do not erase the construction lines that have been drawn. 
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B. Construction of triangles € 


In this section, we will learn how to construct triangles using a protractor and a pair of compasses and solve related} 


problems. 
Constructing triangle given | side and 2 angles ¢ 
Mores Construct AXYZ such that XY = 9 cm, XYZ = 38° and YXZ = 67°, 


Example - 
Measure and write down the length of the shortest side. 


7 


“Solution 
Construction steps: 
1. Using a ruler, draw XY = 9 cm. TEReAt asipies aie deawnikes 
2. Since 2X = 67°, using a protractor at X, mark off an angle the line XY, will we obtain the 

of 67° and draw a line XH such that YXH = 67°. (EE 
E ees the line XY such that Yis 
3. Since ZY = 38°, using a protractor at Y, mark offan angle ine jeg endpoint instead of X, 

2 


of 38° and draw a line YK such that XYK = 38°. will we obtain the same triangle’ 
H 


‘We can read up to the smallest 
38°, marking on a ruler, which is 
Xx Y 0.1 cm, If the measurement is 

somewhere between 5.7 cm and 


67° 


9Icm 
5.8, decide whether it is nearer 


«. length of shortest side XZ = 5.7 cm shortest side is opposite to. 5.7 emor 5.8 em. Ifitis nearer 
smallest angle XYZ to 5.7 cm, write your answer as 
5.7m. 


Construct AXYZ such that XY = 8 cm, XYZ = 56° and YXZ = 48°. Measure and write down 
y the length of the shortest side. 
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Constructing triangle given 3 sides - 
Melia Construct APQR such that PQ = 10.5 cm, PR = 8.5 cm and QR = 9.5 cm. < 
Measure and write down the size of the angle facing the longest side. 


8 


“Solution 
Construction steps: (- 
1. Using a ruler, draw PQ = 10.5 cm. Alternatively, the line PR or QR 
2. Since R is 8.5 cm away from P, with P as centre and can be drawn first. 
8.5 cm as radius, draw arc 1. Do not erase the twro arce 
‘ ‘ . they are construction lines. 
3. Since R is 9.5 cm away from Q, with 
Qas centre and 9.5 cm as radius, 
di 2 to cut arc 1 at R. 
rew.are = cut arc 1 a D 
4, Join PRand QR. Constructing geometrical 
diagrams helps us visualise 
arc] ~R- arc2 spatial relationships to obtain 
new information from the given 
information, such as the size 
of the angle facing the longest 
side, as shown in this Worked 
Example. 
8.5cm 95cm 


10.5 cm 
The angle facing the longest side PQ is 2PRQ=71°. 


is nearer to 71° or 72°. 


F 
Construct APQR such that PQ = 8.4 cm, PR = 7.2 cm and QR = 9.8 cm. Measure and write 
Similar and down the size of the angle facing the longest side. 


Furthe 
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Worked 
Example 


2 


Constructing triangle given 2 sides and 1 angle |, a ( 
Construct AABC such that AB = 7.5 cm, BC = 5 cm and ZBAC = 30°. < 
Measure and write down the possible lengths of AC. 


“Solution 


1 


Construction steps: < 
. Using a ruler, draw AB = 7.5 cm. + Sometimes, it is possible 


2. 


Since ZA = 30°, using a protractor at A, mark off an angle to construct two different 
of 30° and draw a line AK such that ZBAK = 30°. Ces 
Since C is 5 cm away from B, with B as centre and we do not have any given 

5 cm as radius, draw an arc to cut AK at C,, and angle to construct the line AB. 
another arc to cut AK at C,. 

Join BC, and BC,. 


75cm 


Possible lengths of AC are 3.2 cm and 9.8 cm. 


Construct AABC such that AB = 9 cm, AC = 7 cm and ZABC = 45°. Measure and write 
down the possible lengths of BC. 

Construct AXYZ such that XY = 7.6 cm, YZ = 4.8 cm and XYZ = 130°. Measure and 
write down the length of XZ. 


1. The steps for constructing the triangles in Worked Examples 7-9 are quite different. Why? 
2. What do the construction steps depend on? How do I remember them? 
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C. Construction of quadrilaterals a € 


In this section, we will learn how to construct quadrilaterals using a protractor and a pair of compasses and solve 
related problems. 


Constructing parallelogram < 


Neng Construct a parallelogram ABCD such that AB = 8.5 cm, BC = 6.5 cm and ABC = 45°. 


Measure and write down the length of the diagonal AC. 


"Solution 

Construction steps: 

1. Using a ruler, draw AB = 8.5 cm. 

2. Since 2B = 45°, using a protractor at B, mark off an angle 
of 45° and draw a line BK such that ABK = 45°. 

3. Since Cis 6.5 cm away from B, with B as centre and 6.5 cm 
as radius, draw an arc to cut BK at C. 

4. Since ABCD isa parallelogram, AD = BC = 6.5 cm. With A 
as centre and 6.5 cm as radius, draw arc 1. 

5. Similarly, CD = BA = 8.5 cm. With Cas centre and 8.5 cm 
as radius, draw arc 2 to cut arc 1 at D. 

6. Join ADand CD, 


7. Join AC using a dotted line. roreerl 
4 Use dotted lines for lines that 


arc 2 are part of your working. 


A 85cm B 


Length of AC = 6.0 cm 


1. Construct a parallelogram ABCD such that AB = 8.5 cm, BC = 5.5 cm and ABC = 120°. 

s Measure and write down the length of the diagonal AC. 

2. Construct a rectangle ABCD such that AB = 10.5 cm and BC = 6.5 cm. Measure and 
write down the length of the diagonal AC. 
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Constructing quadrilateral 

Construct a quadrilateral PQRS such that PQ = 6.5 cm, QR = 4.8 cm, RS = 8.5 cm, PQR =f5 € 
and QRS = 98°. 

(i) Measure and write down the length of PS. 

(ii), Measure and write down the size of PSR. 


“Solution (~ 


Construction steps: 

1. Using a ruler, draw PQ= 6.5 cm. 

2. Since 2Q = 75°, using a protractor at Q, mark off an angle of 75° and draw a line QH 
such that PQH = 75. 

3. Since R is 4.8 cm away from Q, with Q as centre and 4.8 cm as radius, draw an arc to 
cut QH at R. 

4. Since ZR = 98°, using a protractor at R, mark off an angle of 98° and draw a line RK 
such that QRK = 98°. 

5. Since S is 8.5 cm away from R, with R as centre and 8.5 cm as radius, draw an arc to 
cut RK at S. 

6. Join PS. H 


Worked 
Example 


P 65cm Q 


(i) Length of PS = 4.8 cm 
PSR =56° 


Construct a quadrilateral PQRS such that PQ = 5.6 cm, QR = 6.2 cm, RS = 9.2 cm, 
PQR = 80° and QRS = 95°. 

(i) Measure and write down the length of PS. 

(ii) Measure and write down the size of PSR. 

Construct a quadrilateral PQRS such that PQ = 6 cm, QR = 7.5 cm, RS = 8.2 cm, 

PS = 5.8. cm and the diagonal PR = 9.2 cm. Measure and write down the size of QRS. 


P 
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Exercise 


Construct AABC such that AB = 10.2 cm, 
ABC = 60° and BAC = 45°. 
Measure and write down the length of AC. 


Construct an isosceles triangle PQR such that 
PQ = PR= 10 cm and QR =9 cm. : 
Measure and write down the size of QPR. 


(a) Construct AABC such that AB = 8 cm, 
BC = 6.5 cm and ABC = 80°. 
Measure and write down the length of AC. 
(b) Construct AXYZ such that XY=5 cm, 
YZ=9 cmand YXZ = 110°. 
Measure and write down the length of XZ. 


Construct a parallelogram ABCD such that 
AB = 10 cm, BC = 12 cm and ABC = 80°. Measure 
and write down the length of the diagonal BD. 


Construct a trapezium WXYZ such that WZ is 
parallel to XY, WX = 4.5 cm, XY = 8 cm, 

WZ = 6 cm and WXY = 60°. Measure and write 
down the length of YZ and of WY. 


Construct a quadrilateral PQRS such that 
PQ=4cm, QR = RS = 4.8 cm, PS = 3.6 cm and 
QPS = 90°, 

(i) Measure and write down the length of QS. 
(ii) Measure and write down the size of QRS. 


Construct a quadrilateral PQRS such that 

PQ = 10 cm, QR = 6 cm, PS = 3.5 cm, QPS = 60° 
and PQR = 45°. 

(i) Measure and write down the length of SR. 
(ii) Measure and write down the size of PRS. 


Construct ACDE such that CD = 8.8 cm, 
CE = 9.2 cm and DE = 10.4 cm. 


By stating a property of triangles, name the smallest 


angle in ACDE. Measure and write down the size 
of this angle. 


— = 


Construct AABC such that AB = 84cm, 
AC =7.5 cmand ABC = 50°. 
Measure and write down the possible lengths of BC. 


Construct a rhombus ABCD such that AB = 60 mm 

and the diagonal AC = 9 mm. 

(i) State a property of rhombus used in order to 
complete this construction. . 

(ii) Measure and write down the size of BAD. 


ri) Construct a quadrilateral PQRS such that 


PQ= PS = PR=9 cm, QR= 12cm and RS =7.5cm. 
Measure and write down the size of QPS. 


2 Construct a quadrilateral PQRS such that 


PQ= 11 cm, PR = 12. cm, QS = 8.5 cm, PQR = 90°, 

QPS = 50° and QRS is obtuse. : 

(i) Measure and write down the size of QRS. 

(ii) Construct a line parallel to PR that passes 
through S to meet QR produced at U. Measure 
and write down the length of RU. 


You are asked to construct a triangle of a side 7 cm 

and two angles 60° and 80°. 

(i) How many different triangles can you 
construct? 

(ii) Construct the triangle with 7 cm as its shortest 
side. 


You are asked to construct a triangle of sides 1 cm, 
3. cm and 5 cm. Explain if you are able to do so. 


Construct ATUV such that TU = 10.2 cm, 

UV =5.3 mand UTV = 20°. 

(i) How many different triangles can you 
construct? Can you explain why using a 
property of triangles? 

(ii) Write down the length of the longest side and 
the largest angle in each case. 
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Polygons 


A. What are polygons? 


What are polygons? 


We have learnt about triangles and quadrilaterals in the previous sections. 


Triangles and quadrilaterals are examples of polygons. Fig. 11.15 shows some other examples of polygons. 


CQse 


Fig, 11.15 
A polygon is a plane figure that satisfies the following conditions: 


(i) it consists of a number of points (called vertices) and an equal number of straiglit line segments (called sides) 
joining consecutive pairs of the points; 


(ii) no three successive points are collinear (i.e. no three successive points lie on the same straight line). 


1. Condition (i) implies that a polygon must have at least 3 sides and it must be closed (i.e. there are no gaps in 
its boundaries). For example, the shapes shown in Fig. 11.16 are of polygons. Why? 


oe 


Fig. 11.16 
2. The first two polygons in Fig. 11.15 are called simple polygons because their boundaries do not cross 
themselves, i.e. the line segments do not intersect one another. Are the third and fourth polygons in Fig. 11.15 
simple polygons? Explain. 
3. The first polygon in Fig. 11.15 is called a convex polygon because all of its interior angles are less than 180°. 
Why are the second and third polygons in Fig. 11.15 not convex polygons? 


A polygon that is not convex is called a concave polygon (notice that the second polygon in Fig. 11.15 caves in at 
that vertex whose interior angle is more than 180°). 


In this section, we will study only simple convex polygons. The term ‘polygon’ from this point onwards refers to 
‘simple convex polygon. 


ae OxFoRD WAPI ge 
: 


Naming of polygons 


Polygons are named after the number of sides that they have. Search the Internet for a video titled “The Polygon 
Song’ (not the one titled ‘Polygon Song Video’). Listen to the song and write down the names of the following 


ee eee 


Triangle (3-sided) Quadrilateral (4-sided) (5-sided) (6-sided) 
Heptagon (7-sided) (8-sided) Nonagon (9-sided) (10-sided) 
Fig. 11.17 


‘The names of the polygons in Fig. 11.17 contain prefixes which are determined by their number of sides. Some polygons 
with more than 10 sides also have special names, but they are not easy to remember. We call a polygon with n sides 
an n-sided polygon or an n-gon. For example, a polygon with 12 sides is known as a 12-sided polygon or a 12-gon. 


B. Regular polygons 


A regular polygon is a polygon with all sides equal and all interior angles equal. 


1. Which polygons in Fig. 11.17 in the above Investigation are regular polygons? 
2. What is the name of a regular triangle and of a regular quadrilateral? 


Definition of regular polygon 


1, Is it possible for a polygon to have all sides equal without being a regular polygon? 
(a) What is the name of a non-regular quadrilateral with all sides equal? a 
(b) Fig. 11.18 shows the pulling of a regular hexagon as indicated by the 
arrows to form a non-regular hexagon with all sides equal. Draw becomes 
another non-regular hexagon with all sides equal but of a different rae 
shape as the one shown in Fig. 11.18. 


2. Isit possible for a polygon to have all inferior angles equal without being , 
a regular polygon? Fig. 11.18 
(a) What is the name of a non-regular quadrilateral with all interior angles equal? 
(b) Draw two different non-regular hexagons with all inferior angles equal. 
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C. Sum of interior angles of polygon q 


In Sections 11.1 and 11.2, we have learnt that the sum of the interior angles of a triangle and of a quadrilateral is 
180° and 360° respectively. What is the sum of the interior angles of other polygons? 


Sum of interior angles of polygon 


In this Investigation, we will discover a general formula for the sum of interior angles of an n-sided polygon. 
1. Copy and complete Table 11.4. 


dN 3 1 1 x 180° = (3 - 2) x 180° 


Triangle 


\ 4 2 2 x 180° = (4 - 2) x 180° 


Quadrilateral 


Pentagon 


Hexagon 


Heptagon 


Octagon 


n-gon 


Table 11.4 

2. From Table 11.4, what can you say about the number of triangles formed by a polygon in relation to the number 
of sides it has? 

3. From Table 11.4, what is the general formula for the sum of interior angles of an n-sided polygon? = 

4, How can you tell that the general formula will always work for any n-sided polygon? 
Hint: Consider the pentagon in Fig. 11.19. What happens if you add a point (represented by the 


cross) to make it into a hexagon? Will you add one more triangle? What if the point is somewhere _ Pentagon 
else? Will you always add one more triangle when you change a pentagon into a hexagon? Fig. 11.19 
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From the Investigation on page 287, we observe that: 


Worked 
Example 


4 


Finding value of unknown in pentagon 
(a) Find the sum of the interior angles in a pentagon. 
(b) Hence, calculate the value of a in the figure. 


"Solution 


(a) Sum of interior angles of an n-gon = (n - 2) x 180° 
Sum of interior angles of a pentagon = (5 - 2) x 180° 
= 540° 


‘A pentagon has 5 sides, ie. 
(b) 2a° + 133° + 48° + 142° + 93° = 540° ike 


2a° = 540° - 133° - 48° - 142° - 93° 


= 124° 
a® = 62° 
a=62 


Practise Now 12 


Similar and 
Further Questions 
Exercise 11D 
Questions 


Worked 
Example 


13 


(a) 


2. Two of the interior angles of an n-sided polygon are 74° and 136°, 
and the remaining interior angles are 110° each. Find the value of n. 


Interior angles of regular decagon 
(i) Calculate the sum of interior angles of a regular decagon. ‘A decagon has 10 sides. In a 


(ii) Hence, find the size of each interior angle of a regular regular decagon, all the interior 
decagon. angles are equal. 
"Solution 


(i) Sum of interior angles of a regular decagon 
= (10 - 2) x 180° 


= 1440° 
as res 1440° 
(ii) Each interior angle of a regular decagon = 10 
= 144° 
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Practise Now 13 JAN Find the sum of interior angles of a regular polygon with 24 sides. € 


(ii) Hence, calculate the size of each interior angle of a regular polygon with 24 sides, 


D. Sum of exterior angles of polygon 


In Section 11.1, we have learnt that there are two ways to draw the 3 exterior angles of a R 
triangle. Fig. 11.20 shows a pentagon ABCDE with AB produced to P, BC produced to Q, 
CD produced to R, DE produced to S and EA produced to T. Zp, 2q, 2r, Zs and Zt are 
the exterior angles of the pentagon. Notice that the exterior angles go in an anti-clockwise 
direction from Zp to Zq to Zr to Zs to Zt. 


Draw the exterior angles of the same pentagon in Fig. 11.20 in a clockwise direction. > 
Although there are two ways to draw the exterior angles of a pentagon, note that a pentagon £ 
has exactly 5 exterior angles, just like it has exactly 5 interior angles. Fig. 11.20 


Sum of exterior angles of pentagon 


Go to www.sl-education.com/tmsoupp1/pg289 or scan the QR code on the right and open the geometry 
software template ‘Exterior Angles of Polygon’. The template shows a pentagon with 5 exterior angles 
(see Fig. 11.21). 


Fig. 11.21 > 
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1. Click on the slider labelled ‘Distance from centre’ to drag the points towards the centre. Fig. 11.22 shows the 


figure just before the points meet. 


‘Sum of Exterior Angles of Polygon 


rag ine pores towards he corte, 


Fig. 11.22 
2. What do you think the sum of the exterior angles of a pentagon is? Explain your answer. 


3. Click on the slider labelled ‘Number of sides’ to look at other polygons. What do you think the sum of the 


exterior angles of an n-sided polygon is? Explain your answer. 


Fig, 11.23 


Consider the pentagon in Fig. 11.23. 
Since Za + Zp = 180°, 2b + Zq= 180°, 2c+Zr=| , Zd+Zs= | and 


Ze+Zt=), then 
La+Lp+Lb+Lqt+Le+Lr+Ld+Ls+Le+Lt= | x 180° 
wo. (La+Zb+Lce+Zd+ Le)+(Lp+2q+ 2r+Zs+ Zt) =900° 
Since the sum of interior angles of a pentagon = 2a+ 2b + Zc+ Zd+ Ze 
= (5 - 2) x 180° = 540°, then 
540°+ (Zp + Zq+Zr+ Zs + Zt) = 900°. 
o Lp+Lq+ 2r+ Ls+ Zt=900°-| 


Similar and 
Further Questions 


Exe 11D 
Question 14 
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Using a similar proof as shown in the Thinking Time on page 290, we can show that 
the sum of exterior angles of a hexagon, of a heptagon and of an octagon is also 360°. 
In general, we have: 


Exterior angles of polygon 


del G 


In the Thinking Time on page 
290, and the Investigation in 

Section 11.4C, no matter how 

you change the shape or size of 

cach polygon, the properties 

for interior and exterior angles < 
remain invariant. 


1. Is it possible for a regular polygon to have an exterior angle of 70°? Explain your answer. 


2. If an exterior angle of a regular polygon is an integer, what are all the possible values of the angle? 


Finding number of sides of regular polygon 
Calculate the number of sides of a regular polygon if 
(a) each exterior angle of the polygon is 24°, 

(b) each interior angle of the polygon is 162°. 


Worked 
Example 


14 


“Solution 
(a) The sum of exterior angles of the regular polygon is 360°. 


° 
.. number of sides of the polygon = = 
=15 
(b) Method 1: 
Let the number of sides of the regular polygon be n. 
o 
Each interior angle of the polygon = Gua sei 80 
(n—2)x180' = 162° 
n 


(n-2) x 180° = 162°xn 
180n — 162n = 360 


18n = 360 
n=20 
Method 2: 
Each exterior angle of the regular polygon = 180° - 162° 


= 18° (adj. Zs 


For Method 2, we find each 
exterior angle using this 
relationship: 

int. 2 + ext. 2 = 180° (adj. Zs 
on astr. line). 


Why? 


onastr. line) 
; ; 360° 
.. number of sides of the polygon = 18° Which method do you prefer? 


=20 


metrical Construc 
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Similar and 
Further Questions 
Exercise 11D 
Questions 4(a)-(d) 
5(a)-(d), 


Worked 


Example 


15 


Find the number of sides of a regular polygon if 

(a) each exterior angle of the polygon is 40°, 

(b) each interior angle of the polygon is 178°. 

2. By finding the size of each exterior angle of a regular decagon, find the size of each 
interior angle of the decagon. 

3. Two of the exterior angles of an n-sided polygon are 25° and 26°, three of its interior 

angles are 161° each and the remaining interior angles are 159° each. Calculate the 

value of n. 


Problem involving regular pentagon 
ABCDE is a regular pentagon. If AB and DC are produced to meet at F, find the value of 
LBFC. 


“Solution 
We will use Pélya’s Problem Solving Model to guide us in solving this problem. 


Stage |: Understand the problem 
We need to sketch a diagram to help us understand the problem. Diagrams and Notations 


What does the notation ABCDE tell us about the order of the Diagrams help us visualise the 
. given information so that we can 
vertices of the pentagon? Lae re ais: is 
What is given? What are we supposed to find? help to convey ideas in a 
concise and precise manner, ¢.g. 
D pentagon ABCDE means that its 
vertices must be in this order: 
E Cc A, B, C, Dand E. But it does not 
matter whether the order of the 


vertices is in the clockwise or 
anticlockwise direction. } 
A B 


Stage 2: Think of a plan 

ZBFC lies in ABFC. 

What formula or property of a triangle can we use to calculate BFC? 

We can use Z sum of A. This means we need to calculate 2CBF and ZBCF first. 
Again, what formula or property can we use? 

Notice that 2CBF and ZBCF are exterior angles of the pentagon. 


Stage &: Carry out the plan 7 
Each exterior angle of the pentagon = eal 
~. LCBF = LBCF = 72° 
BFC = 180° - CBF - ZBCF (Z sum of ABCF) 
= 180° - 72°- 72° 
= 36° 


=72° 
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Stage 4: Look back 

Is the answer reasonable? : 4 
Since we have sketched the diagram quite proportionally, ZBFC should be acute and smalle: 

than ZCBF or ZBCF. .. 36° seems reasonable. 

Are there other methods? 

There are at least two other methods. 

Hint for alternative method 1: ZABC = ZBCF + ZBFC (ext. 2 of ABCF). é 
Hint for alternative method 2: AEDF is a quadrilateral. 


ABCDEF is a regular hexagon. If AB and DC are produced to meet at G, calculate 2BGC. 


Furth 


Exercis 


Problem involving regular polygon with unknown number of sides 
AB, BC and CD are adjacent sides of an n-sided regular polygon. 


Worked 
Example 


A 


If BDC = 12°, calculate 

(i) the size of an exterior angle of the polygon, 
(ii) the value of n, 

(iii) ABD. 


“Solution 
(i) CBD = 12° (base Zs of isos. ABCD) 
Size of each exterior angle of the polygon = 12° + 12° (ext. Z of ABCD) 


=24° 
(ii) Sum of exterior angles of the n-sided regular polygon = 360° 
oH 24° 
=15 


(iii) ABC + 24° = 180° (adj. Zs on a str. line) 
ABC = 180° - 24° 
= 156° 
ABD = ABC - CBD 
= 156° - 12° 
= 144° 


P 
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ESE) In the figure, ABCDE is part of an n-sided regular polygon, BPQRC is a regular pentago.: and 


Similar and CRSD is a square. 
Further Questions 
Exercise 11D Q R 
— Ss 
Questions 12,13, 16 
7 P 
 C DE 
A 
Calculate 
(i) PBC, (ii) QCR, 
(iii) BCD, (iv) BDC, 


(v)_ the value of n. 


Introduct ry 
Problem 
Revisited 


In the Introductory Problem, you may not have known how to determine which other regular polygons can be 
used to tessellate the plane without any gaps, and why these polygons are able to form tessellations. After learning 
how to calculate the interior angle of a regular polygon, do you know how to answer the questions? Discuss these 
with your classmates. 


1. Are there other ways to prove the formula for the sum of interior angles of a polygon? 


2. Can each problem on polygons be solved using the formula for the sum of interior angles or the formula for 
the sum of exterior angles? Which method do I prefer? 


3. What have I learnt in this section or chapter that I am still unclear of? 


E. Line symmetry 


A line of symmetry divides a plane figure into two identical halves such that if you fold the figure along it, each 
half of the figure will overlap with the other exactly. Fig. 11.24 shows examples of plane figures that exhibit line 
symmetry, 


1 
(b) 


‘The dotted line shows The dotted lines show 
the 1 line of symmetry. the 2 lines of symmetry. 
Fig. 11.24 
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Line symmetry of special quadrilaterals and regular polygons 


Refer to the 6 types of special quadrilaterals in Table 11.4 on page 287. 
Fold paper cut-outs of these quadrilaterals to explore their line symmetries, 


1. How many lines of symmetry does each of the quadrilaterals have? < 
2. From the line symmetry, are you able to observe any other geometrical relationships? For example, from the lin 
of symmetry of a kite, which angles are equal? 
Fold paper cut-outs of a regular pentagon, a regular hexagon and a regular octagon to explore their line symmetry. 
3. How many lines of symmetry are there in each of the regular polygons? 


F. Rotational symmetry 


see 
Let us learn about a new type of symmetry called rotational symmetry. 
Fig. 11.25 shows examples of plane figures that exhibit rotational symmetry. 


(a) The order of rotational symmetry (b) The order of rotational symmetry 
of the rectangle is 2. of the snowflake is 6. 


Fig. 11.25 
‘The order of rotational symmetry is the number of distinct ways a plane figure maps onto itself in a rotation 


of 360° about its centre. For example, when we rotate a rectangle ABCD about its centre E as shown in Fig. 11.26, 
ABCD maps onto itself after a 180° rotation. 


Cc D 
rotate rotate 90° rotate Totate 90° 
clockwise clockwise 

B A 


(a) (b) (©) 
Fig, 11.26 
In a full 360° rotation, ABCD will map onto itself twice. so its order of rotational symmetry is 2. 
Ifa plane figure maps onto itself only once in a 360° rotation about its centre, its order of rotational symmetry is 1. 


We also say that this figure has no rotational symmetry, since any irregular-shaped figure will also map onto itself 
once in a 360° rotation. 
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Rotational symmetry of special quadrilaterals and regular polygons 


Refer to the 6 types of special quadrilaterals in Table 11,4 on page 287. 

Rotate paper cut-outs of these quadrilaterals about their centre to explore each of their rotational symmetries. 
1. 
2. 


Do the quadrilaterals have rotational symmetry? If yes, what is its order of rotational symmetry? 

Why must the quadrilateral be rotated about its centre? What happens if it is rotated about any other point, 
such as about any of its vertices? 

From the rotational symmetry, are you able to observe any other geometrical relationships? For example, 
since a parallelogram has a rotational symmetry of order 2, its opposite angles must be equal. 


Rotate paper cut-outs of a regular pentagon, a regular hexagon and a regular octagon to explore each of their 
rotational symmetries. 


4. 


5. 


Does each of the regular polygons have rotational symmetry? If so, what is its order of 

rotational symmetry? 

From the rotational symmetry, are you able to observe any other geometrical relationships? 

For example, in the hexagon shown in Fig. 11.27, using rotational symmetry, we can see 

that there are 6 identical triangles. Fig. 11.27 
Can you identify other angles which are equal to 2x? 


Exercise 


Find the sum of the interior angles of each of @ (a) (i) Find the sum of interior angles of 
the following polygons. a regular octagon. 
(a) 11-gon (b)  12-gon (ii) Hence, find the size of each interior angle 
(c) 15-gon (d)  20-gon of a regular octagon. 
(b) (i) Find the sum of interior angles of 
Find the value of the unknown in each of a regular polygon with 18 sides. 
the following figures. (ii) Hence, find the size of each interior angle 


of a regular polygon with 18 sides. 


Find the number of sides of a regular polygon 
if each exterior angle of the polygon is 

(a) 45°, (b) 90°, 

(c) 4°, (d) 120°. 
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Exercise 


11D 


Find the number of sides of a regular polygon 
if each interior angle of the polygon is 
(a) 140°, (b) 162°, 
(co), 1725, (d) 175°. 


(a) By finding the size of each exterior angle of 
a regular polygon with 24 sides, calculate the 
size of each interior angle of the polygon. 

By finding the size of each exterior angle of 
a regular polygon with 36 sides, calculate the 
size of each interior angle of the polygon. 


(b) 


Three of the interior angles of an n-sided polygon 
are 76°, 169° and 105°, and the remaining interior 
angles are 146° each. Find the value of n. 


Three of the exterior angles of an n-sided polygon 
are 50° each, two of its interior angles are 127° and 
135°, and the remaining interior angles are 173° 
each. Find the value of n. 


The ratio of an interior angle to an exterior angle 
of an n-sided regular polygon is 13 : 2. Find the 
value of n. 


10. ABCDEFG is a regular heptagon. If AB and DC are 


produced to meet at H, find the value of 2BHC. 


a In the figure, ABCDE is a regular pentagon and 


ABPQRS is a regular hexagon. X is the centre of 
the hexagon, 


Calculate 

(i) ZABP, (ii) ZPQX, 
(iii) ZAXB, (iv) ZABC, 
(v) ZACD, (vi) ZASE. 


2 In the figure, ABCDEF is part of an n-sided regular 


polygon. Each exterior angle of this polygon is 36°. 


Calculate 
(i) the value of n, 
(iii) ZBXE. 


(ii) ZBDE, 


The points A, B, Cand D are consecutive vertices 


of a regular polygon with 20 sides. Calculate 
(i) ZABC, (ii) ZABD. 


@ The figure shows part of an n-sided polygon where 
each side is produced. a,, 4,, a, a, ..., and a, are 
the interior angles of the polygon and x, x,, x, 


X,y «..,and x, are its exterior angles. 


Show that the sum of exterior angles of the polygon 


is 360°, ie. x, +X, +2, +X, +... +X, = 360°. 
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Exercise | 


In the figure, AFJD, AGHC, BGFE, BHID and CIE A party is held in a large tent with a perimeter 

are straight lines. Find the value of 2a + Zb+Le+ between 100 m and 150 m. A robot travels along 
Ld + Le. (Note: There are at least 3 methods to the perimeter to serve refreshments to guests. It is 
find the answer.) programmed in such a way that it travels 3 metres, 
then turns through an angle of x° clockwise, travels 
another 3 metres, then turns through an angle of x* 
clockwise, and so on, until it reaches its initial 
position where the staff will top up the 
refreshments. Given that the robot is only able 

to turn through an integer value of x, find two 
possible values of x and the corresponding 
perimeters of the tent. 


In the figure, ABCDE is part of an n-sided regular | 
polygon. The ratio of an interior angle to an 
exterior angle of this polygon is 5: 1. 


Cc 
eit): 
| B 
| a 
A E 
Calculate 
(i) the value of n, (ii) ZACD, 
(iii) ZADE. 


Hint base angles of isosceles trapezium are equal 


EEE 
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Polygons are everywhere in nature, For example, snowflakes or ice crystals are hexagonal in 
shape! As demonstrated by the Honeycomb Conjecture, angles offer a mathematical explanation 
for some natural occurences. In this chapter, we see that we can figure out the size of an interior 
angle and an exterior angle of a polygon using prior knowledge. Do you realise that new 
mathematics is often created based on what we already know? Every mathematical rule has a basis 
for it. One way to discover these new rules is to examine the properties that remained unchanged 
under certain changes. Remember how the formula for the sum of interior angles of an n-sided polygon is derived? 
We used the idea that the sum of interior angles of a triangle remains unchanged or invariant regardless of how 
the triangle is drawn. Invariant properties are important because they can be used to form new rules and solve 
problems in mathematics. Look back at Chapter 11, can you find other invariant properties? 


——————  oxFoRD HATER 999 3 
E 


1, Properties of triangle 
(a) Angle sum of triangle: The sum of interior angles of a triangle is 180° (2 sum of A). 


(b) Exterior angle of triangle: An exterior angle of a triangle is equal to the sum of its interior opposite angles 
(ext. Z of A). 


2. Properties of quadrilaterals 
(a) Angle sum of quadrilateral: The sum of the interior angles of a quadrilateral is 360° (2 sum of quad.). 
(b) Special quadrilaterals 


Parallelogram Rectangle T Rhombus Square Kite 
LAS L7 

(special type of ispecea pea 

parallelogram) parallelogram) (special type of 

rectangle and 
thombus) 

Bisect each Bisect each Bisect each Bisect each other | Cut each other 
other other andare —_ other at 90° at 90°, are equal | at 90° and one of 


equalinlength and bisect the | in length and them bisects the 
interior angles | bisect the interior | interior angles 


angles 
0 a 2 4 1 
2 2 2 4 1 
(no rotational 
nt L symmetry) 


Some other inclusive definitions to note are: 
+ aparallelogram is a special type of trapezium, 
+ arhombus is a special type of kite. 


3. Construction of triangle 
A triangle can be constructed given 
(a) 1 side and 2 angles, 
(b) 3 sides, 
(c) 2 sides and 1 angle. 
+ For (c), sometimes, it is possible to construct two different triangles. 
+ Give an example of how a triangle can be constructed for each of the three cases above. 


4. Construction of quadrilateral 
We make use of the properties of special quadrilaterals (e.g. parallelogram and rectangle) to construct them. 
+ Give an example of how a kite can be constructed. What information do you need to construct the kite? 


5. Properties of polygons 
(a) Ina polygon, interior angle + exterior angle = 180°. 
(b) Sum of interior angles of an n-sided polygon = (n - 2) x 180°. 
(c) Sum of exterior angles of an n-sided polygon = 360°. 
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Perimeter and Area of Plane Figures 


Plane figures such as triangles, circles, parallelograms and trapeziums are familiar to many of us. Designers 
often use these figures with special geometric properties to create interesting shapes. The iconic Toa Payoh 
dragon playground in Singapore, built in 1979, features a creature with a large dragon head and a body of 
colourful steel rings supported by trapezium-shaped pillars. When the playground was constructed, the 
builders likely needed to know the perimeter 
and area of each portion to figure out how much 
material was required. 


Perimeter and area are two measures of the 
boundary of a plane figure: perimeter quantifies 
the length of the boundary while area quantifies 
the amount of space enclosed within the 
boundary. 


In this chapter, we will learn how to find 
the perimeter and area of triangles, circles, 
parallelograms and trapeziums. 


Learning Outcomes 
What will we learn in this chapter? 


+ How to find the perimeter and area of plane figures (such as squares, 
rectangles, triangles, circles, parallelograms and trapeziums) 


+ How to solve problems involving the perimeter and area of plane figures 


(including composite figures) 


+ Why perimeter and area of plane figures have useful applications in real life 


eA > 


A trapezium is a four-sided figure with at least one pair of parallel sides. 

Fig. 12.1 shows a trapezium ABCD. 

(a) Can you find the area of trapezium ABCD by counting the number of 
square units? 

(b) Use another method to find the area of trapezium ABCD. 

(c) What can you learn from the different ways of finding the area of a 
trapezium? 

(d) The trapezium given is a special one, where AD = BC. How can you use 
what you have learnt above to find the area of any given trapezium? 


In this chapter, we will learn how to find the areas of parallelograms and trapeziums using what we have previously 
learnt about the area of rectangles. But first, we need to know how to convert cm? to m? and vice versa. 


Conversion of units 


The floor area of a classroom is measured in square metres (m*). Other units used to measure area of plane figures 
include square centimetres (cm?), square millimetres (mm?) and square kilometres (km’). 


Sometimes, we need to convert from one unit of area to another. For example, it is more common to say that the 
land area of Singapore is 720 km? instead of 720 000 000 m?. Why? 


Similarly, we do not usually say that the area of the cross section of a 10-cent coin is 0.000 269 m_. Instead, we say 
that its cross-sectional area is 2.69 cm*. Why? 


Converting between cm? and m? 


‘The diagram shows 2 squares P and Q. Im 
1. Are the two squares identical (i.e. exactly the same)? Why or why not? 
2. If the two squares are identical, will their areas be equal? Im P 
3. Calculate the area of square P in m*. 

Calculate the area of square Q in cm?. 100 cm 
5. Based on Questions 1 to 4, how many cm? are equal to 1 m*? Explain. 


100 
If you were to cover square P with square tiles of length 1 cm, how many square a 2 


tiles would you need? Why? 


P = 
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From the Investigation on page 302, we learn that 1 m? = 10 000 cm’. 
Since 1 m = 100 cm, why is 1 m? # 100 cm*? 


Worked 
Example 


Converting between cm? and m? 
Express 
(a) 5m’incm’, (b) 200 cm? in m*. 
“Solution 
(a) Im=100cm 
(1 m)* = (100 em)? 
= 100 cm x 100 cm 
1m’ = 10000 cm? 
5m? =5 x 10000 cm* 


In (a), you need to show how you 
obtain 1 m* = 10 000 cm? from 
1m = 100 cm in your working. 


= 50 000 cm? 
(b) 100cm=1m In (b), it will be easier to start 
1 with 100 cm on the: 
lem=——m side (LHS) of the equal sign, 
100 unlike in (a) where we started 
cm a ee with I mon the LHS, 
(Lem) = {795 ™ We can also write lem = 0.01 m 
1 1 and I cm! = 0,0001 m’. 
~ too ™ * too™ 
1 
_ 2 
tem'= 79 000 ™ 
1 
igs 2 
200 cm? = 200 x To 000 ™ 
= 0.02 m? 
= 
(a) 10 m? in cm’, (b) 22.5 m? in cm’, 
(c) 0.16 m?in cm’, (d) 300 cm? in m’, 
(e) 7146 cm? in m’, (f) 0.1 cm?in m’. 
CHAPTER 12 
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Perimeter and area of rectangles and triangles 


A. Perimeter and area of rectangles and squares (Recap) 


Let us recall how to find the perimeter and area of a rectangle and a square. 


! For a plane figure, the perimeter 
Rectangle i 21+ b) Ib aera aaa 
the area measures the space 
= enclosed within the boundary of 
I the figure. When is each of these 
measures useful? ee] 
Square {| 4l P 
Table 12.1 
Problem involving perimeter and area of rectangle 
bee ‘The length of a rectangular field is 4 m longer than its breadth. 
(a) If the perimeter of the field is 44 m, calculate 
(i) the breadth, (ii) the area, 
of the field. 
(b) The field is surrounded by a cement path of width 2.5 m. 
Calculate the area of the path. 
“Solution 
(a) (i) Let the breadth of the rectangular field = x m. (x+4)m 
‘Then the length of the field = (x + 4) m. 
(x +4) +x] = 44 
2(2x + 4) = 44 xm 
4x+8=44 
4x = 36 
x=9 


~. breadth of the field = 9 m 
(ii) Area of the field = (9 + 4) x 9 
=117m* 


. 
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(b) Total length = 13 +2.5+2.5 es 6 i ~_ 
eam 2.5m G 
Total breadth = 9 + 2.5 + 2.5 
=l4m 
Total area of the field and the cement path =} 4 m 
=18x14 
= 252 m* 


Area of the path = 252 - 117 2.5m 
= 135 m* a 
A rectangular park with a perimeter of 64 m has a square 
Similar and field in the centre and a running path surrounding the field. 
Further Question: The diagram shows the park and its dimensions. Find the -—> 
Exercise 12A 5.5m 


2 area of the running path. 


3.5m 


B. Perimeter of triangles 


- 


‘The perimeter of a triangle is the sum of the lengths of its three sides. If a triangle has sides a, b and c, then 


C. Base and height of triangle 


To determine the area of a polygon, we must first identify the required dimensions of the polygon. 

For a rectangle, the required dimensions are its length | , and breadth b. For a triangle, the required dimensions are 
its height h, and base, b. 

Any side of a triangle can be its base, b. The height, h, of a triangle with reference to the base is the perpendicular 
distance from the base to the opposite vertex (see Fig. 12.2). 


h h 
oe b 
(a) (b) 
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3. Compare 
(a) the area of AABC with rectangle ABCD, 
(b) the area of AJFG with rectangle EFGH. 


How are the areas of the triangles related to the areas of rectangles? 
Part 2: 
4. From Fig. 12.3 and Fig. 12.4, we have 


A 


Area of AABC=4 x) xB ‘Area of AJFG =} x) x FG 


lcm 


is — 


L]}p= 


= cm? 


From the above Investigation, we have 


Pe 
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3. Compare 
(a) the area of AABC with rectangle ABCD, 
(b)_ the area of AJFG with rectangle EFGH. 


How are the areas of the triangles related to the areas of rectangles? 
Part 2: 
4. From Fig. 12.3 and Fig. 12.4, we have 


Area of AABC =5 x x BC 


5. Find the area of ALMN. 


lcm 


Wie 
ir! m 
| 


| 
1 
} 
j 


From the above Investigation, we have 
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Finding area of triangle 


RE 
Worked 4 
The figure shows a triangle PQR such that PQ = 4 m and 
Example : 360 cm 
PS = 360 cm. Find the area of APQR. 
rc 
3 P 7 Sr Ss 


"Solution 


Base = 4 mand height = 360 cm = 3.6m ecall 1 cm = (1 + 100) m= 0.01 m 


Area of triangle = 4 x base x height 


1 I 
=3* 4x 3.6 When finding area (or volume), 


=2%36 convert all given lengths to the 
a. a % same unit. 
=7.2m 


Find the area of each of the following triangles. 


(a) rer (b) (c) 3m 


iy 
a] 15cm 675m 320m a 


Area of triangle using different sides as base 


How do we find the area of a triangle using different sides as the base? Let us investigate. B 


Fig. 12.5 shows three identical AABC. 
1. Taking AC as the base, draw and label the height, h,, in Fig. 12.5(a). 

A Cc 
2, 


Measure and record the length of AC and h,. 


AC= — cm h,= cm 5 () 
3. Calculate and record the area of AABC using the formula given. 
Areaof AABC= cm? oa 
4, Repeat Steps 1 to 3. A Cc 
(i) Taking BC as the base in Fig. 12.5(b), find and label h,. (b) 
BC= cm h,= cm Areaof AABC= — cm* B 
(ii) Taking AB as the base in Fig. 12.5(c), find and label hy, 
AB= cm h,= cm Area of AABC=_— cm* A Cc 
Is the area of AABC obtained using the different pairs of heights and bases the same? (o) 
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Finding height of triangle given area 
Worked . 8 & eee 


A 
Exaniple _ The figure shows a triangle ABC such that BC = 12 cm. : é 
. Given that the area of the triangle is 28 cm’, find the 
4 height, h, of the triangle. 
B 


“Solution ew (~ 
Area of triangle = > x base x height 


i 
2 
=) x12xh eel 
2 For measurements, we usually 
=6h 
28 
6 


do not leave the answer as a 

fraction because the decimal 

form gives a clearer gauge of 
how long the object is. 

= 4,67 cm (to 3 s.f.) 


| Practise Now 4 ore shows a triangle PQR such that PS = 7.4 m. 


If the area of the triangle is 62.3 m’, find the length of QR. 


2. The diagram shows a triangle ACD such that AD = 18 cm 
and the height of the triangle is 28 cm. 
(i) Find the area of AACD. 
(ii) Given that BD is perpendicular to AC, 
find the length of BD. 


3. In the figure, AB = 25 m, AD = 17 m, DP=8 m, 
AQ=5m, BR= 14 mand BS = 3 m. Find the 
area of the shaded region. 
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Express @ In the figure, AB = 20 m, BC= 21m, AD= 10m 
(a) 40 m?incm’, (b) 89.2 min cm’, and DE = 10.5 m. Find the area of the shaded 
(c) 0.03 m’in cm’, (d) 5.176 m? in cm*. region. 


The area of a rectangle is 259 cm? and its length is 
18.5 cm, Find 
(i) its breadth, (ii) its perimeter. 


Find the area of each of the following triangles. 


Oe 
In the diagram, AC = 20 cm, CD = 22 cm and 
AE = 16cm. AE is perpendicular to CD and BD 
4.2 cot is perpendicular to AC. Find the length of BD. 
D ® 
(b) / \ 
cm vs / jp E 22 Va 
Z. 16cm : 
i 6cm rr y i x 
B 
The figure shows a triangle XYZ such that +— 20cm—» 
YZ = 2.48 cm. If the area of the triangle is 2.31 cm’, 
find the length of WX. ra @ In the figure, AD = 23 m, DP =7 mand BR = 13.5 m. 


Dime er ©, 


ow 
-% s 
et 23m 
ye | 
h 
‘The perimeter of a rectangular field is 70 m and its A R B 
length is 15 m longer than its breadth. The field is Sent: 
murrounded by-arconcrete palirasishownun'the If P is directly above R, find the area of the shaded 


figure. Find the area of the path. region. 
Write down the dimensions of three rectangles that 
have 

(a) the same area but different perimeters, 

(b) the same perimeter but different areas. 
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Perimeter and area of parallelograms 


In primary school, we have learnt that a parallelogram is a 4-sided figure, with opposite sides that are parallel 
(and equal). 
In this section, we will learn how to find the perimeter and the area of a parallelogram. 


A. Perimeter of parallelogram 


‘The perimeter of a parallelogram is the sum of the lengths of its four sides. Since each pair of opposite sides is 
of the same length in a parallelogram, then 


B. Base and height of parallelogram 


To find the area of a parallelogram, we need to know its height. 

‘The height of a parallelogram depends on which side of a parallelogram we use as its base. 

We can use any side of a parallelogram as its base. 

‘The height, h, of the parallelogram with reference to the base is the perpendicular distance from the base, b, to the 


opposite side (see Fig. 12.6). 
F >- > 
h 
b 
h 
c 


+——_ 5-——_» +b 
(a) (b) () 
Fig. 12.6 
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| Practise Now 5A For each of the following parallelograms, label the height as h (or base as b) with reference to 


the given base (or height). You need to indicate the right angle where necessary. 
(a) > (b) > (©) (d) 
> > 
b 
b 
(e) (f) (g) Loe 
v\ ae _ 


C. Area of parallelogram 


We have learnt from the Introductory Problem that we can cut a shape into two or more parts, and then rearrange 
these parts to form a shape that we know how to find the area of. 
A parallelogram can be cut into two parts and rearranged into a rectangle. 


Formula for area of parallelogram 


In this Investigation, we will make use of the formula for the area of a rectangle to find a formula for the 
area of a parallelogram. 
Fig. 12.7(a) shows a parallelogram ABCD with base AB = b and height DE = h. 


D C D ic D (e 
A E B A 5 B E B F 


+ b—> 
(a) (b) (c) 
Fig. 12.7 
1. If we remove the right-angled triangle ADE from the parallelogram ABCD in Fig. 12.7(b) and place it 
as shown in Fig. 12.7(c), what is the shape of the new quadrilateral CDEF? 
2. Find the length of CF and of EF in terms of b and h. 
Hence, find a formula for the area of the parallelogram ABCD in terms of b and h. 
4, Think of another method to find a formula for the area of a parallelogram. 
Hint: Divide the parallelogram ABCD in another way and use the formula for the area of a triangle. 


» 


’ 
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Fig. 12.8 shows a parallelogram that is slanted so far to one side such that we cannot draw the height inside the 


parallelogram and cut it as in the Investigation on page 312. 

Does the formula which you have found in the Investigation for the area 

of a parallelogram still work for this oblique parallelogram? You may go 

to www.sl-education.com/tmsoupp1/pg313 or scan the QR code on the right 
and make use of the geometry software template ‘Area of Parallelogram’ 
to help you visualise. In your journal, explain why the formula works or“ 6 

does not work. Fig, 12.8 


From the Investigation on page 312 and the above Journal Writing, we observe that: 


Finding perimeter and area of parallelogram D Co} 
ais i * The diagram shows a parallelogram ABCD where 
AB = 14cm and BC = 10 cm. If DE=8 cm, find 
(i) the perimeter, (ii) the area, 10cm 
of the parallelogram. 
A E B 
*Solution 14cm 


(i) Since the opposite sides of a parallelogram are 
equal in length, AB = DC and BC = AD. 
Perimeter of parallelogram = 2(14 + 10) 

= 48cm 


(ii) Area of parallelogram = base x height 
=14x8 
= 112 cm? 
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1. The diagram shows a parallelogram ABCD where 


AB = 30 mand BC =7 m. If DE = 24 m, find 
(i) the perimeter, 

(ii) the area, 

of the parallelogram. 


2. The diagram shows a rhombus PQRS of length 8 cm. 
If ST =7.4 cm, find 
(i) the perimeter, (ii) the area, 
of the rhombus. 


Fig. 12.9 shows three parallelograms X, Y and Z with base 6 cm and height 8 cm. 


8cm 


(i) Find the area of each of the parallelograms. 
(ii) What do you notice about their areas? Why? 


From the above Thinking Time, we observe that the areas of the three parallelograms 
are all equal because the area of a parallelogram depends only on its base and 

height. We say that the areas of all parallelograms with the same base and height are 
invariant, regardless of how slanted they are. 


Invariance 

As shown in the above 
‘Thinking Time, the area of a 
parallelogram is invariant when 


itis slanted parallel to its base, } 
while keeping the base constant. 
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Finding unknown in parallelogram 


Worked 
Example 


6 answer to one decimal place. 


“Solution 
Area of parallelogram = base x height 
= PS x QU 
=6x8 
= 48 cm? 
Since PQ x QT = area of parallelogram, then 
PQx QT=48 
9x QT=48 
_ 48 
Qr=-5 


= 5,3 cm (to 1 d.p.) 


‘The figure shows a parallelogram PQRS where PQ = 9 cm and PS = 6 cm. QU is perpendicul: 
to PS and QT is perpendicular to SR. If QU = 8 cm, calculate the length of QT, leaving your 


To find the area of the 

we have 
to identify a base and its 
corresponding height that we 
know the lengths of. Since the 
length of QTis not given, we 
cannot use QT (height) and PQ 
(base) to find the area. Instead, 
we use PS (base) and QU 
(height). 


‘The figure shows a rhombus PQRS where —S. 
R ‘There is more than one method 


Simi d PS = 10 m. If the area of triangle PRS is 
Further Questions 48 m’, find the length of RT. 10m 


Exercis 
Questions 3{a)-(c 


4,5, P 


Problem involving area of parallelogram 


to solve this problem. Can you 
find the length of RT using two 
different methods? 


er 7 PQRS is a parallelogram and T lies on PQ. Given that the area of triangle SRT is 30 cm’, find 
the area of parallelogram PQRS. What do you notice about the areas of triangle SRT and 
parallelogram PQRS? Explain. 
“Solution 


We will use Pélya’s Problem Solving Model to guide us in solving this problem. 


Stage |}: Understand the problem 


We need to sketch a diagram to help us understand the problem. 


‘The notation PQRS means that the vertices of the parallelogram 
must be in this order: P, Q, R and S. Since the question only says 
that T lies on PQ, then point T can be anywhere on PQ. 

What other information is given? What are we supposed to find? 


S. R 


P ae Q 


e 
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Stage 2: Think of a plan 
Since only the area of a triangle is given, how can we calculate indserrotematecn netien 


the lengths of the base and height of the parallelogram? the order of the vertices is i 
Observe that the triangle and parallelogram have the same bie caschaise ort anciclocions 

: direction, or which vertex we 
base and height. label as P. 


Stage 4: Carry out the plan 
Let the perpendicular distance from T to SR be h cm. 
Area of triangle SRT'= 4 x SR x h= 30 
SRxh=60 
Area of parallelogram PQRS = SR x h 
= 60 cm? 
‘The area of triangle SRT is half the area of parallelogram PQRS because both shapes have the 


same base b and the same height h, but area of triangle = 4 bh while area of parallelogram = bh. 


Stage 4: Look back 

Is the answer reasonable? Is there another way to explain why the area of the triangle is half 
the area of the parallelogram? 

Hint: Draw a line from T to SR such that the line is parallel to PS. 


‘The diagram shows a parallelogram ABCD and a smaller D Cc 
7 parallelogram PQRS. P and S lie on AD, and Qand R lie on py 

BC. Given that AD: PS = 5: 1, find the ratio of the area of the 
parallelogram ABCD to that of the parallelogram PQRS. 


el) 


Perimeter and area of composite figures in real-world contexts 

Regulatory signs with a chevron pattern, i.e. the V-shaped stripe, are commonly found on 
roads to regulate the movement of traffic. The chevron is made up of parallelograms and 
represents an extended curve of the road. 


Worked 
Example 


A diagram of the chevron is shown below, where ABCD is a rectangle and ST is parallel to AB. 
A B 


Ss 


D cod 


By dividing the chevron into equal parallelograms, find the percentage of this sign board 
that is painted yellow. 


£316 ST" oxrore 
t 


"Solution 


Percentage of sign board that is painted yellow= 4 100% 
= 50% 


Practise Now 8 Simple geometrical shapes appear on some national 


Similar and flags too. For example, the flag of the Republic of 
Further Questions Trinidad and Tobago is made up of two triangles and 
three parallelograms. 


Exercise 12B 
Question 10 


The width of each white portion is a of the length 
of the flag and the width of the black portion is 3 of 
the length of the flag. Calculate the following ratio: 


area of red portion : area of black portion : area of white portion. 


1. What do I already know about the height of a triangle that could guide my learning of the height of a 
parallelogram in this section? 

2. What do I already know about the formula for the area of a rectangle that could guide my learning of the 
formula for the area of a parallelogram in this section? 


Perimeter and area of trapeziums 


In Chapter 11, we have learnt that a trapezium is a 4-sided figure with at least one pair of parallel sides. In this 
section, we will learn how to find the perimeter and the area of a trapezium. 


A. Perimeter of trapezium 


Since the perimeter of a trapezium is the sum of the lengths of its four sides, then 


Fig oxFoRD HAPTER: 317: 
: 


From the Investigation on page 318, we observe that: 


How are the formulae for the area of a trapezium, a parallelogram and a triangle related to one another? 
1, (i) Ifthe parallel sides of a trapezium are equal in length (i.e. a = b), what is the shape of the new figure? 
(ii) If we substitute a = b into the formula for the area of a trapezium, what do we get after simplification? 
2. (i) Ifwe reduce the length of one of the parallel sides of a trapezium until it becomes a point (i.e. a = 0), 
what is the shape of the new figure? 
(ii) If we substitute a = 0 into the formula for the area of a trapezium, what do we get after simplification? 


Worked 
Example 


9 


Finding perimeter and area of trapezium 
The figure shows a trapezium ABCD where AB = 12.9 cm, p#mMeo 
BC =8 cm, CD = 4 cmand AD =7 cm. If DE = 6 cm, calculate 
(i) the perimeter, (ii) the area, 

of the trapezium. 


*Solution 
(i) Perimeter of the trapezium = 12.9+8+4+7 
=31.9cm 
(ii) Area of the trapezium = $ x (sum of lengths of parallel sides) x height 


=3 x (12.9 +4) x6 


Practise Now 9B 


= 50.7 cm? 
‘The figure shows a trapezium ABCD where AB =5 m, ¢ 13.2m > 
BC= 6m, CD = 13.2 mand AD=5.5 m. If AE=4m, D E C 
find 
(i) the perimeter, (ii) the area, 5.5m 6m 
of the trapezium. 
A B 
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Finding unknowns in trapezium Cail 


Male ‘The figure shows a trapezium PQRS where PQ = 15 cm s R 
and PS = 8 cm. If the area and the perimeter of the 
1 0) trapezium are 104 cm? and 42.9 cm respectively, ent 
calculate the length of 
(i) RS, (i) QR. 
P 15cm Q 
"Solution 


(i) The height of the trapezium is given by the length of PS = 8 cm. 
Area of the trapezium = 3 x (sum of lengths of parallel sides) x height 


lod = 5 x15 +RS) x8 
26 =15+RS 
RS=11 
«. length of RS = 11. cm 
(ii) Perimeter of the trapezium = PQ + QR + RS + PS 
42.9=15+QR+11+8 
QR=89 
-. length of QR = 8.9 cm 


‘The figure shows a trapezium PQRS where PQ = 14 mand s 10m R 


Similar and RS = 10 m, If the area and the perimeter of the trapezium 
Furies: Cluessions' are 72 m? and 37.2 m respectively, find the length of 
(i) PS, (ii) QR. 


Exercise 12B 


a)(c), 8, 


P 14m Q 


1. What do I already know about the height of a parallelogram that could guide my learning of the height of 
a trapezium in this section? 

2. What do I already know about the formula for the area of a parallelogram that could guide my learning of 
the formula for the area of a trapezium in this section? 
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Exercise V2} 


‘The figure shows a parallelogram ABCD where 
AB = 10 cm and BC = 6 cm. If DE = 9 cm, find 


(i) the perimeter, (ii) the area, 
of the parallelogram. 
D Cy 
o 
6cm 
E / 
A BY 
10cm 


‘The figure shows a rhombus WXYZ of length 
5.6 cm. If TU = 5 cm, find 

(i) _ the perimeter, (ii) the area, 

of the rhombus. 


Z Y 


5.6cm 


W U X 


@ Complete the table for each parallelogram. 


@ 12cm 
0b) 
()|_7.8mm_ 


The figure shows a parallelogram PQRS where 
QR = 10 m. If ST = 8 mand SU = 11.2 m, find the 
length of PQ. 


S 


a) ‘The figure shows a rhombus ABCD where 
AE = 64cm. If the area of the rhombus is 44.8 cm’, 


find the perimeter of the rhombus. 


A B 


c D 


@ The figure shows a trapezium ABCD where 
AB = 35.5 cm, BC = 18 cm, CD = 20 cm and 
AD = 16 cm. If CE = 15 cm, find 
(i) _ the perimeter, (ii) the area, 
of the trapezium. 


20.cm 


16cm 18cm 
‘m 


A B 
+— 355 Cre 


@ Complete the table for each trapezium. 
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Exercise 423} 


‘The figure shows a trapezium PQRS where 

PQ= 12 mand PS = 13 m. If PT = 10 m, and the 
area and the perimeter of the trapezium are 185 m* 
and 61 m respectively, find the length of 


(i) RS, (ii) QR. 
R 
T. 
Q 
+ 13m Lips 


8. In the figure, ABFG and CDEF are two 
parallelograms such that the sum of their areas is 
702 cm’. If AB = CD = EF = FG= 5 BC, find the 
area of the shaded region. 
G Fe E 


A B Cc D 


10. Nadia wants to stick duct tape on her suitcase to 
form the letter ‘N’ for easy identification. The 
diagram shows her design for the letter ‘N, where 
AE = 22 cm, AK = 18 cm and AB = CD = DE= FG 
= HI=IJ=5 cm. Calculate the total area of the duct 
tape she needs to form the letter. 


®@ In the figure, ABCD is a parallelogram, and 


AFE and BCE are straight lines. If the area of the 
parallelogram is 80 cm?, BC = CE and DF = FC, find 
the area of 
(i) AABE, 


(ii) AADF. 


A 


In the figure, ABCD is a parallelogram and AED is a 
right-angled triangle. If the area of AAED is 25 cm’, 
and the lengths of AE and EB are in the ratio 1 : 3, 
find the area of the trapezium BCDE. 


D (3 


A E B 


On a sheet of graph paper, draw 

(a) two parallelograms of different dimensions 
but with the same area of 10 cm’, 

(b) two trapeziums of different dimensions but 
with the same area of 10 cm’. 
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Circumference and area of circles 


In Chapter 11, we learnt how to use a pair of compasses to draw a circle. In this section we will learn how to find th (~ 
circumference and area of a circle. 


A. Centre, radius and diameter of circle 


When a pair of compasses is used to draw a circle as shown in Fig. 12.12(a), the 
pointed end that is fixed forms the centre, O, of the circle. 


A line segment drawn from O to a point B on the boundary of the circle is the radius 
(plural: radii) of the circle (see Fig. 12.12(a)). 


‘The diameter of the circle AB is formed by extending OB to meet another point A on 
the boundary of the circle (see Fig. 12.12(b)). oO 
How is the diameter of a circle, d, related to its radius, r? 


(b) 
Fig, 12.12 


In the figure, O is the centre of the circle. A, B, C, D, Eand F 
are points located on the boundary of the circle. 


(i) Name the diameters of the circle. 
(ii) Name the radii of the circle. 
(iii) Compare the lengths of the line segments using the 


(a) OAS) OF 
(b) AD CF 
(c) BE) CF 
Provide a reason for your answer. 


B. Circumference of circle 


We have learnt that the perimeter of a closed 2D figure is the length of the boundary of the figure. For a circle, the 
length of the boundary is the circumference. 
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Formula for circumference of circle 


‘The four circles shown are drawn to scale and their diameters are given. Measure the circumference of each circle 
using a piece of string. 


3cm 


1. Copy and complete Table 12.2. 


3cm 94cm 


4cm | 12.5cm 
5cm | am 
6cm | om 


He 
= 


Table 12.2 
2. From Table 12.2, how many times of its diameter is the circumference of a circle? 
From Table 12.2, the ratio Gtcumference has the same value for any circle. —_— 
‘This ratio is called pi and is represented by the symbol m. be is eet ee 
That i cannot be expressed as a ratio of 
ad two integers. 7 is sometimes 
approximated to 3.14 or cet 


im 
On a calculator, the value of 7 
can be found by pressing 
x 
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nope 


C. Area of circle G 
. 
We have learnt from the Introductory Problem that we can cut a shape into two or more parts, and then rearrange 


these parts to form a shape that we know how to find the area of. To find a formula for the area of a circle, we can ct 


a circle into equal parts and rearrange the pieces. 
Formula for area of circle 


Fig. 12.13(a) shows a circle with a radius r that is divided into 24 equal parts. The pieces are rearranged to form a 


shape in Fig. 12.13(b). 


WW 


(b) 


ul & 
ris circumference 


A 
. AWWW 
(c) 


Fig. 12.13 
1. If we cut the last piece into two equal halves and move one half to form ABCD as shown in Fig. 12.13(c), which 
quadrilateral does ABCD resemble? 
2. Find the length AB in terms of r. 
3. As the number of pieces increases, the shape of ABCD approaches that specified in Question 1. Hence, find a 
formula for the area of the circle, which is equivalent to the area of the quadrilateral in Fig. 12.13(c), in terms of r. 


From the above Investigation, 


Sa | | 
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Finding perimeter and area of circle 
‘The figure shows a circle with centre O and a radius of 4.5 cm. 
Calculate 
1 1 (i) the circumference, 
(ii) the area, 
of the circle. 


Worked 
Example 


"Solution 
(i) Circumference of circle = 2nr 
=2xnmx45 
= 28.3 cm (to 3 s.f.) 
(ii) Area of circle = 17" 
=n x (4.5) 
= 63.6 cm’? (to 3 s.f.) 


1. Determine the circumference and area of a circle with a 
diameter of 12 cm. 

2. The figure shows a semicircle with centre O and 
diameter AOB. If the radius of the circle is 8 cm, calculate 
the area and perimeter of the semicircle. 


diameter 


Finding unknown in circle 


Worked 
Example Determine the radius and area of a circle with a circumference of 64.5 m. 
“Solution 
Circumference of circle = 64.5 m 
2nr = 64.5 
_ 64.5 
a 2n 
= 10.3 m (to 3 s.f.) 
«. radius of circle = 10.3 m 
Area of circle = 1° 
64.5)" For accuracy, we should use 
=x |—" 645 
( 2n the Intermediate value of = 
= 331 m’(to3s.f.) when calculating the area of 
the circle. 
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Practise Now 12 1. Determine the circumference of a circle that has an area of 804 cm*. 


Similar and 2. ‘The figure consists of a circle with diameter AB in a larger circle with centre B. 
as _ If the circumference of the larger circle is 75 m, calculate 
Questions 1(b), (0), 3 (i) the length of AB, 

(ii) the circumference of the smaller circle, and 

(iii) the area of the smaller circle. A * 


Problem involving circumference and area of circle 


Worked 


Earle ‘The figure shows a circle of radius 7 cm, touching two sides of 
a rectangle. The length of the rectangle is 9 cm longer than its 
1 3 width, Calculate 
(i) the circumference of the circle, 
(ii) the area of the circle, 


(iii) the area of the shaded region. 


*Solution 

(i) Circumference of circle = 2nr 
=2x0X7 If the question does not specify 
= 44.0 cm (to 3 s.f.) the value of, we use the value 


of m stored in the calculator. 
(ii) Area of circle = nr? 


=nx7F 
=49n 
= 154.cm? (to 3 s.f.) 
(iii) Width of rectangle = diameter of circle = 7 x 2 
=14cm 
Length of rectangle = 14+ 9 
=23cm 
Area of shaded region = area of rectangle ~ area of circle 
=23x 14-490 
= 168 cm? (to 3 s.f.) 


The figure shows a circle of radius 14 cm with one quadrant 

removed, touching the sides of a square. Find 

(i) the perimeter of the unshaded region, 

(ii) the area of the unshaded region, 14cm 
(iii) the area of the shaded region. o 


P 
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Perimeter and area of composite figures in real-world contexts 


te 


Work in pairs. 
1. The dimensions of a rectangular living room of a 4-room flat are 6.6 m by 3.6 m, How many square tiles of 
length 60 cm does the owner need to tile the floor of the living room? 
2. (a) Ina particular apartment, the 4-room flats are between 85 m’ and 105 m‘? in size. Fig. 12.14 shows a floor 
plan of a flat with the dimensions in mm. Can you find the floor area of this flat? Is it between 85 m* and 
105 m*? 
(b) The floor plan in Fig. 12.14 gives the dimensions in mm. Why do we calculate the floor area in m? instead 
of mm*? How does this relate to the units of measure used for area (e.g. cm?, m*)? 
13 050 


3150 3300 3300 3300 | 


® BEDROOM 2 
g 
= 
— 
SI BEDROOM 3 
a 
s 
5 
= 
i 
Ss 
kt 
a 
KITCHEN s 
| i! 
8875 2400 2500 
Fig. 12.14 
3. We often encounter real-world situations of a composite figure formed by two or more Similar and 


basic geometrical shapes. We can decompose a composite figure into basic geometrical 
shapes such as circles, triangles, rectangles, squares, parallelograms, or trapeziums, to 
find its perimeter and area. Which basic geometrical shape is the most useful? Why? 


Perimeter and Area of Plane Figure 
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® ‘The figure shows a circle with diameter BD encased 


1. What do I already know about the formula for the area of a rectangle that could guide my learning of the 
formula for the area of a circle in this section? 
2. What have I learnt in this section or chapter that I am still unclear of? ¢ 


Exercise 


If the degree of accuracy is not specified in the question, and if the answer is not exact, give the answer to three 
significant figures. 


(3) Complete the table for each circle. @ ‘The circular portions of the following figures are 
| Radius | Circumference) Area semicircles, Find the perimeter and area of each of 
‘(@) | Gn | — 1 the following figures. 
(b) | 346em | @) rai (b) _—_ 
L@ | | 302 mm? 5m, 2m (+ 
-- b 18cm 
‘The figure shows a quarter of a circle POQ. eis # it 
If OP = OQ = 4.3 cm, calculate ee sit ll Midis 
Q 
aa | 
i e@ In the figure, 4 quadrants, each of radius 2 m, are 
7 43cm removed from a rectangle. Find 
‘ (i) the perimeter, (ii) the area, 
=e, ara 
. of the remaining figure. 
(i) the area, (ii) the perimeter, 


of POQ. 


in a semicircle ABCD. 
B 


A D (63 


If the circumference of the smaller circle is 31.4 cm, 
determine | 


> 


(i) _ the radius of the semicircle, 
(ii) the area of the shaded region. 


Pe 
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Exercise We 


Find the total area of the shaded regions in the @ ‘The cross section of a foot stool and its 
figure below, where O is the centre of the circle, dimensions are shown in Fig. (a): 
5cm 2cm 35cm 
— < eS P 
= 
10cm 
30cm 
15cm 
15cm 
STP 
“- 30cm ee 
45cm 
+12 cm->4— 14cm—> Fig. (a) 


(i) Find the area of the cross section of the stool. 
@Q@ Find the area of the shaded region, where O is the (ii) The manufacturer is considering changing the 
centre of the circle. cross section of this stool to that shown in | 
Fig. (b), where arc ABC is a semicircle. 


‘ 35cm > 
B 30cm 
A 
30cm 
45cm 
Fig. (b) 


Calculate the percentage increase or decrease 
in the area of the cross section. 


TT TF TO 
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@ Raju cut out the various shapes (shown in Fig. (a)) from an A4-sized coloured paper to make a 2D 


Exercise ¢ 


representation of the Eiffel Tower (shown in Fig, (b)) when pieced together. AB, CD, EF, GH, IJ, KL and NP ar 
parallel to one another. Arc LMN is a semicircle. If an A4-sized paper has dimensions 210 mm by 297 mm, fin 
the percentage of paper he used to make this representation. 


¢ 


a 


15cm 


L 9.6 cm 
13.5 cm 


Fig. (a) Fig. (b) 


© In the figure, two identical circles, with centres at A & A goat, tethered by a rope 1.5 m long, is able to eat 


and B respectively, have an area of 0.785 cm? each. a square metre of grass in 14 minutes. Find the time 
If A is directly above D, find the area of the shaded it needs to eat all the grass within its reach. 
region. pe 


(12) ‘The figure shows four identical circles inside a 
A 


? l ) square of side 28 cm. Find the perimeter and area of 
Za the shaded region. = 


In this chapter, we see how we can make use of the areas and perimeters of plane figures that we know to determine 
the areas and perimeters of other figures. This enables us to extend our understanding of plane figures and work 
with new combinations of plane figures. Geometrical diagrams of plane figures are used to model real-world 
objects. For example, 2D animations such as cartoon characters (e.g. Mickey Mouse), or even logos (e.g. Apple's 
logo) are designed based on basic shapes. The technique of decomposing and composing figures to form new 
figures is useful to solve real-world problems involving mensuration, such as the design of objects or buildings. 
Understanding the basic plane figures and their properties help in the construction of diagrams, which approximate 
the actual object during the design process. This is a cost-effective way of rapid prototyping, which saves money and 
time as compared to building actual objects to test our designs. All these applications rely on a clear understanding 
of different measures of area and perimeter, especially the conversion between different units of measurement. 
Fluency in expressing area and perimeter using appropriate units is critical to reduce errors during prototyping and 
in the actual construction of objects and buildings. 
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Figure | 4 d c | 

+ b— > | b | 
___ Perimeter 2a +b) | atb+c+d | 7 onrand 
Area bh | $lasbyh mr 


+ Think ofa real-world object that you can use the above formulae to find the perimeter and area of. 
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Statistical Data Handling c 


How tall are the students in 
your school? This is not an easy 
question to answer for several 
reasons. Firstly, the height of 
each student in the school is 
different. Secondly, it would be 
tedious to list down the height 
of every student in the school. 
‘Thirdly, how can we process the 
various heights to come up with 
a single value? 


54 
AO 
4 
a sul 


Questions like these are statistical questions. Answering them would require the collection, analysis, 
interpretation, and representation of data. Many questions in the real world are statistical questions. 
The following are some examples. 


+ How many students borrow books from the library each month? 
+ How did students do for the end-of-year exams? 
+ What is the average income of Pakistanis? 


In this chapter, we are going to embark on another exciting branch in mathematics — statistics, which is the 
science of collecting, organising, analysing and interpreting data. 


Learning Outcomes 
What will we learn in this chapter? 
+ What frequency tables, pictograms, bar graphs, and pie charts are 


+ How to collect, classify, tabulate, display, analyse and interpret data so as to make 
inferences, predictions and informed decisions 


+ Why different statistical diagrams are appropriate for different purposes 


+ Why some statistical data or diagrams can lead to misinterpretation 


OXFORD > 


Introduct ry 
Problem 


Fig. 13.1 shows a bar chart of the sales of single bedroom apartments in the first three months of a particular year. 


Number of units 
120 
110 
100 Month 
January February March st 


Fig. 13.1 
After a quick glance at the bar chart, Bernard says, “The number of units sold in February is twice the number of 
units sold in January.” Is Bernard correct? Explain your answer. 


In this chapter, we will learn how to interpret statistical diagrams such as pictograms (or picture graphs), bar charts 
(or bar graphs), and pie charts (or pie graphs). We will also discuss the advantages and disadvantages of each of 
these diagrams, and how data and statistical diagrams can be misinterpreted. Finally, we will learn how to conduct a 
statistical investigation in order to make informed decisions. 


Frequency table 


A new school canteen vendor surveys 500 students in the school to find out which 
fruit students like the most. In the survey, each student can only choose one fruit. The 
results of the survey are collated in Table 13.1. 
word ‘data’ is the plural 


Statistical data refer to the information collected. In this case, the data of 500 form. Its singular form is 


. 2 aaa . ‘datum; which is seldom used. 
favourite fruits of 500 students can be divided into 5 categories: apple, pear, honeydew, pear Rapala re 
watermelon and orange. point’ or data value’ (if the data 
are numerical values) to refer to 
| Apple Pear | Honeydew Watermelon Orange Total a datum. The whole set of data is 
100 | 50 75 150 | 125. | 500 | (akeiciceeee 
t Table 13.1 t ea 
Frequency in each category: number of Total frequency: total number of | Diagrams 
students who have chosen the catego students across all categories ee era 
> 8 frequency table, organise and 
e.g. frequency for ‘Apple’ is 100 display the data in a manner 
that summarises and 
Table 13.1 is called a frequency table. It is used to organise and display the data. Soap sts 


‘Therefore, a frequency table can also be considered a statistical diagram, However, it e.g. which fruit was most 
is not a statistical graph like a pictogram or a bar chart. frequently chosen. 
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I ‘Since a frequency table is not 


a statistical graph, we use ite 
term ‘statistical 

include both the frequency tab 
and statistical graphs such as 
pictograms and bar graphs. 


Used primarily to organise _Display of data not as visual and 
data collected appealing as statistical graphs 
many toreathe Harder to compare frequencies 


across different categories than 
frequency for each category some statistical graphs 


ih 


Statistical data can be categorical (such as the types of fruits) or numerical. Numerical data can be discrete or 
continuous. 


Consists of numbers, e.g. monthly 
income, height of students 

Relative size of numerical data can be 
compared, e.g. 180.5 cm is taller than 
180.1 cm. 


Represents characteristics which can be 
grouped, e.g. gender, types of fruits 
Relative size of categorical data cannot 
be compared 


Most data cannot be ordered, except for 
data such as ‘agree; ‘neutral’ and ‘disagree’ 


All data can be ordered 


cer! Displayed using line graphs and other 
Displayed using pictograms, bar graphs types of statistical di auich we 


ES will learn in Book 3) 


Note that some categorical data, such as months, years or bus numbers, can appear to be numerical data. 
‘These ‘numerical data’ are treated as ‘labels. 


In Sections 13.2 to 13.4, we will learn the use of statistical graphs to present categorical data. 
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Purposes and appropriateness of pictogram 


Part 1 
The data in Table 13.1 is displayed as a pictogram (or picture graph) in Fig. 13.2. This is a pictogram with scales 
because the key (or legend) indicates that each picture in the pictogram represents more than one student. 


Students’ favourite fruit 
eevunn”~-|sdsdE=.. 


A pictogram is another 


statistical diagram used to 
e e 4d display statistical data. The 

key (or legend) indicates the 

number of items represented 


?) i.) (.) e by each picture and the number 
of pictures represents the 
frequency of each category. 
eoccceee =. 
be the same and the pictures 
e e e e e e a should be equally spaced out. 


Key: 
Each picture represents 20 students. Proportionality 
Fig. 13.2 If each picture of a pictogram 
represents 20 students, half a 
1. Which is the favourite fruit among the 500 students? How is this different from picture will be used to represent 
the favourite fruit of each student? 10 students and one-quarter 
‘ P of a picture will be used to 
2. How many students chose pear? Is it easy to read from the pictogram? represent 5 students, We learnt 
3. How many students chose honeydew? Is it easy to read from the pictogram? in Chapter 8 that this is called 


proportionality: the size of a 

picture is directly proportional 

by your answer to Question 3? to the number of students it 
represents (or the frequen 

Part 2 r gud ] 


‘The pictogram in Fig, 13.3 shows the number of students in a class who go to school either by bus or by car. 


What is one problem of using a pictogram to display the above data as suggested 


Each picture represents 5 vehicles. 
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Li Ting r Bernard 
. ear 
5. Is Li Ting or Bernard correct? Explain your answer. 
6. How do you modify the pictogram to avoid a misinterpretation of data? 
7. Does it look odd if the length of a bus is the same as the length of a car in a pictogram? 
8. What are some other advantages or disadvantages of a pictogram? 


From the above Class Discussion, we observe the following: 
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‘The pictogram shows the profits earned by a company in each year from 2017 to 2022. IH 
Profits earned by a company 


(i) What was the profit earned by the company in 
(a) 2020, (b) 2022? 


(ii) In which year did the company earn the least profit? How much did the profit decrease 
that year as compared to the previous year? 


Let us look at the pictogram in Fig. 13.2 again. If we draw a bar over each row of pictures as shown in Fig. 13.4, 


we will obtain a horizontal bar graph (or bar chart) as shown in Fig. 13.5 on page 339. We can also display the bar 
graph vertically as shown in Fig. 13.6. 


Student's favourite fruit 
| 
‘elelel 

4 


| 
POOOOO 
“y 


Each picture represents 20 students. 


Fig. 13.4 


; 
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Students’ favourite fruit 


Apple | | Diagram 


A bar graph is another statisti 
Pear | diagram used to display 
statistical data. The frequency é 
of each category is represented 
by the length of the bar. The 
bars must be of the same width) 
A space is left between two 


consecutive bars to distinguish 
Orange between the categories. ims | 
0 50 100 150 200 


Number of students 
Fig, 13.5 


G 


Honeydew 


‘Type of fruit 


Watermelon 


Students’ favourite fruit 


Proportionality 
‘The length of a bar in a bar 
graph is directly proportional 

to the frequency, provided the 
frequency axis starts from 0. For 
example in Fig. 13.5 and 13.6, 
the length of the bar for ‘Apple’ 
which represents 100 students 


is twice as long as that for ‘Pear’ 
which represents 50 students. } 


Number of students 


Apple Pear Honeydew Watermelon Orange 
‘Type of fruit 
Fig. 13.6 


Purposes and appropriateness of bar graph 


Part 1: Bar graph vs. pictogram 

Compare the pictogram in Fig. 13.2 on page 336 and the bar graph in Fig. 13.6. 
1. What advantages does a pictogram have over a bar graph? 

2. What advantages does a bar graph have over a pictogram? 


Part 2: Introductory Problem Revisited 
‘The frequency axis is the vertical axis of a vertical bar graph, or the horizontal axis of a 


horizontal bar graph. 

3. What did you learn about the frequency axis of a bar graph from the 
Introductory Problem? For an in-depth discussion of 

4. Do you think we should always draw the frequency axis of a bar graph to start Srabucnonceonins | 
from zero? Why? 


P 
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From the Class Discussion on page 339, we learn that the frequency axis of a bar graph should start from zero 
to avoid distortion and misinterpretation of data. 


1. The bar graph shows the number of cars of different colours sold in one year in a city. 


Sales of cars 
6 
t2° 
S24 
| 
Bs? 
=? 
2-1 
0 


Blue Grey White Red Black 
Colour 
(i) Which is the least popular colour? 
(ii) Shaha says that there is a mistake in the bar graph because 3.5 grey cars and 
1.5 black cars do not exist in the real world. Do you agree with him? Explain your 
answer. 


2. Accompany owns seven electrical shops. Study the bar graph. 


Sales of television sets in 7 shops 


2 
3 BNovember 
§ = 
2 
2 
S 
ro) 
a 
: 
Zz 
Shop 1 Shop2 Shop3 Shop 4 Shop5 Shop6 Shop7 
Shop 
x HAPTER | c 
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(i) Complete the bar graph using the data given in the table. 


Shop 6 | Shop 7 < 
64 70 
88 96 
(ii) Find the total number of television sets sold in the seven shops in é 
(a) November, (b) December. 


(iii) Express the total number of television sets sold in the seven shops in November as 
a percentage of the total number of television sets sold in the seven shops in 
November and December. 

(iv) (a) Express the total number of television sets sold in Shop 7 in November and 
December as a percentage of the total number of television sets sold in the 
seven shops in November and December. 

(b) The company would like to close down one shop due to insufficient cash 
flow. Based on the number of television sets sold in November and December, 
the manager proposed to close down Shop 7. Do you agree with the manager? 
Explain your answer. 
(v) In which month did the company perform better in terms of sales? Explain your 


answer. 
Exercise 


@ ‘The pictogram illustrates the number of registered buses in a country from May to September 2022. 


Number of registered buses 


| Key: 
| Fae represents 50 buses 


(i) In which two months were the greatest number of buses registered? Estimate the number of buses 
registered in each of those months. 

(ii) Estimate the total number of buses registered from May to September 2022. 

(iii) If the registration fee for each bus in 2022 was $220, estimate the total amount collected from the 
registration of buses from May to September 2022. 

(iv) Estimate the percentage decrease in the number of buses registered from July to August 2022. 


> 
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Exercise @iiK/a\ 
@ ‘The table shows the number of students who play volleyball, basketball and tennis respectively. 


Volleyball Basketball | Tennis 
40 | oo | 50 
(i) Complete the pictogram. 
w 6. 
| wo represents 10 students 


(ii) Find the ratio of the number of students who play volleyball to the number of students who play tennis. 
(iii) Express the number of students who play tennis as a percentage of that who play basketball. 


@ The table shows the number of copies of a newspaper distributed to households in each year from 2017 to 2021. 


2017 | 2018 | 2019 | 2020 | 2021 
“250 | 275 | 290 | 315 | 280 


Use a bar graph to illustrate the above information. 


@ ‘The bar graph shows the number of gold medals attained by five countries during the 2020 Summer Olympics. 
Gold medals attained in 2020 Summer Olympics 


4 

3 50 

2 

E 40 = = 

z 

& 30 = = : ——— 

S 

5 20 = = 

2 

E10 = = : = = 

Zz 4 jis > 
Australia Brazil France Great United 

Britain States 
Country 


(i) What was the total number of gold medals attained by the five countries? 
(ii) What percentage of the gold medals amongst these five countries were attained by France? 
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Exercise 


e ‘The bar graph illustrates the results of a survey conducted on shops in a town. 
Number of workers in the shops 


Number of shops 
vw Ruan 


0 
1. 2 S: 4 5 
Number of workers employed 
in each shop 


(i) Find the total number of workers employed in the town. 


(ii) Express the number of shops hiring 3 or more workers as a percentage of the total number of shops in the 
town. 


6 Study the table and bar graph. 


Class1A_— Class 1B Class 1€ Class 1D Class 1E 
9 ul 16 12 20 


Students who scored a distinction in 
Mathematics or Science 


Number of students 


1A 1B 1c 1D 1E 
Class 


(i) Complete the table and the bar graph. 
(ii) Find the total number of students in the 5 classes who scored a distinction in 


(a) Mathematics, (b) Science. 
(iii) Express the number of students who scored a distinction in Mathematics in Class 1D as a percentage of 
the total number of students who scored a distinction in Mathematics in the 5 classes. > 


fi 
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(iv) If there are 40 students in Class 1D, find the percentage of students in the class who scored a distinction in 


Science. 
(v) Is Waseem correct to say that there are 35 students in Class 1E? Explain your answer. 


@ ‘The graph shows the number of candidates who took a practical driving test in each month. 
Driving test results 


mm — im} Pass - 


zg § 


Number of candidates 


E 


May June 


January February March — April 
Month 


(i) How many candidates took the test in March? 


(ii) How many candidates failed the test in June? 
(iii) Express the number of candidates who failed the test in June as a percentage of the total number of 


candidates who failed the test in the six months. 
(iv) Comment on the trend in the percentage of successful candidates over the six months. Provide a reason 


for this trend. 


Fig. 13.7 shows the information in Table 13.1 represented in a pie chart (or pie graph). 


Fig. 13.7 
Each sector of the pie chart represents a category in Table 13.1, How do we construct these sectors to present the 
information in Table 13.1 accurately? 


Construction and usefulness of pie chart 


Part 1: Construction 

We will use the same set of data in Section 13.1 on the favourite fruits of 500 students. 
To draw a pie chart, we have to calculate the angle of each sector, which represents the number of students in 
that category. The full circle (or 360°) represents 500 students (total frequency) and each sector angle is directly 


proportional to the frequency of that category. 
500 students are represented by 360°. 
1 student is represented by pe is 


360° 
100 students are represented by Fog *100 


A pie chart is another statistical 
diagram used to display 
statistical data. The circle is 
divided into sectors where the 
area (or the angle) of the sector 
represents the frequency of 
each category. The frequency or 
angle for each category may be 


labelled in the corresponding | 
sector. 


pore 


‘The sector area (or sector 
angle) of a pie chart is directly 
proportional to the frequency. 
For example, in the survey of 
500 students, the full circle 
(or 360°) represents 500 


= 100 ° 
500 ee students Half a circle (or 180") 
will represent 250 students and 
‘Therefore, sector angle = frequency of category 360°. a quarter of a circle (or 90°) 
total frequency will represent 125 students. 
In Fig, 13,8(b), the sector for 
1, Copy and complete Table 13.2. 100 (1 
c = : ‘Apple’ is 55 (-4) of the 
____ Apple __ Pear Honeydew Watermelon Orange whole circle and the sector 
100 50 75150 125 ange for‘Apple'is 5 of 30 
+ { 4 © which is 72°. 
100 360° = 72° 
500 360° = | 
Table 13.2 > 
Sta D: ; OXFOR 
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‘The circle in Fig. 13.8(a) represents the total number of students surveyed, i.e. 500 students. 
A protractor is used to construct a sector with an angle of 72° inside the circle as shown in Fig. 13.8(b). 


Apple 


(a) (b) 
Fig. 13.8 

2. Construct all the other sectors of the pie chart. 
3. Since the sector area (or sector angle) represents the number of students in that category, the larger the sector 

size (or sector angle), the larger the number of students in that category. 

Look at the pie chart. Which fruit is the most popular among the 500 students? Why? 
4. (i) Look at the pie chart. What fraction of the 500 students like orange the most? 

(ii) Are you able to obtain the fraction in part (i) easily by looking at the corresponding bar graphs in Fig. 13.5 

or Fig. 13.6 on page 339? 


Part 2: Advantages and disadvantages 
5. What advantages does a pie chart have over a pictogram or a bar chart? 
6. What disadvantages does a pie chart have? 


Fig. 13.9 shows the monthly expenditure of Raju presented in a 3-dimensional pie chart and a 2-dimensional pie chart. 
3-dimensional pie chart 2-dimensional pie chart 


Clothes 
Rent 


Clothes Rent Utilities 


Utilities Food 


Food 


Entertainment P 
Entertainment 


(a) (b) 
Fig. 13.9 
7. Based on the 3-dimensional pie chart, which item does Raju appear to spend the most on? 
8. Based on the 2-dimensional pie chart, which item does Raju actually spend the most on? 
9. Suggest a reason to explain the discrepancy between your answers in Questions 7 and 8. 
10. When interpreting a 3-dimensional pie chart, what should you take note of? 
11. Is it easy to tell from the 2-dimensional pie chart whether Raju spends more on food or on utilities? 
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From the Class Discussion on pages 345 and 346, we observe the following: 


8 


by sector area (or angle) 

‘ 
peiurentaass 
size of each category with the 
vihnies CGE GORE SE 
pore Crise hen Fale Sizes of sectors may be distorted and misinterpreted in a three- 

dimensional pie chart 
Difficult to determine the frequency of each category, unless it is 
stated inside each sector 


a 


‘The table shows Imran’s expenditure on a holiday. 
p fe n  —_—~ Food Shopping Hotel Air ticket 
Amountspent —_$1000 $1200 $400 $1200 


Construct a pie chart using the data from the table. 


Problem involving pie chart 

‘The pie chart shows the nutritional composition of a food product. 

(i) Calculate the value of x. 

(ii) Express the amount of fat as a percentage of all the components given. 


product. 


Carbohydrates 


Proteins 


Vitamins and 
Fat minerals 


(i) 144° + 9x° + 2x° + x° = 360° (Zs at a point) 
12x = 360 - 144 
= 216 
x=18 
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Others 
$200 


(iii) Given that a food product contains 120 g of carbohydrates, calculate the mass of the food 


(ii) Angle of sector representing fat = 2 x 18° 


= 36° G 
Required percentage = 2% 100% 
ai | Pe Be = 360° 
= 10% 
(iii) Angle of sector representing carbohydrates = 144° < 
144° represent 120g 
“ 120 
1° represents 1448 


360° represent 120 360 = 300g 


.. mass of food product = 300 g 


Practise Now 1D ‘The pie chart shows the composition of a jar of fruit punch. 


Apple 
juice 
Honey Cranberry 
juice 


(i) Find the value of x. 

(ii) Express the amount of apple juice in the fruit punch as a percentage of all the 
components in the fruit punch. 

(iii) Given that a jar of fruit punch contains 759 ml of cranberry juice, find the amount of 
fruit punch in the jar. 


1. After learning the advantages and disadvantages of the use of different kinds of statistical diagrams to represent 
a set of data, how do I determine the most suitable statistical diagram to display a set of data in a real-world 
context? 


2. What are some aspects of a statistical diagram to pay attention to so that I will not be misled by it? 


Choose the most suitable statistical graph(s) to display the data for each of the following real-world scenarios. 

Explain the reason(s) for your choice. 

(a) The distribution of birthday months in your class. 

(b) The number of Secondary 1 students who travel to school by the various modes of transport, e.g. by bus, by car, 
by metro or by walking. 

(c) The percentages of Secondary | students who prefer the following different types of drinks: iced lemon tea, 
orange juice, chocolate milk, isotonic drink and plain water. 
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Evaluation of statistical representations 


As we have learnt in the previous sections, certain misinterpretations can arise from inappropriate uses of 
statistical diagrams. In this section, we will examine some other issues that can arise from the collection, 
organisation, display and interpretation of data. 


Evaluation of statistical representations 


ON 
Part 1: Collection of data 
Read the article and answer the questions. 


NEWS 


Zidane Named Best European Footballer in Last 50 Years 


PARIS: In a UEFA (Union of European Football Associations) website 
poll in 2004, Zinedine Zidane was named Europe's best footballer in the 
past 50 years. He obtained 123 582 votes, followed by Franz Beckenbauer 
with 122 569 votes and Johan Cruyff with 119 332 votes. 


1. Do you know who the three footballers are? Your teacher will take a poll in your class to find out the number of 
students who know each of the three footballers. 
2. How did UEFA conduct the poll? Were the voters who took part in the poll representative of all football fans? 


Explain your answer. 

3. If older football fans were to participate in the poll, do you think Zidane would have come in first place? Justify 
your opinion. 
Hint: Zidane was famous in the 1990s while Beckenbauer and Cruyff were at the peak of their careers in the 
1970s. 

4. What lesson can you learn about the choice of a sample during data collection? > 


a cae 349 | 


I ee 
Part 2: Organisation of data 
Read the article and answer the questions. 


NEWS 


Most Number of Complaints Received Against Banks and 
Insurance Firms for the First Time 


QASVILLE: The Customers Organisation of Qasville revealed that they 
have received the most number of complaints against banks and 
insurance firms for the first time, i.e. 1416 complaints in 2012. Coming in 
second was timeshare companies with 1238 complaints, followed by 
motor vehicle companies with 975 complaints. 


5. Which three types of companies received the most number of complaints? 

6. A statistician commented, “It is possible that timeshare companies receive the most number of complaints.” 
Discuss with your classmates why this comment may be true. 
Hint: How were the data (number of complaints) organised? 

7. What lesson can you learn about the organisation of statistical data? 


Part 3: Display of data 
‘The graph in Fig. 13.10 shows the number of light Sales of light bulbs by 5 companies 


bulbs sold by 5 companies in a week. Study the graph 3 
and answer the questions below. 5 r 3 150 
8. Company E claims that it has sold twice as many z z 4 
light bulbs as Company C because the light bulb ZZ = 
corresponding to Company E in the graphistwice = 100 
as big as that of Company C. Is the claim valid? 
Explain your answer. Company 
9. What lesson can you learn about the display of statistical data? roa 


Part 4: Interpretation of data 
Read the article and answer the questions. 


NEWS 


Employees’ Satisfaction 


QASVILLE: In a survey conducted among 300 employees of a company, 
only 40% of them were not satisfied with working in the company. 
‘Therefore, the survey concluded that the employees were satisfied with 
the company and that the company was a good place to work in. 


10. How did the survey arrive at the conclusion as stated in the article? 


Z _ 


‘ 350 CHAPTERS OXFORD 


_ 
11. Although only 40% of the employees were not satisfied with working in the company, can you conclude that (4 
employees were satisfied with the company and that the company was a good place to work in? 
12. In order to pass a Constitutional Amendment Bill under Pakistan's Federal Parliamentary System, at least two- 
thirds of the members of each House must agree on it. Why is it that a simple majority is not enough in 
this case? Explain your answer. 
13, What lessons can you learn about the interpretation of statistical data? - 


Part 5: Ethical issues 

From Parts 1 to 4, we have seen some examples of statistical misuse. Poor use of statistics can 
be found everywhere, e.g. in magazines and advertisements. Have you ever encountered such 
instances? Discuss with your classmates why people inadvertently or intentionally use statistics 
to mislead others. Why is this unethical? 


Cheryl says, “Statistical data do not lie. It is the interpretation of the data that can lie.” 
Do you agree? Explain. 


Statistical investigation 


In this section, we will consolidate what we have learnt in the previous sections by illustrating how a statistical 
investigation can be carried out in real life. Fig. 13.11 shows a model of the four stages of a statistical investigation. 


Fig, 13.11 
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Stages of statistical investigation 


Problem 

First, there must be some kind of a problem that warrants a statistical investigation. 

For example, the student council of a school wants to organise a Games Day for When writing a report for 
students to play some sports. a statistical investigation, 
1. What are some decisions that the student council has to make? wwe should provide some 


PN : background information of the __ 
2. Suppose the student council decides that they have the resources to organise only —_ problem and the question for | 


three sports. In order to attract students to take part, the three sports should be the investigation. 
the three most popular sports among the student population. What are some ways 
to obtain this information? 


Some methods of finding the answer to Question 2 may not involve a statistical investigation. Suppose the student 
council decides to conduct a statistical investigation. Then they can pose a question for the investigation. 


A. Pose the question 
‘The question is, “What are the three most popular sports among the students in this school?” 


B. Collect the data omer 
Method ‘There are different methods of 


To answer the question, the student council has to first decide on the method of data data collection, e.g. 
collection. Suppose the student council decides to survey the students in the school. . sae 
« Interview 
3. _Isit practical to survey all the students in the school? If not, what else can youdo? Experiment, eg. an 
experiment can be carried out 
to find out the average 
Ss ’ ; lifespan of light bulbs 
Since it is too time consuming to survey the entire student population in the school, + Observation, e.g. scientists 
the student council has to choose a sample from the student population to survey. rar to brs 
1 pa * behavioural patterns o! 
4. The student council may choose a convenient sample, e.g. survey students in the different species 


school canteen during recess. But this sample may not be a representative sample 


of the student population. Suggest a reason why surveying students in the school 
canteen during recess may not include students who may be more likely to take ;: aa 
| An important criterion to 


part in the Games Day. decide on who to sample is, “Is 

5. In this case, do you want the sample to be representative of the entire student the sample representative of the 
population in the school, or representative of students who may be more likely to saad and ae ack 
take part in the Games Day? 


6. How would you decide on the sample so that it has a higher chance of being representative? 


‘The student council also has to decide on the sample size, i.e. the number of students to survey. 
7. Ifthe sample size is too small, what will it affect? 
8. If the sample size is too large, what will it affect? 


Test instrument 
The student council has to design a test instrument to collect the data, For a survey, the test instrument can just be a 
questionnaire. Fig. 13.12 shows an example of a simple questionnaire. 


ta Handling 
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Questionnaire —_ =O 
From the list below, put a tick next to the sport which you like the most. Slightly different fro ae 
You should only select one sport. question of the statistical 
Oo Soccer 0 Volleyball OD | Basketball investigation posed in Stage A. 
__ Hockey | Netball / 
Fig. 13.12 


9. How do you decide on a list of sports in the questionnaire for the survey participants to choose from? 

10. How do you ensure that the list does not miss out any popular sports? 

11. Do you want the participants to choose three sports that they like the most, or just one sport? What are the pros 
and cons of either decision? 


Data 
‘The results of the questionnaire form the data. To analyse and interpret the data, the student council has to first 
organise the data. They may also choose to display the data using a statistical graph, 


C. Organise and display the data 

Organise the data 

To organise the data, the student council has to classify the data into categories. In this case, the categories will be 
according to the types of sports. A frequency table with a ‘Tally’ column as shown in Table 13.3 can be set up. Each 
tally mark against a sport corresponds to one student who chose that sport. 


tt Hee RE Ht HH a HH 
Hit ttt tiie ttt ditt i itt Ht 
Tite Hie Hh th Ht Hi te Pf 


Hi de HE HE A 
site ite HE HE 
Basketball SHH to HE HR a He 
4 ie Re HE HE A A HE 
Hockey HH SE HE A EH ie 
A A He EU 
Netball Ha YE EE 
Hi tie ie Hh He HU 


= Hi Ha He HE edd ah 144 


Table 13.3 
12. Why do you think the tally marks are organised in groups of fives (+{{+-) with the fifth tally mark crossing the 
first four tally marks? 
13. Copy and complete Table 13.3. 
14, What is one way to check if you have recorded or counted the tally marks wrongly? 
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Display the data 
‘The frequency table is not only used to organise the data, but also as a statistical Diagrams 


diagram to display the data. For example, we can determine the three most popular Different statistical diagrams are 


sports from the number of students in the last column of Table 13.3. However, it is sured to dieplay sidieaent types of 
wets pi Sete ; ; data and they focus on different 
harder to see the distribution of the data and it is less visual, in comparison to using Pearacier latices iol he date hea 
a statistical graph. Suppose the student council decides to use a spreadsheet on a are important considerations 
A a By for the choice of an appropriate 
computer to create a bar graph to display the data as shown in Fig. 13.13. . Sdieciey the dad | 


Students’ favourite sport 


180 
160 Search the Internet for 
instructions on how to create 

z 140 statistical diagrams using a 
3 120 spreadsheet. 
§ 100 
« 80 
z 60 
z 40 


Soccer Volleyball Basketball Hockey —_ Netball 
Type of sport 


Fig. 13.13 
15. Do you think a bar graph is an appropriate choice of a statistical graph to display the data? Should you choose a 
pictogram, a pie chart or a line graph instead? Explain. 


D. Analyse and interpret the data 

Analyse the data 

To analyse the data, the student council can use the frequency table or the bar graph. 

16. Do you think it is easier to determine the top three sports from the frequency table or the bar graph? 
17. Name the top three sports as indicated by the survey. 


Interpret the data 

It is obvious that the top two most favourite sports are soccer and volleyball. 

However, the difference between the numbers of students who chose basketball and =. howine 

those who chose netball is small. interpret the data, especially 

18. Is it possible for netball to be more popular than basketball in the entire student ene eiuyacsni | 

§ p more categories is quite similar. 

population? Explain. 

19. Should the student council choose basketball or how can they verify what the 
third most popular sport is? 

Answer the question posed 


The answer to the question, “What are the three most popular sports among the students in this school?” is: soccer, 
followed by volleyball and then basketball. 


a ae — - = = 
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‘The answer to the question may include assumptions. In this case, we assure that the sample is representative and < 
that the student council does not want to further examine if netball is more popular than basketball. What other 
assumptions can you think of? 


Communication of results 
It is important to be able to conduct a statistical investigation, answer the question posed, and to communicate the (- 
results of the investigation to other relevant parties. For example, the senior management of the school may want 

to know how the student council decided on the three sports. We should learn how to write a statistical report oe ————— 
prepare a presentation that includes all the key features in this Class Discussion. 


Discuss with your classmates some possible issues that your school is facing, e.g. the lack of variety of food sold in 
the canteen or the lack of more interesting extracurricular activities. 

Working in groups of three or four, select one issue that you want to work on, collect the relevant data and write a 
report to recommend how the school can improve the situation. The report should include: 

* background of the problem, 

* question posed for the statistical investigation, 

+ method of data collection, including choice of sample and design of test instrument, 

* organisation and display of data using an appropriate statistical diagram drawn using a software, 

« analysis and interpretation of the data, 

* conclusion and recommendation. 
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‘The table shows the number of students who travel 
to school by bus, by car, by bicycle and on foot 
respectively. 


“Bus | Car Bicycle | Foot 
768 | 256 | 64 | 192 
Construct a pie chart using data from the table. 


A survey is conducted to find out which of the four 
ice-cream flavours, chocolate, strawberry, mango 
and vanilla, the students in a class prefer. The pie 
chart shows the results of the survey. 


(i) If one-quarter of the class prefers strawberry, 
state the angle of the sector that represents this 
information. 

(ii) Find the angle of the sector that represents the 
number of students who prefer vanilla. 

(iii) Express the number of students who prefer 
vanilla as a percentage of the total number of 
students in the class. 

(iv) If5 students prefer mango, find the total 
number of students in the class, 


‘The pie chart shows the sources of revenue of a 
publishing company. 


Magazines 


(i) Express the revenue the company earns from 
newspapers as a percentage of the total 
revenue of the company. 

(ii) Express the revenue the company earns from 


magazines as a percentage of the total revenue 


of the company. 
(iii) If the revenue the company earns from books 


is 174% of the total revenue of the company, 
find the value of x. 


‘The bar graph illustrates the results of a survey 
conducted on cars at a traffic junction. 


Number of people in the cars 


Number of people in each car 


(i) Find the total number of cars in the survey. 

(ii) Find the total number of people in all the cars. 

(iii) Express the number of cars with 4 or more 
people as a percentage of the total number of 
cars surveyed. 

(iv) If the information is illustrated on a pie chart, 
find the angle of each sector. 
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@ ‘The pie chart shows the distribution of students and teachers in a school. 
(i) If there are five times as many female students as teachers in the school, 
find the angle of the sector that represents the number of teachers in 
the school. 
(ii) If there are 45 teachers in the school, find the number of peualeg 
(a) female students, (b) male students, 


Exercise 


in the school. Teachers 


(iii) If 3 of the teachers are women, express the number of females in the school 


as a percentage of the total school population. 


A factory produces three products, A, B and C, in the ratio 1 : x: 5. When this information is illustrated on a 
pie chart, the angle of the sector that represents the quantity of C produced is 120°. Find the value of x, 

‘The pie chart shows the market share of 4 different brands of floor detergents. 

Company X produces Brands A and B while Company Y produces Brands C and D. ; 
Company X claims that it has a bigger share of the market for floor detergents 

than Company Y. 

Do you agree? Explain. 


Statistics is concerned with the collection, organisation, analysis and interpretation of data to answer important 
questions in the real world. In this chapter, we have learnt how to pose statistical questions, use the statistical 
investigation cycle, and represent our findings using statistical diagrams. Diagrams allow us to visualise 
information efficiently but they can also be misleading when presented or used inappropriately. 

Many of the questions we face today are statistical in nature. You may have heard about big data or data analytics as 
the fourth industrial revolution (or Industry 4.0) approaches. Statistics form the foundation for these new emerging 
fields, and we see that data can be a way for us to model or view the world. In the next few years, we will be learning 
more analytical methods as well as how to describe the features of the data at hand. The correct interpretation and 
usage of each statistical diagram is key to effectively communicate the answers to our questions. 
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Stages of statistical investigation 


(a) Pose question (b) Collect data (c) Organise and display data (d) Analyse and interpret data 
Types of statistical data ¢ 
(a) Categorical data (b) Numerical data 
+ Give an example of categorical data and an example of numerical data. How are they different from each other? 
Types of statistical diagrams 
(a) A frequency table is primarily used to organise the data collected. 
(b) A pictogram is appealing but not suitable for data that require a fraction of a picture drawn. 
(c) A bar graph is used to compare the size of each category with one another. 
(d) A pie chart is used to compare the relative size of each category with the whole. 
+ Give a key feature of each statistical diagram. 


— 
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2 29 1. 490 and 2205 (18d) 20 eg _ saad 
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(ii) (1, 2021), (43, 47) (9 
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5. (a) 0.121212 (3.13 (f) 688 (a> Practise Now 8A 
(byo711 111 3. (a) 117.76 (b) 0.441 2, -5,-38 -11,0,3,1666,4 38 (b) -3 
(0) 0.353 353 (0) 76.692 (a) 0.18 ae 6 
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(77 (d) 7.697 15 Mu. a 1 ©) 6% 30” 
5. (@)5 (5 ia: S800 Oiy~& 
8 (@)3 13. PKR 1600 
(e)2 (4 
Answer Keys 


OXFORD 
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mone 


Exercise 6B Exercise 6C Introductory Problem e) ah ( 23 
ed 
1. (a)-x-5 (b) 44x 1 @ dxedy merit 1 < 
(©) 6y+14 (d) 16y-40 i Be 2 oanas 1st) Wy 
(©) 32b- 24a ©) 30-35? . _ wo-+  @ 223 
(f) 2ax -2ay re) Beta p a Now 5 A ‘ 
(g) 5+ 6bw - 2bx eee ies 163 25 Oy 
(h) 13 - 3cy ~ 9ez (8) 34-72" 0* 11. It is the solution. é 
2. (4x +20) years 2 (a) sate—Ze Practise Now 6 12. (a)3 () 12 
3. (a)5a+7b (b) 19p + 84q ites upd 1. (a)50N — (b) 1000kg a - 
; er (d) 7x-9y+ 102 iaiees3 2, -123 om @-4 
k ~ 6y) cents 9 1 al 
5. (a) 3(4x +3) 3 @ GeO aya Practise Now7 on Wet 
(b) 9b(3 ~ 4y) () viet (d) a3 (i) S=4n412 (ii) 68 (g) 18 (h) -+4 
(c) 2p(3r - 8q) 23x-3 Sy+3 3 
(a) 4a(2x +3 = 2) a Exercise 7A Ba 
(e) 6h(Sk~ 1 ~ 4n) @ wy Ja 1 (a7 (b) -14 us. -8 
a oy oe 
fa) -5(Sy fe) ~ Exercise 7B 
Alx+13 = 
(b) -16a(4x + y) 5. (a) SA (b) Ap @5 ys 1. 8700kg 
(c) -90(9 + x + 2y) © itis @ ap 24 (i) $ ) 24 27 
eas olieiaiee | 8b—9a 2x6 = (a1) -17 aes 
7. (a) 8x-2 ons 0 , 1 44 
(b) 4x -y-4z @ a8: apd (-4 — @) 33 a 
(©) -12p - 134 + 20rs ie fs an 3, (a) (b) 4 6. 18 
(d) 2a + 2b-9¢- 4d o7 oa ©2724 @3 7. 8 
8. (a) 15v~2u 6. (a) 222414 (e)2 (fp) Z 8. 12 
(b) 3b-5a M4 1 9. 25 years 
(©) Mm -8n (b) 123b- sla (g) 38 ® =; 10. $12.80 
(d) 13x + 38 © -21f -23h+16k (13 @ as 11. 40 
(©) 27b-9a 2 1B 5 12. 7.83 km/h 
(f) 9p - 14q (a) et Tn ya e =u 4 a Os 13. 28 
(g) 9y-5x-6 (c) 21 (d) -8 “2 
(h) 6q ~ 5p + 20 (3 (f) 24 i 
0 ia eh eo mo 
(j) -24x- 28y Practise Now 1 5. (a)6 (b) 1.2 ee 
9. (a) ~6a~16 wit wa (06 — (d) 205 ee 
(b) 25¢ + 5d 2 2 ()-3.7 — (f) 225 1 335 
10. (a) -5x' + 6x +13 © -§ i @ ty -10 2. (i) 1386 (ii)7 
1 
(b) 16x - 7x" ~ 8x +29 2 
(0-40 = 30-17 Practise Now 2 ed He WP ; 8 . 
(d) -18" + 35w +3 1 @ se) -3 © 255) ~135 4 Hee parte 
ML. (a) Sxl + 2b + 26) 2 (a2 — (b) 205 7 (a) 24 (by 19 aca Tam 
(b) 3x(-y + 22) 2 (4) T= 60a+b 
(a) ~ -53 
deen ere 8. (a2 (b) -53 - 
(4) -136(36 + a) 1 of @w-e : 
A -18 1 
(e) -3a(7b +8) (9) 25 ) td af a 
() -4axyly + 4° Fy 7 ut 
Practise Now 4 9% (a) ) 35 2» 
1. 4and 20 3 a i 
oe 3 
er 1 @ 3 
£364 “Ss oxrore 
t 


11, (i) S=4n 412 
(ii)-80 

12. (i) S=5n+20 
(ii) 45 


13.) Tad 


(ii) 577.50 

1. (i) 56.7°C 
(ii) Less common. 
(iii) -79.8 °F 


Practise Now 1A 


1. @) 2076 
(b) 53, .0.09 
2. (a) 65% (b) 25% 
Practise Now 1B 
1, (a) 353.0938 
(b) 1, 0.147 
2 (a) 574% 0F 57.1% 
(b) 54.32% 
Practise Now 2 
1 @ 33.318 
(b) 42240725 
(© <p -0.002 
(a) 35 + 0.00066 


2, (a) 49334% (b) 546.8% 


(c) 0.16% — (d) 0.85% 
Practise Now 3 
1. (a) 35 (b) 8 


2, (a) 0.75em (b) 100.8 kg 
(©) sus 


Practise Now 8 
Village B 


Practise Now 9 


Raspberry 


Practise Now 10 


(i) $3.21 (ii) 14.6% 


Practise Now 11 
4595 % oF 4.15% decrease 
Practise Now 12 


1. 63% oF 6,67¥6 increase 


2. 1% decrease 


Practise Now 13 
50 


Practise Now 14 
1. PKR 130000 
2. $125000 


Practise Now 15 
1. PKR 745032 
2. $120000 


Exercise 8A 


1 @ 047 


) 38,064 
2. (a) 80% 
3. (a) 


(b) 38% 
i 0.051 25 
457 
(b) 3% 0.914 
4. (a) 663% oF 66.7% 
(b) 77.6% 
59 
5. (a) 1.159 
67 
(b) 8555 + 8134 
mt 
(© Topp +003 


Zz 
(d) 50000" 0.000 14 


11, 48.9% 

12. (a) 75% 
(b) 113% or 11.9% 
(©) 300% — (d) 1.5% 
(067% — (f) 125% 
(g) 163% or 16.7% 
(h) 30% 

13, Waseem 

4.7 

16. 8.61% 

17. 45% 

18. Vasi, gold; David, silver; 
Cheryl, bronze 

19, 334% oF 33.3% 

20. (i) 30% 

21. Applicant C 

22. 20% 

23. 50 


25. (ii) @ Possible incomes: 
$38 400 in 2022, 
$32 000 in 2023 


Exercise 8B 
1. (a) 81 
(c) 66 
2. 25% 
3. 25% 
4, $452 880 
5. $86 400 
6. 300 
7. (a) 85 
(ce) 140 
8. 164 million 
9. PKR 14500 
10. 2496 
11. 16.64% 
12, 3% increase 
14, 34% or 3.33% decrease 
15, 1% decrease 
16. $680 000 
17. PKR 4480 000 
18, $64 000 
19, 120% 


(b) 63.196 
(d) 135 


(b) 28 
(d) 240 


Practise Now 1 


(i) 33:20 (ii) 20:53 


(b) 3:10 é 


Practise Now 2 
(a) 9:5 


Practise Now 3 
10:3 


Practise Now 4 
UL 

1 @35 

2 6:1 


(b) 34 


Practise Now 5 
1. 609 
2. $900 


Practise Now 6 
1. (i) 10:12:27 
(ii) 10:27 

2 2:3:1 


Practise Now 7 
$360 


Practise Now 8 


@ 2 (ii) 1:9 


Practise Now 9 
Vasi 


Practise Now 11 
145-kg tin 


Practise Now 12 
1. (a) $2.44 
(b) (i) 614.8 km 
(ii) $304 
2. 60 


Practise Now 13 
1. (a) (i) PKR 421 856 


Practise Now 5 6 (a) 81663% (0) 912.4% 44.) 3594 decrease (ii) PKR 13714 
(i) 37.5% (ii) 62.5% (6) 0.23% — (d) 0.275% (b) 15% increase (b) (i) EUR 17.51 
7. 84 21. (a) Scheme A (ii) THB 971 
Practise Now 6 8. 5610 (b) @ Possible salary: 2. HKS14391 
1. (i) 64% (ii) 56.25% 9. (a) 0.036 m (b) 26.832 kg. PKR 200 000 
2 663% or 66.7% (c) $218.75 
OXFORD = Answer Keys 
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Practise Now 144. (c) 11:21:60 Exercise 9C Practise Now 1B i a 
1. (a)0915 — (b) 2059 (d)2:10:9 1, (a) 5S hours 14 minutes 1. (a) 58 (b) 19.9° G 
(©) 0010 8 (a) 145; 280: 26 (b) 8 hours 42 minutes 2 16 
2. (a) 12.08.a.m. (b)8:2:3 (©) 4 hours 57 minutes 
(b) 2.10 a.m. (ce) 40 : 3000 : 81 (d)7 minutes Practise Now 2 
(©) 12.56 p.m. (a) 190 : 21: 150 2. 1735 1 2 
3. 0000 9. (i) 544 (ii) $953.70 3. 4hours 15 minutes 2. 45 ¢ 
10. (i) 112:3 (Hi) 75:210:4 4g, (@y 42h (by) 06h 
Practise Now IMB 11. (a) 12:53 (b) 100: 63 ny * bh @/29min Practise Now 3 
1. 1 hour 23 minutes (1:5 (d) 10021 167 (a) 143° 
2. (i) 1048 12. (a) 15:2 (b) 750:11 (e) 0.2625h (f) Fob (b) a= 10,b=25 
(ii) 4 hours 3 minutes ()ASs1 (d) Ads 15 5. (a)7.8s —— (b) 20min 
13. (a) 15:16 (b) 6:1 (c) 6600s (d) 3456s Practise Now 4A 
Practise Now 15A 14. (i) 80 (ii) 10 6 (i) 49.2 km/h (a) (i) Zaand £m, Zband Zn, 
7 August 2023, 1.35 a.m. 15. (i) 6:16:9 (ii) 16:9 (ii) 132 m/s or 13.7 m/s Zeand £0, 2d and Zp, 
1 3 3 Zeand Zi, Zfand 2), 
16. x=25,.y=67 7, 360.000 m égand 2k, Zhand 21 
ee 15B 17, 450 8. (a) 504 km/h (ii) Ze and £m, Zd and Zn, 
L @ ph (b) 42h 18. (i) 4 (b) 1134 km/h 2gand Zi, Zhand 2j 
(0 0.2375h (ii) Lemonade: 630 ml, (©) 14.52 km/h (ii) Ze and Zn, 2d and 2m, 
2. (a) 129 min (b) 4 min 24s carbonated water: 840 ml (d) 4.5 km/h Zgand 2j, Zhand i 
tears: ay ase 19.7 9. (a) 0.65 mis (b) i) No (ii) Yes 
20. g (b) 102 m/s (iii)No 
Practise Now 16 21.Q (a) x= 10, y=8,2=6 (©) L avis or 0.167 m/s ' 
1. (i) 40.32 km/h Osa0bpwodenes ; Practise Now 4B 
(i) 11.2 m/s (a) 14335 m/s 1, x=74,y=100,2= 80 
2, 114584 m — 10, 10.5 times 2. h=19.5,k=39 
3. (i) 333 mis 1. (a)30 (b) $0.29 sy scpearinen ste 3 
(ii) 200 000 cm/min (0) $1600 12, 7.19 p.m. Practise ria 5 
@. sanuiaes ‘ 13. 2100 1, 282.2 
(d) 475 kg or 4.62 kg 14, 80 km/h 2. 108 
cae 2, Kumar 15. (i) 4 seconds 
teeth 4. $55.20 iy74 mis Practise Now 6 
5. (i) 7434km ieseade 65° 
Practise Now 18 eae m 17. 84.3 km/h 
ae 6. (i) 350g (ii) 18 m* 1 ele Poestte veloc: Exercise 10A 
7. (i) PKR 225 822 y=80 1. (a) a=79, b= 106,c=98 
aces A (ii) PKR 49 155 19; 280m (b) d= 50, e= 227 
1.) 14:25 (ii) 25:39 aones 20. 37 800 m (fellrgeds 
mae OaEs 9. (i) 269° 21.379 km/h (d) h = 244, §= 94, j= 56 
aor (aa 31 3 cians 2. (a) Obtuse (b) Reflex 
3. (a)1:2 (by 4:2 10. 15 | Chapter 10 Basic Geometry } (©) Acute (d) Right 
(2:5 (d)3:5 11. (i) $1680 (ii) $2040 Practise Now 1A (9 SealshtU) Rebes 
49% id 12, NZS486.43 (a) Acute (b) Reflex ; . ig i tae 
5. $154 13. (i) RS Forex (ii) RS Forex (c) Obtuse (A) Straight . iam hae 
6. (i) 25:40:44 14. (i) Website G (e) Right (f) Reflex i ONE aie 
(ii)8:5 (iii) 10:11 (ii) PKR 19 609 (g) Obtuse (h) Reflex ‘ 
(78d) 
7. (a) 16:36:15 (i) Acute Bs kaw Oy ES 
(b) 36:21:14 
()c=20  (d) d=25 
Answer Keys OXFORD 
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6. (a) 49 (b) 30 at] Practise Now 13 1. (i) 115° (i 
7. (a)a=106 (b) b=30 (i) 3960° (ii) 165° 12. (i) 54° (uy 72° 
(0) c= 11.25 (d) d= 11 Practise Now 1 (iii) 36° 
8. (i) 48° i az L 2 Practise Now 14 13, () 110" (ii) 28° 
9. (a)a=47 2 64 1. (a9 (b) 180 14.6 
(b) b = 18, c= 126 2. 144° 15. (i) 58° (ii) 96° 
10. (a) 90 {b) 60 Practise Now 2 3. 17 16. 40° 
11, AOB = 30°, BOC = 60°, 1. (a)109 (by 95° 17. (i) 31° (ii) 97° 
COD=1207,DOA=150" 4) i34" (by 54 Practise Now 15 18. (i) 59° (ii) 31° 
12. (a) a= 11,6 =45 60° 20. 360° 
)c=23,d=0,e=111 Practise Now 3 
(0 f= 22, g=22,h=44 1. Practise Now 16 Exercise 11C 
(d@) i=6,j=23 2. 110° (i) 108° (ii) 36° 1. 9.1em 
13. (i) x= 22, y= 16 (iii) 162" (ivy" 2, 53° 
(i) 132%; 278" patesiesca (v) 20 3. (a)94em —(b) 60cm 
1. (i) 54° (ii) 27° ; : 4. 16.9¢em 
Exercise 10B 2 (39) 73° —— 5. 3.9m, 6.9m 
- (a) () BXRand DZR, AXR 1, (a)a=74  (b) b= 66 6. (i) 54cm (ii) 68° 
and CAR AXSand (c=225 @)d=265 7, i) 42cm (it) 20° 
Cés, BXS and DZS, (e)x=60  (f) y= 25.7 8 ZCED,53° 
BWPandDYP.AWP 1. (i) 116" (fi) 84° Pe . 
and CYP,AWQand 2, (i) 12 (i 34° a 9, 1.5 cmand 9.3m 
C¥Q, BWQ and DY 3. (14 (ii) 79° 10. (ii) 171° 
S ‘AxSand Der.pis  P*tise Now . pcckdaads . sauna 
«a ‘aa ‘ananon ek 25" (a) 72" 2 a (ty) 125 12. (i) 104" (ii) 4.0. cm 
DYP.BWQandCYP 2. (ii)2cm 15. (H)13.6 cm, 119%; 
7. 81° 10.2 em, 139° 
Gi) AXS and CZR, BXS 
and DZR, AWQand Practise Now7 % ; 
CYP, BWQand DYP— yy _ 6 om 9. 53 - ccomncnenes 
(b)No (No 10, SUT = 79°, RSU = 44° 1. (a) 1620" (b) 1800" 
(a) a= 117, b=117,c=63, i ML. x=39,y=77 (c) 2340°— (d) 3240° 
2 Wan IZb=M7.e= 6 pracve Nows 9 y ots anee 
(b)e=31,f=66 eGR 77 13.72" (c=83 (a) d=30 
() g=83,h=69 : 3. (a) (i) 1080° 
(d)i=45,j=60 slate Exercise 1B ii) 135° 
3. (a) a=38,b=34 eee 1. (@)a=36,b=36 (b) () 2880° 
(b)¢=20,d=70 aie (b)e=51,d=51 (i) 160" 
()e=18 (d) f=29 — 2 wer G26 4. (a8 (b) 4 
kwe wer Practise Now 10 a, wee aa (290 @3 
5. (86 (i) 141" Ba 5. (a)9 (b) 20 
6 (a)a=106 (6) b=104  * 23m 4s  @7 
7. x=65,y=40 5. 6 (a) 165" (b) 170° 
& @sz nse Practise Now 11 7.8 
(uit 262° . @ 70cm (ii) 54° Pa ere Pie 
9. x= 17, y=59 (b)c= 114 9. 15 
satel Practise Now 12 7. (i) 65° (ii) 46° 10. 7.1° 
11. a=121,b=41 8 x=30,y=114 11. (i) 120° (ii) 60° 
mar 1. (a)a=104 (b) b= 36 9. (e)a=37,b= 127 (iii) 60° (iv) 108° 
13. 46° cali (b)e=675,d=225 W722 
I4.wex=yte 10. (i) 88° (ii) 23° 12. (i) 10 (ii) 126° 
(iii) 144° 
r 
OxFoRD Mk 367 ; 


13. (i) 162° (ii) 153° 

15. 180° 

16. (i) 12 (ii) 135° 
(iii) 120° 


17. x= 10, perimeter = 108 m; 
x= 9, perimeter = 120 m 


Practise Now 1 
(a) 100 000 cm* 
(b) 225 000 cm* 
(©) 1600 cm* 
(¢) 0.7146 m* 


(a) 0.03 m* 
(f) 0.00001 m* 


Practise Now 2 
203 m* 


Practise Now 38 
(a) 3cm? 
(©) 48m? 


(b) 6.75 cm* 


Practise Now 4 

1. 168m 

2, (i) 252cm* (ii) 16.8cm 
3. 209.5 m* 


Practise Now SB 
1. (i) 74m 
2. (i) 32cm 


(ii) 168 m* 
(ii) 59.2 cm* 


Practise Now 6 
9.6m 


Practise Now 7 


(o< 


Practise Now 11B 
1. 37.7 cm; 113 cm? 
2. 101. cm*; 41.1 cm 


Practise Now 12 

1, 01cm 

2. (i) 5.97cm 
(ii) 37.5 em 
(iii) 112. cm? 


Practise Now 13 
(i) 94.0 cm 
(iii) 322 cm* 


(4i) 462 cm? 


Exercise 12A 
1. (a) 400 000 em’ 
(b) 892 000 cm? 
(©) 300 cm* 
(d) 51.760 cm* 
2. (i) 14cm (ii) 65cm 
3. (a) 3.15 em? (b) 13.5 cm? 
4. 1.86cm 
5, 350m? 
6. 1575 m* 
7. 17.6cm 
8. 235.75 m? 
9. (a) 6 cm by 5cm, 10cm 
by3cm, 15cm by2cm 
(b)12 cm by 8 cm, 15 cm 
by5em, 17cmby3cm 


12. 175 em? 5. (i) 53 (ii) 50% 
6. (i) 13,16 4 
Exercise 12C (ii) (a) 68 (b) 64 
1. (a) 50.3 cm; 201 cm? (iii) 17.6% (iv) 40% 
(b) 5.51 cm; 95.3 cm* (v) No 
(c) 9.80 mm; 61,6 mm 7. (i) 950 (ii) 500 


2. (i) 14.5 cm* (ii) 15.4 cm 
3. (i) 9.99cm (ii) 78.5 cm* 
4, (a) 14.3 m; 12.3 m* 


(iii) 20.4% é 


Exercise 13B 


(b) 56.5 cm; 191 cm* 2. (i) 90° (ii) 100° 
5. (i) 28.6m (ii) 50.4 m* (iii) 272% oF 27.8% 
6. 320cm? ig 
(iv) 36 
7. 184m? 
8 () 863 cm! 3. (i) 50% (ii) 20% 
(i) 1.85 % decrease GH) 63 
9. 10.8% 4. (i) 120 (ii) 375 
10, 0.280 cm? (iil) 453% oF 45.8% 
11, 99.0 minutes (iv) 60°, 75°, 60°, 90°, 75° 
12, 44.0 cm; 42.1 em? 5. (i) 20° 
(ii) (a) 225 (b) 540 
¢ 13 Statistical Da (iii) 31.5% 
Handling 69 
Practise Now 1A 7. No 
(i) (a) $5 500 000 
(b) $7 000 000 


(ii) 2020; $1 500 000 


Practise Now 1B 
1, (i) Black 
2. (ii) (a) 384 
(b) 594 
(ii) 39.3% 
(iv) (a) 17.0% 
(b) No 
(v) December 


(ii) No 


S:1 Exercise 12B 
1. (@) 32cm (ii) S4.cm* Practise Now 1D 
Practise Now 8 2. (i) 224m (ii) 28cm? (i) 20.4 
12:2:1 3. (a)84cm*?  (b) 7m (ii) 223% or 22.7% 
(6) 5.5mm (iii) 1150 ml 
Practise Now 9B 4. idm 
(i) 29.7m (ii) 36.4 m* 5. 28cm Exercise 13A. 
6. (i) 89.5em (ii) 416.25¢m’ — 4, (i) June and July; 250 
Practise Now 10 7. (a)54cm* (b) dm (ii) 900 (ili) $315 000 
(i) 6m (i) 72m (©) 13 mm (iv) 30% 
8. (i) 25m (ii) Lim 2 (4:5 
Practise Now 11A 9. 351cm* 1 
(i) AD, CF 10, 270 cm? ll) 835% oF 83.3% 
(ii) OA, OD, OC, OF 11. (i) 80cm* (ii) 20cm’ 4. (i) 95 (ii) 10.5% 
OXFORD 
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